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Math 102 Calculus II — Final Exam — Solutions
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Please do not write anything inside the above bozes!

PLEASE READ:

Check that there are 5 questions on your exam booklet. Write your name on the top of every
page. Show your work in reasonable detail. A correct answer without proper reasoning may not
get any credit.

Q-1) For any € with 0 < ¢ < 7/6 , define the region R, as the region in R? bounded by the
curves y = 1/z, y = 2/x, v = € and x = /6. Calculate

lir%// r?sec? (z%y) dady.

Solution:

// v?sec? (z?y) dedy = /
2/x
= / tan (z%y ’ ] dx
1/x
/ (tan(2x) — tan(z)) dx
L
2

1
~3 Incos2x + Incosx
3

|

1
- [—§lncos 2¢ + In cos €.

€

l\D

And since In and cos are continuous functions,

1.3
li )dzdy = = In =.
E1_1)%//695360 r*y) dxdy 55
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Q-2) Find the volume of the region bounded by the paraboloid 2% + y* + z = 4 and the
cylinder 22 — 2y + 3? = 0 above the zy-plane.

Hint: [sin*t dt = 3 —sin(2t) (3 + §sin?t) + C.

V2y—y? a2
/ / dz dx dy
2s1n0
/ —r? Yrdr do
[2

Solution:

Volume =

2sin 6
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Q-3) Let C be the curve parameterized as r(0) = (g, sin?@, 1 — cos? 9), with 0 < 0 < 2.
Calculate

/F-Tds,
c

where F = (—tan(z + y* + 2%), —2ytan(z + y? + 23), —32%tan(z + y* + 23)).

Solution: In the last homework we showed that this is a conservative field with potential
function f = Incos(z + y* + z3) + C. This gives

/CF T ds = f(r(2r)) — £(r(0)) = f(x/4,0,0) — £(0,0,0) = _% In 2.
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Q-4) Find the surface area of the piece of the paraboloid z? + y* + z = 4 with z > 0.

Solution: If f = 224 y?+2—4 and D is the projection of the paraboloid S to xy-plane,
then the surface area is given by

/Sda = /D|V|?f|k| dzdy

2w 2
= / / V1 +4r2 r drdf
0 0

|

= (2m) {%(1 +4T2)3/2

0

- %(17\/1—7— 1).
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//VxF~nda
s

where S is the level surface given by 22 4+ 22 —4+y* =0, y > 0,

Q-5) Evaluate the integral

3
F = (22 In(u? - 1 h (22 2y _n(22 + 1 y.o 2
(:cz+ n(y? +1), cosh(e® +4%) —In(=" +1), =7 — a2 ).

and n is the unit normal of S pointing out.

Solution: Let D = {(z,2) € R? | 2> + 22 < 4 } and let C = dD. Then using Stokes’
theorem twice, we find that

//VXF-nda = /F-Tds
s c
= //VXF'IlldO'
D

where n; is the unit normal of D pointing towards y-direction to be compatible with the
orientation on C' which in turn is induced by n. Thus n; = jand V x F -n; = 22 + 22

This gives
//VxF-nlda = //(m2+z2)dxdz
D D
T 2
= / /7’3 drdd
o Jo
1
om)(y

7T)(4):87r.



