Math 213 Advanced Calculus
Midterm Exam II
Solution Set

November 23, 2000 Ali Sinan Sertoz
1) Construct a function f : [1,00) — R which is unbounded on [1, c0) but is
R
improperly integrable there in the sense that F%im f(z)dz exists and
is finite.

Several such constructions are possible. One such function is given by

2r ifn<ax<n+ 22%
f(z) = { 0 otherwise.

Clearly f is unbounded. Notice however that f:“ f(x)dz =1/2",s0 [~ f(x)d

iy oo SN [ f2)de = Tim, oo N =1,

2) Assume that f : [3,5] — R is one-to-one. Assume further that f’ exists
and is integrable on [3, 5], and that f(3) =7, f(5) = 8. Calculate

/ " fayde + / =

Putting = = f(t) we find that f7 x)dxr = f3 (f)f'(t)d fg tf'(t)dt.

Then f3 dx—i—f7 dx—f3 dx+f3 zf'( x)dx:f (xf( ) dx =
5f(5) —3f(3) =19.

3) Let {a,} be a sequence of real numbers such that for some real number
p > 1 we have; lim,_,nPa, = A, with A € R. Show that > a
converges.

Let € > 0 be chosen arbitrarily. Then there is an N such that for all n > N
we have

€ €
A——-<nPa, <A+ —.
5 n‘a —|—2

xr =



el A el

a < ——
2np "opp 2nP

(1)

Let Ly = fo:N #, and L = limg_,o Lx. Now sum up all sides of equation

1 from n = N to K to obtain

K
€ €
——Lg < n— AL < =L

and since 0 < Lx < L we have

K
€ €
—L<E an—ALK<§L
n=N
€ 1 1 €
—_ < = n— —ALg < —=
ST 2T AR S Ty
n=N
K
1 1 €
— n— —ALg| < =. 2
73 o= ALl < 5 )

Since lim g, %LK = A, there is an index K, such that for all K > K, we
have

A €

—Lg — Al < =. 3

ITLx = Al <5 (3)
Now combining equations 2 and 3 we have for all K > K

€

2

1 — 1 — A A €
|ZZCL”_A| = |fzan_ZLK|+|ELK—A| <gtg=e
n=N n=N
which is equivalent to saying that ) >° \ a, = AL, and which in turn implies
that the series >~ | a, converges.

4) Show that cos(1) is irrational.

Assume cos(1) = ™ for some integers m and n > 0. Using the series expan-

sion of cosine we have
m 1

e A G Y, S I
n 2!+ +(=1) .+



Assuming 2k < n < 2k + 1, multiply both sides by (—1)*"!n! to obtain

()= Dlm = (DI = e (1))
n! n!

%2kt a

B

Letting the expression inside the square brackets on the right hand side to
be A and setting B = (—1)k"1(n — 1)!m — A, we see that B is an integer
which satisfies

n! n! n!

- B< " <1
Q12 @krdl ST =

0< 2%k + 2)!

which is a contradiction. Hence cos(1) is irrational.

5) Consider the set A = U2, {(z,y) € R?*|z? + y* > 1+ 1/n}. Describe the
interior, the closure and the boundary of A. Is A closed, open or neither?

A= {(z,y) € R} 22+ 4> > 1 }. Therefore A is open and the interior of A is
equal to A. The closure of A is {(z,y) € R*|z? + y* > 1}, and the boundary
of A is the unit circle 2% + y* = 1.



