Due on February 27, 2006, Monday

MATH 114 Homework 3 — Solutions
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1: Find the interval of convergence of the power series E M "
=1
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Solution:
2 & 1
Let a,(x) = n_sin(1/n) z". Use the ratio test:
3n—1
. ani(x) , n+1\> 3n—1
lim |[————| = lim : |z| = |z|.

The series converges absolutely for x| < 1. We now check the end points:

in 1 1
lim |a,(£1)] = lim n_ |sinl/n = —, so the series diverges at the end points by
n—00 n—oo 3n — 1 1/n 3

the divergence test. The interval of convergence is (—1,1).
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2: Find the interval of convergence of the power series f(z) = Z n? "
n=1

Do not forget to check the end points. Show that f(z) is a rational function of z.
Solution:
Let a,(x) = n? 2™. Use the ratio test:

an+1(x)

~ lim (n+1)?
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x| = |-

The series converges absolutely for |z| < 1. We now check the end points:

an(£1)] = n? so lim a,(+1) # 0 and the series diverges at the end points by the

divergence test. The interval of convergence is (—1,1).

Observe that f(z) = - (x . (L)) - %

1—=x
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3: Find the interval of convergence of the power series Z — "
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n=1

Do not forget to check the end points.

Solution:

n!
Let a,(z) = — 2". Use the ratio test:
n

[z _ 7]

An+1 (x) _
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n—oo

n=oo (1+1/n)" e’

The series converges absolutely for |z| < e. We now check the end points:

1 n
We first claim that (1 + —) <eforn>1.
n

1 xT
Let f(z) = (14—;) for x > 1.

o= (1) [ (1+2) -2

We claim that f'(z) > 0 for z > 1.

1 1 1
Letg(x):ln(l—i-;) 172 for x > 1. Theng’(x):—m<0f0rm21.

1
We now observe that g(1) =1In2 — 5= 0.1931... > 0 and lim g(z) = 0.

T— 00

Therefore g(z) > 0 for z > 1.

1 x
Also observe that f(1) = 2, lim f(z) = e and f'(z) = <1 + —) g(x) > 0 for z > 1.
T—00 i

1 X
Therefore we have 2 < (1 + —) <eforxz>1.
x

Now we put these together to check convergence at the end points:

any1(xe)| e
e (e
lim a,(4e) # 0 so the series diverges at the end points by the divergence test.

> 1 s0 |an(Fe)| > |a,(£e)| for n > 1. This clearly implies that

The interval of convergence is (—e, e).
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4: Find the interval of convergence of the power series on x".

n=1

Do not forget to check the end points.

Solution:

n!
Let a,(z) = o 2". Use the ratio test:

an+1($>
an ()

lim

n—oo

= lim
n—oo 2

n+1||_ 0 ifx=0,
=Y oo ifz£0.°

The series converges converges only when x = 0.

5:  Assume that f(xz) = >~ ¢,z" converges for all x € (—c,c) for some ¢ > 0. Show
that when f is an odd function, then ¢y, = 0 for all n. Also show that when f is even,
then co,11 = 0 for all n.

Solution:

Assume f is odd: f(x)+ f(—z) = 0.

WE

1+ (=1)"] cpa”™ = QZCan2", S0 €9, = 0 for all n.
n=0

3
I
o

Similarly assume f is even: f(z) — f(—xz) = 0.

0= Z 1—(=1)"]cpa™ = 22 Con1 2", 50 copy1 = 0 for all n.
n=0

Comments to sertoz@bilkent.edu.tr.



