Due on March 20, 2006, Monday.

MATH 114 Homework 5 — Solutions

1: Let f(z,y) = sinln(2? + 3?) where = cos@ and y = 4sin§. Find % :
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Solution:
or _ 0fox oroy

20 ~ 9100 oy oo
= |cos (In(z® + y*)) 2 [—sind] + |cos (In(z? + y?)) 2y [4 cos 0]
x? 4+ y? 24y
1

P S ) el v R CE el

= In — — &~ —U.
COSs < n 9 ) 17 0.95

of
26

2:  Let 2% — a2y + y2° + 2%2* — 229° = 0 define 2z as a function of x and y. Find the
equation of the tangent plane to this surface at the point (1,1, 1).

Solution: Take implicit derivative of this equation with respect to x and y separately
to obtain

20—y + 3yziz, + 2002z, + 2222 — 248 =0
—x + 3y222y + 254+ 2x222y —6zy> =0

1 §
from which we find that at the point (1,1,1) we should have z, = ~F and z, = v The

equation of the tangent plane at that point is
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3: Consider the equations w = z* 432y +zy>+1°, © = > +1%, y = cos (755), s = u+2v

and ¢ = 3u + 4v. Find g_w

Ul (uw)=(1,0)

Solution: We first prepare a table of values:

function value at (u,v) = (1,0)
s=u-+2v 1
t=3u+4v 3
r =5+t 10
oT

1 = cos <t2 n 1) 0
w, = 423 + 6y + 1Y? + Y 4000
wy = 3% + 2y + 3y* 300
Ty = 28 2
Ty =2t 6
ys =0 0

B i 5% —10tmw | 3w
o= (t2+1> (24+1)2 | 10
Sy =1 1
t,=3

Putting these together in w, = w, (z5 sy + ¢ tw) + Wy (Vs Su + Yt tu)
we obtain w, = 80000 + 2707 ~ 80848.23.

4: Find the directional derivative of f(z,y,z) = 222 + 3y® + 42* at the point (1,2,3) in
the direction of (4,5, 6).

Solution:
Vf = (4z,99y%,162°), Vf(1,2,3) = (4,36,432).

(4,5,6)| = V77, @ = (4/V77,5/V77,6/V7T7).
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Daf(1,2,3) = V(1,2,3) - i = —— ~ 317.7.
f(1,2,3) = Vf(1,2,3) N




5:  Assume that f(z,y) = 0 defines a plane curve. Show that the gradient Vf is
orthogonal to the tangent line of the curve at every point where the curve is smooth.

Solution: If the curve is smooth at a point, then there is a local parametrization
for the curve in the form (x,y) = (x(¢),y(t)) for some real variable t. Then we have
f(z(t),y(t)) = 0. Taking derivative with respect to ¢, using chain rule, we find f, - 2’ +
fy-y =Vf-(2,y) =0. Since (2/,y') is the tangent vector of the curve at that point,
this shows that V f is orthogonal to the curve at every point where the curve is smooth.




