


Explanations for the answers of Question 1

Q-1-a) When 0 < x < 1, we have x −
√
x < 0. If we let t = x −

√
x, then t goes to zero from the left

while x is going to zero from the right. Hence

lim
x→0+

f(x−
√
x) = lim

t→0−
f(t) = B.

Q-1-b) When 0 < x < 1, we have x sin2(1/x) ≥ 0. In fact when xn = 1/(π + 2nπ) for n = 1, 2, 3, . . . ,
we have f(xn sin2(1/xn) = f(0) = C. This means that in any neighborhood (0, δ) with δ > 0,
we have infinitely many points where f(x sin2(1/x)) = C. When x → 0+ but x 6= xn, then
x sin2(1/x)→ 0+. Hence

lim
x→0+
x6=xn

f(x sin2(1/x)) = A, and lim
x→0+
x=xn

f(x sin2(1/x)) = lim
n→∞

f(xn sin
2(1/xn)) = C.

Since A 6= C, we have lim
x→0+

f(x sin2(1/x)) does not exist. Hence

lim
x→0+

f(x sin2(1/x)) = DNE

Q-1-c) When 0 < x < 1, we have t = x − x2 sin(1/x) = x(1 − x sin(1/x)) > 0. This shows that as x
goes to zero from the right, t also goes to zero from the right. Hence

lim
x→0+

f(x− x2 sin(1/x)) = lim
t→0+

f(t) = A.

Q-1-d) Putting t = x− sinx, we see that for 0 < x we have t > 0, and as x goes to zero from the right, t
also goes to zero from the right. Hence

lim
x→0+

f(x− sinx) = lim
t→0+

f(t) = A.

Q-1-e) Putting t = x− tanx, we see that for 0 < x < π/2, we have t < 0. [ This can be seen as follows:
Let φ(x) = x − tanx for 0 < x < π/2. Then φ(0) = 0 but φ′(x) = 1 − sec2 x < 0, so φ(x) is
decreasing starting from φ(0) = 0 and is negative on 0 < x < π/2.] Also note as before that as x
goes to zero from the right, then t also goes to zero but from the left. Hence

lim
x→0+

f(x− tanx) = lim
t→0−

f(t) = B.








