Summer 2007-08 MATH 116 Homework 2

Due on July 2, 2008.
No late homework will be accepted.

1. Use the method of Lagrange multipliers to find the maximum and mini-
mum values of the function

flz,y) =2 + 2y + 2243

subject to the constraint z? + y? = 4.

Solution : Define g(x,y) = 22 + y2. First note that
Vf=AVg < (2z+2)i+ (4y)j = (2 \x)i+ (2\y)j

<— 2x+2=2\x and 4y =2\y
Hence Vf = AVg implies y = 0 or A = 2.
In case y = 0, the equality g(x,y) = 4 implies x = F2.
In case A = 2, the equality 2x + 2 = 2Ax implies £ = 1 and therefore
g(x,y) = 4 implies y = FV/3.
Hence Vf = AVg and g(x,y) = 4 are both satisfied only when (x,y) =
(25 0)7 (723 0)7 (17 \/g)v or (17 7\/5)
We calculate the values of f at these points:
f(2a0) = 117 f(_270) = 3a f(la \/g) = 12a and f(lv _\/g) =12.
Since the set of points that satisfy g(x,y) = 4 is a closed and bounded set,

we can say that the maximum value of f(z,y) subject to g(z,y) =4 is 12
and the minimum value of f(z,y) subject to g(z,y) =4 is 3.



2. Does the following limit exist

etV —1—z—y—xy

lim
(x,y)—(0,0) x2 4 92

Calculate the above limit if it exists. (Hint: You might want to use Taylor’s
formula for functions of two independent variables.)

Solution : Let f(z,y) = e"¥. Then by Taylor’s formula for f(z,y) at
the origin we have

1
F@,y) = £(0,0)42£2(0,0)+yf,(0,0)+5 (° f22(0,0) + 22y 2 (0,0) + 4 f5(0,0))
1
+5 (@ faaa(cx, cy) + 327y fruy (cx, €y) + 329° fayy (2, y) + y* fyyy (e, )
for some 0 < ¢ = ¢(z,y) < 1. Note that
fwaca: (CJ}, cy) = fa::ry (C.’E, Cy) = fwyy(cxv Cy) = fyyy(cxa Cy) = ec(:c-l—y).
Hence

1 1
eV = Izty+g (2 + 22y + yz)—i—g (2% + 322y + 3wy? + ¢?) eV (@)

for some 0 < ¢(z,y) < 1. Therefore

et —l-zr—y—zy 1 1 (a:3 + 3z%y + 3wy + y3> cel@)(@+y)

22 4 y? ~27% x? 492

for some 0 < ¢(x,y) < 1. Hence

1 1 ety —1—z—y—uoy
_ = |z+y|
3= g lal #3001+ 3ja| + yelrl < I
and
et —1—z—y—zy 1 1 |z-+y|
T < g el 3l + 3l e

we also note that

1 1 .

I 5Tz 3 3 ety — =
w05 F g ol 31l +3lzl +luDe ;
Hence by the Sandwich Theorem

im  Evmloz-y-ay 1
(@,9)—(0,0) z? +y? 2’




3y 4 03 9 3
3. Calculate/ / dedy+/ / %dzdgﬂr/ / dedy.
2 J2 z 3 J2 x s Jyy T

Solution : Instead of the integral

/3/y sin(x) dxdy+/4/3 Sjn($) dxdy+/9/3 sin(fﬂ) dady
2 J2 € 3 J2 z 4 Jyy T

we can just write / / sin(z) dA where R is the region defined as follows:
R

X

2<y<3and2<z<y)or
R=<{(z,y) B<y<4and 2<z<3)or
(4<y<9and /y<x<3)

Hence
R={(z,y)|2<z<3andz <y <2’}

Therefore instead of / / M dA we can now write
T
R

3 pz? 3
/ / sin(z) dydx = / (zsinx — sinz) dx
2 Jz z 2

= —xcosx —sinx + cosx\g = —2co0s(3) — sin(3) + cos(2) + sin(2).



4. Calculate the area of the region enclosed by the curve r = cos(26).

Solution : The graph of r = cos(20) is like a four leaved rose and the
region enclosed by one of these loops is swept out by a ray that rotates

from 0 = —7 to 6§ = 7. Hence the area enclosed by the curve r = cos(20)
is equal to
z cos(20) s 2 9 s 1 4
4/4/ rdrd9:4/4wd9:4/4wd0:
— 0 e 2 _ 4
4 4 4
T in(40) T
:/ (1+cos(40))d0:9+%() :g
-1 -3

5. Calculate the improper integral

/OO /OO e~ (@47 dxdy.

Solution :

0o 0o 27T oo 2 b
/ / e~ (@) gy dy = / / e rdrdf = / lim / e rdrdf =
—00 J—o0 0 0 o b—Jg
27 _r2 b 27 _b? 27
- — 1 1
:/ lim | —< d9:/ lim [ =S — 4= dH:/ Sdh=n
0 b—oo 2 0 b—oo 2 2 0 2

0



