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1) Let f and g be meromorphic functions on a compact Riemann surface C' such that (f). =
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Znipi and (g)s = Zmipi where n;, m; > 0. Show that there exists &« € C such that
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(f+ag9)e = Z max{n;, m;}p;. Now let D = Z kip; be an effective divisor on C' with the
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property that for every p € C', L(D — p) & L(D). Show that there exists a meromorphic

function h on C with (h)s = D.

Fix an ¢ and let n = n;, m = m; and p = p;. Without loss of generality assume that n > m.
Let z be a local coordinate centered at p. The principal parts of f and g at p are
b by
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respectively, where a,b,, # 0. Now observe that if n > m, then for every a € C, the function
f+ag has a pole of order n at p. If however n = m, then for all o € C, except for o« = —a,, /by,
the function f + ag has a pole of order n at p. Repeating this for each i we see that for all
a € C, except for finitely many values, the function f + ag has the required pole properties.

Now for the second part first observe that for every f € L(D), the order of the pole of f
at p; is at most k;. Using the given property of D we can choose for each 7, a function
fi € L(D)\L(D —p;), for which the order of pole at p; is exactly k;. Using the first part we now
know that there exist constants aw, ..., ay such that the function h = fi + asfo+ ... + anfy
has the required pole properties.

2) If C is a compact Riemann surface of genus g > 1, then show that for every pair of distinct
points p, ¢ € C, there exists a meromorphic 1-form w such that (w)s, = p+¢. Moreover show
that for any nonzero constant o € C, we can further choose this w such that Res,(w) = a.

Using Riemann-Roch theorem we find that i(—p —¢) = g+ 1, i.e. there are g+ 1 meromorphic
differential forms w with (w) > —p — ¢, or equivalently (w). < p+ ¢. We know that there are
exactly ¢g holomorphic forms, for which we have (w)s, = 0. Since i(—p — ¢) = g + 1, there is
one meromorphic form for which we have 0 < (w)o < p+ ¢. Suppose (w)s = p. Then w has
only one simple pole at p with a necessarily nonzero residue, which contradicts with the fact
that the sum of residues of a form must be zero. So we must have (w)s = p + ¢ as required.
If Res,(w) = ¢, where ¢ is necessarily nonzero, then the form (a/c)w is the form asked in the
question.

This is theorem 2.3 on page 161 where it is proved using projective techniques. After the proof
there is a note saying that the theorem follows immediately from Riemann-Roch.



3) Let C be a compact Riemann surface of genus g, and D a divisor on C' of degree d with
d > 2g. Show that ¢(D) =d—g+1. Let fo,..., fs_y be a basis of L(D). Let ¢ : C — P49
be defined by ¢(p) = [fo(p) : -+ : fa—y(p)]. Show that ¢ is well defined. Show that ¢ is

injective.

That ¢(D) = d — g + 1 follows immediately from Riemann-Roch theorem after observing that
deg(K — D) < —2. In fact the same observation implies, using again the Riemann-Roch
theorem, that L(D —p —q) & L(D —p) & L(D).

¢ would be undefined at a point p if each f; vanishes at p, but this would contradict L(D —p) &
L(D).

Now suppose there exist p # ¢ in C with ¢(p) = &(q). Write D as D = np + mq + D’
where p and ¢ does not appear in D’. Here n and m are integers, possibly zero. Let z; and
2o be local coordinates centered at p and g respectively. We then have f;(z1) = 27'¢;(z1) and
fi(z2) = 28"hi(2.), i1 =0,...,d — g, where g; and h; are holomorphic. Then we have

¢(p) = [90(0) = -+ - ga—g(0)] and ¢(q) = [ho(0) : -+ - : ha—g(0)].
Since ¢(p) = ¢(q), there is a nonzero A € C such that ¢;(0) = Ah;(0), i = 0,...,d — g. Let
f € L(D—p)\L(D—p—q). Wehave f(z1) = > ¢ fi(z1) = 21> ¢;gi(z1), and since f € L(D—p),
we must have > ¢;¢;(0) = 0. On the other hand f(z2) = > ¢ fi(z2) = 25" > ¢;hi(22), and since
f & L(D—p-—q), we must have Y ¢;h;(0) # 0. We now have a contradiction;

Thus ¢ is injective.

Short proof: ¢(p) = ¢(q) = fi(p) = Afi(q). Since f =>"cifi, f(p) =0 <= f(q) =0, and
this contradicts L(D — p) & L(D).

This is an exercise on page 124 which I solved in class.

4) Describe the canonical map of a compact Riemann surface C' of genus g > 2, and show that
the canonical map is nondegenerate, i.e. the image does not lie in any hyperplane.

Let wy,...,w, be a basis of Q'(C). The canonical map ¢k is the map from C to P9~! defined
by ¢k (p) = [wi(p) : -+ : wy(p)]. If the map is degenerate then for all p € C' the image lies in a
hyperplane, i.e. Y Aw;(p) = 0 for all p. But this gives Y A\;w; = 0 contradicting the fact that
the w;’s form a basis.

The definition is on page 133, the proof is on page 134.

5) Let C be a compact Riemann surface, K a canonical divisor and D any divisor. Show that
i(D) ={(K — D).

Let wp be a differential form with (wy) = K. Consider the map from L(K — D) to K*'(D) given
by f — fwe. The inverse is given by w — w/wg. Hence the two vector spaces are isomorphic
and their dimensions are the same.

This is a special case of the theorem on page 101.




