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Solution KeyBilkent University

Q-1) Show that the d-uple embedding of Pn is an isomorphism onto its image.

Solution:

We first show that ρd is one-to-one. Let c = [c0 : · · · : cn] and e = [e0 : · · · : en] are points of Pn

such that ρd(c) = ρd(e). At least one of the homogeneous coordinates ei is different than zero. For
convenience of notation assume e0 6= 0. Since the images of c and e agree under ρd, we must have
cd0 = ed0 and cd−10 ci = ed−10 ei for i = 1, . . . , n. From cd0 = ed0, we get c0 = ωe0, where ωd = 1.
From the other equations we get ci = ωei for i = 1, . . . , n. This shows that c = e and hence ρd is
one-to-one.

Let a be the prime ideal with ρd(Pn) = Z(a) in PN .

Next we show that ρd is continuous. In fact if Z(f1, . . . , fm) is a closed subset of Z(a), where
f1, . . . , fm are homogeneous polynomials in y0, . . . , yN , then ρ−1d (Z(f1, . . . , fm)) = Z(f1◦ρd, . . . , fm◦
ρd) is closed. Thus ρd is continuous.

We now have a continuous isomorphism from ρd(Pn) onto Z(a). It is well known that a continuous
isomorphism is not necessarily a homeomorphism. Therefore we have to check separately if ρd is a
homeomorphism in this case.

What remains to be shown for ρd to be a homeomorphism is that it maps closed sets to closed sets.
Since every ideal in k[x0, . . . , xn] is finitely generated, every closed set is an intersection of finitely
many hypersurfaces. It therefore suffices to show that a hypersurface is mapped under ρd to a closed
set in Z(a). And for this we need to show that for any homogeneous polynomial g ∈ k[x0, . . . , xn],
there corresponds a homogeneous polynomial G ∈ k[y0, . . . , yN ] such that ρd(Z(g)) = Z(a)∩Z(G).
We now describe a way of obtaining G from g.

Let g ∈ k[x0, . . . , xn] be a homogeneous polynomial of degree m. Let

wt = xi0t0 x
i1t
1 · · ·xint

n , t = 1, . . . , d.

be homogeneous monomials, not necessarily distinct, occurring in g with non-zero coefficients, where
i0t, . . . , int are non-negative integers with i0t + · · · + int = m for t = 1, . . . , d. A typical monomial
occurring in the polynomial gd is of the form

w = w1 · · ·wd = xi01+···+i0d · · ·xin1+···+ind .

For s = 0, . . . , n, let
is1 + · · ·+ isd = usd+ vs,



where 0 ≤ us and 0 ≤ vs < d. Then we can write

w = (xd0)
u0 · · · (xdn)un(xv00 · · ·xvnn ).

Since the degree of the monomial w is dm, we see that v0 + · · · + vn = `d, where ` ≥ 0 is a
non-negative integer. Since each vs < d, we have that 0 ≤ ` ≤ n. Therefore there exist integers
0 ≤ j0 < · · · < j` ≤ n such that we can write

vje = v′je + v′′je , e = 0, . . . , `

in such a way that

v0 + · · ·+ vn = (v0 + · · ·+ vj0−1 + v′j0) + (v′′j0 + vj0+1 + · · ·+ vj1−1 + v′j1)+

· · ·+ (v′′j` + vj`+1 + · · ·+ vn)

in such a way that each parenthesis adds up to d. Then

xv00 · · ·xvnn = (xv00 · · ·x
v′j0
j0

) · · · (x
v′′j`
j`
· · ·xvnn ).

This proves that the monomial w of degree dm can be written as a product of monomials of degree d
in the variables x0, . . . , xn. In fact let M0, . . . ,MN be a list of monomials of degree d in x0, . . . , xn,
and let φ be the map

φ : k[M0, . . . ,MN ]→ k[y0, . . . , yN ],

sending each Mi to yi, then φ(w) is a monomial of degree m in the variables y0, . . . , yN . Define the
polynomial G as

G(y0, . . . , yN) = φ(gd(x0, . . . , xn) ∈ k[y0, . . . , yN ],

where the above process of writing gd as a polynomial in Mi is understood, before φ is applied. Then
G is uniquely defined and is homogeneous of degree m.

It is now clear from the description of the maps that for any point a = [a0 : · · · : an] ∈ Pn,

G(ρd(a)) = φ(gd(a)).

It follows from this that a ∈ Z(g) if and only if ρd(a) ∈ Z(G) ∩ Z(a). This shows that the closed set
Z(g) is mapped onto the closed set Z(G) ∩ Z(a), which completes the proof that ρd is a closed map.

Thus ρd is a homeomorphism from Pn onto Z(a)


