Date: 23 May 2011, Monday NAME- ...t
Time: 15:30-17:30
Ali Sinan Sertoz STUDENT NO ..o

Math 114 Calculus II - Final Exam — Solutions

1 2 3 4 5 Bonus TOTAL

20 20 20 20 20 (20) 100

Please do not write anything inside the above boxes!

Check that there are 5+1 questions on your exam booklet. Write your name on top of every page. Show your
work in reasonable detail. A correct answer without proper or too much reasoning may not get any credit.
Also note that if you write down something which you don’t believe yourself, the chances are that I will not
believe it either.




NAME: STUDENT NO:

1-3-5.--(2 1
Q-1) Leta, = 2-4-6---52212; forn =0,1,.... Consider the power series
Zanx".
n=0

Find the interval of convergence of this series.
(Finding the radius of convergence is 10 points, checking at the end points is another 10 points.)

1 1
Hint: You may assume the fact that < ap, < — foralln > 4.
n

+3 Inn
Solution:
n+1 2 3
|a7|1+1$ | | = 2n 1 1 |z| — |z| as n — oo. So the series converges for all |z| < 1.
an,x™ n

Now we check the end points.

When x = 1, the series becomes »  a,,. But since a,, > 1/(n + 3), the series diverges by comparison.

2n+ 3

2n + 4
decreases. Since a,, < 1/1nn, the sequence a,, decreases to zero. Hence by the alternating series test,

the sequence » (—1)"a, converges.

When x = —1, we have an alternating series. Since a, 1 = a, < an,, the sequence a,, strictly

The interval of convergence is [—1, 1).



NAME: STUDENT NO:

Q-2) Evaluate the integral / F - dr where
c
F(z,y,2) = (yz, vz, zy) and C is the path r(t) = (tcost, t +sint, >+ (2 —7)t) for 0 < t < 7.
Solution:

Observe that F is conservative and F = V f where f(x,y, z) = xyz. Therefore

/CF cdr = f(r(m) — F(r(0) = f(—m,m,27) — £(0,0,0) = —27.

If you do not make this observation, then you will have to evaluate

| ey v a
which is
/W(—t(—4 t? cos(t) + t3sin(t) — 6t cos(t) + 2 sin(t)t* +

3tr cos (t) — t*m sin (t) — 3tsin (¢) cos (t) + t2 — 2% (cos (t))°
—4 sin (t)cos (t) + 2t — 4t (cos (t))* + 2 sin () w cos (t) — tm + 2t (cos (t))* 7)) dt

which also gives = —273.



NAME: STUDENT NO:

Q-3) Find the minimum and maximum values of f(z,y) = 2* + 2y + y? — y on the triangular region
bounded by the lines x = 0, y = 0 and y = 2z + 2.

Solution:

The triangular region has the vertices (0, 0), (0,2), (—1,0).
o o 12 . . .
fa = 2x 4+ vy, f, = v+ 2y — 1. The only critical point is <_§’ g) and is in the region since
0<2<2( 1)+2—4
3 3 e

Restrict f to the line y = 2x + 2.
g(x) = f(z,20+2) = Ta> + 8z + 2 for —1 < z < 0.

4 46
¢'(r) =14z +8 =0 when x = — This gives the point (—?, ?>

Restrict f to the line y = 0.
g(z) = f(z,0) = 22 for —1 < z < 0, has no interior critical points.

Restrict f to the line z = 0.
g(y) = f(0,y) =y?—yfor0 <y <2

1 1
Jdy)=2y—1=0,y = 3 This gives the point (O, 5)

Now we evaluate f at all these critical points and the end points.

1 2 1
f<_§7§) =3

4 6 2

1 1

0,-) =-.
£(0,0) = 0.
7(0,2) =2
f(=1,0) = 1.
.. ) 12 1

We can now see that the minimum value of f is f (_5’ §) =-3 and

the maximum value is f(0,2) = 2.



NAME:

Q-4) Evaluate the integral

Solution:

0 Jo

STUDENT NO:

2

5 r(3/5)/25—y .
/ / xy€81718x +x dx d'y
0 JO

5 (3/5)4/25—y>
/ /( /% ! xy€8171822+x4dx dy =

Vo—z2
81 18 22424 dyd.ﬁlf

LI

2
Te 81—18 22424 (y

(3/5) V9—ax2
) dx

18 0

2 3 4
1_2 x(9 o x2)681—1812+a¢ dx
25 2

— ue” du

36 J,

25

72 0

25 81

ﬁ (6 — 1)

5 x 1034,
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Q-5) Let R > 0 and « > 0 be fixed numbers. Calculate the volume that is bounded from above by the
sphere 22 + 3% + 2% = R? and from the sides by the cone a?2? = 22 + 3? with z > 0.

Solution:

The best way to evaluate the volume is through spherical coordinates.

2w arctan o R
Volume = / / / p*sin ¢ dp de df
o Jo 0

2R3 (V14a? — 1)
3v1+ a? '




NAME: STUDENT NO:

1-3-5---(2n+1)
2-4-6---(2n+2)
You may need to know that a, < 0.25,1/1n4 > 0.73 and In 16 > 2.77.

1
forn = 0,1,.... Prove the fact that a,, < — for all n > 4.

Bonus:-) Leta,, =
Inn

No partial credits for incomplete answers.
Solution:
Proof by induction. By the hint, we know that a4 < 1/1n4.

Assume that the inequality holds for n.

2n + 3 - 1 2n+3
"In+4 Inn2n+4

Qpt1 =@ . This is going to be less than 7 if and only if

n(n+ 1)

In(n+1) - Inn
2n +4 2n+3

holds for all n > 4.

This in turn holds if and only if the function

Inz S
—
2v+3 T~

fx) =

is decreasing. For this we check its derivative.

+ (3/z) —2Inx
(2 +3)2

fa) =2

Let h(xz) = 2+ (3/x) — 2lnx for > 4. Using the hint we see that h(4) < 0. Moreover, since
, 3+ 2x

W(x) = -

f(x) is always strlctly decreasing. And this completes the proof.

< 0 for z > 4, h(x) is strictly decreasing, so is always negative. This says that



