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Q-) LetF,={r+iyeC|-o0o<zr<oo, 2n—1)7 <y < (2n+ 1)1 }, where n € Z. Also let
G=C\{z+iyeC|y=0, =<0}, where\ denotes subtraction of sets.
Define a map exp : C — C by exp(z) = e” cosy + ie” sin y.

(i) Show that exp is analytic.
(i) Show that exp is the unique analytic extension to C of the real analytic function e”.
(iii) Show that exp : F,, — G is one-to-one and onto.

(iv) Define an inverse of exp : F,, — G for each n. It is easier to describe the inverse function
using polar coordinates in G.

(v) Show that each of the above inverses, which we call a branch of the log function, is analytic.
It is again easier here to use the polar version of the Cauchy-Riemann equations.

Q-2) Let f(w) = f(s,t) where w = s + it, and g(z) = g(x,y) where z = = + iy be two C'*° functions
of the real variables s, t and x, y respectively. Assume that ¢(z) = (f o g)(z) is defined. Show that
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where the derivatives of f are evaluated at w = g(z).

Q-3) Let f(wy,...,w,) be a C™ function of the real variables si,ty,..., s,,t, where each w, =
Sk + ity. Assume further that each wy, = gi(z1,..., 2,) is a C* function of the real variables
T1,Y1, -, Tm, Ym, Where each z; = x; + 1y;.

Using the previous result, give a convincing argument that foreach j = 1,...,m,
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where each derivative of f is evaluated at (g1(2), ..., gn(2)).



