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Abstract

This paper studies full behavioral implementation under incomplete informa-
tion from a robust mechanism design perspective without requiring that individ-
uals’ ex-post and interim choices satisfy the weak axiom of revealed preferences.
We employ behavioral interim equilibrium (BIE) and behavioral ex-post equilib-
rium (EPE) to derive necessary as well as sufficient conditions for quasi-robust
behavioral and ex-post behavioral implementation of social choice sets. The for-
mer requires every optimal social choice function (SCF) be sustained as both a
BIE and an EPE of a mechanism and that there be no ‘bad’ BIE of this mecha-
nism resulting in an SCF not aligned with the social goal at hand. Meanwhile,
the latter demands the optimal SCFs be sustained as EPE and that there be no
‘bad’ EPE in the mechanism. We also introduce and analyze ex-post behavioral

incentive efficiency and identify sufficient conditions for its implementability.
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1 Introduction

Individuals are not perfect decision-makers. They often have difficulty processing
information and making rational choices, as documented by behavioral sciences. By
using the resulting insights, behavioral economics aims to help governments and other
organizations design policies and institutions that are more effective in guiding people’s
behavior. In this context, we focus on how a planner can achieve her goals under incom-
plete information without relying extensively on individuals’ beliefs when individuals
are not necessarily making rational choices.

In this paper, we study full behavioral implementation under incomplete information
from a robust mechanism design perspective without requiring individuals’ ex-post and
interim choices to satisfy the weak axiom of revealed preferences (WARP).

We employ behavioral interim equilibrium (BIE) and behavioral ex-post equilibrium
(EPE) to derive necessary as well as sufficient conditions for quasi-robust behavioral im-
plementation of social choice rules. This notion requires every optimal state-contingent
alternative be sustained as both a BIE and an EPE of a mechanism and that there be
no ‘bad’ BIE of this mechanism. Our paper can thus be regarded as the robust counter-
part of Barlo and Dalkiran (2023), which investigates behavioral interim implementation
under incomplete information without any ex-post considerations.

In incomplete information environments, each mechanism induces an incomplete in-
formation game where, given a strategy profile, each individual’s message generates an
interim act that maps each type profile of other individuals to alternatives. As a result,
we obtain a general setup with incomplete information that allows for a wide variety of
behavioral biases.

In this setup, individuals make their message choices in the mechanism at the interim
stage (after observing their own private information). That is why BIE is appropriate
when analyzing behavioral implementation under incomplete information. A BIE strat-
egy profile requires that each type of each individual choose the act induced by the
BIE from the corresponding opportunity set of acts implied by the mechanism and the
strategy profile at hand. This notion of equilibrium is pertinent to environments with

interim choices, not necessarily derived from preference maximization. In fact, BIE re-



duces to the Bayesian Nash equilibrium in the standard setting with rationality and
Savage-Bayesian probabilistic sophistication. This observation also displays why BIE
involves individuals’ beliefs that are embedded in their interim choices. On the other
hand, the notion of EPE requires a strategy profile in the mechanism be such that in-
dividuals’ plans of actions are measurable with respect to their private information and
result in (behavioral) Nash equilibrium play at every state. That is why EPE is robust
to individuals’ beliefs.!

Consequently, our notion of quasi-robust behavioral implementation is robust to
individuals’ beliefs when sustaining desirable social choice rules. That is, every desirable
social choice rule is sustained in belief-free equilibrium behavior (an EPE strategy profile
that is also BIE) that also features the ex-post no regret property: no individual has
any incentive to go back to the interim stage and find out others’ private information.
Notwithstanding, our focus on full implementation and hence our need for dismissal
of bad BIE implies that our implementation notion is naturally not entirely free of
individuals’ beliefs. Indeed, the planner may have to beware of equilibrium behavior
sustained by some beliefs and make sure that even then, the resulting equilibrium is
aligned with her desiderata.?

In our necessity result, Theorem 1, we show that if a mechanism quasi-robust be-
havioral implements a social choice set (SCS), then the resulting opportunity sets, acts
achievable via individuals’ unilateral deviations, form a profile of sets with some desir-
able properties, which we refer to as quasi-robust consistency. Each set appearing in
this profile of sets of acts corresponds to an individual, a social choice function (SCF)
in the SCS, and a deception profile of the other individuals. The first property of this
profile is closedness under deception: acts generated via any deception from any set in
the profile constitute another set in this profile. The second says that for any type of

any individual, the act induced by the given SCF is among his interim choices from the

'In our paper, each individual’s private information is exclusive and identifies his ‘payoff type’ but
not his beliefs about others’ payoff types (Penta, 2015; Barlo & Dalkiran, 2023).

2In general, full implementation of a collective goal via a mechanism can be seen as a combination
of partial implementation (making sure that every desirable goal is obtained in equilibrium of that
mechanism) and weak implementation (ensuring that every equilibrium of that mechanism results in
one of the desirable goals). In that sense, quasi-robust behavioral implementation is belief-free in the
partial implementation side but not in the weak implementation part.



set corresponding to others’ truthful behavior.®> Meanwhile, an analogous requirement
holds for ex-post choices as well. These imply a quasi-incentive compatibility and a
quasi-ex-post incentive compatibility condition (Proposition 2). Finally, a property akin
to Maskin monotonicity emerges: Any deception turning a desirable SCF into one not
aligned with the SCS creates a whistle-blower objecting to this deception. Our suffi-
ciency result for quasi-robust implementation, Theorem 2, uses a mild condition that
requires some level of disagreement in the society, choice incompatibility, in addition to
quasi-robust consistency.

In behavioral environments of incomplete information, combining an individual’s
optimal ex-post choices across states does not necessarily induce optimality in the interim
stage for that individual. We propose a condition, Property STP*, in the spirit of
Savage’s sure-thing principle as well as Property STP of de Clippel (2022) in order to
relate individuals’ ex-post choices on alternatives to their interim choices on acts. It
demands that an act be chosen from a set of acts whenever for any state, the realization
of this act (an alternative) is ex-post chosen at that state from the set of alternatives
sustained by acts in that set of acts. This property provides us with the practicality and
tractability of the ex-post approach featured in the rational domain. Under Property
STP*, every EPE is a BIE, and hence, quasi-robust behavioral implementation amounts
to double implementation in BIE and EPE. Moreover, in such situations, EPE features
the desirable robustness properties of its counterpart in the rational domain with Savage-
Bayesian probabilistic sophistication where Property STP* holds.

While Property STP* instigates appealing aspects for EPE, it comes with a severe
warning in environments with individuals’ ex-post choices failing WARP.* In such envi-
ronments, de Clippel (2022) exhorts us to be wary of the use of EPE because Property
STP* and the failure of WARP for ex-post choices may generate a contradiction. We
demonstrate situations in which such a contradiction may appear in our setup.

Next, we turn our attention to ex-post behavioral implementation: Each desirable goal

needs to be achievable by an EPE of the mechanism, while every EPE of this mechanism

3A deception of an individual is a permutation on his type space and hence contains the identity
function, which corresponds to his truthful behavior.

4We note that interim choices may satisfy Property STP* but fail WARP even if the associated
ex-post choices obey WARP, as we display in the minimax-regret setting (Proposition 1).



has to result in an outcome aligned with the planner’s goal. This notion is particularly
well-suited for situations in which both of the following hold: (i) as in the minimax-
regret setting, ex-post choices satisfy the independence of irrelevant alternatives (ITA)
while interim choices may involve violations of WARP; (i7) the dismissal of bad EPE
suffices, and the planner does not need to worry about bad BIE that is not EPE.

We obtain ex-post consistency as a necessary condition for ex-post behavioral im-
plementation, Theorem 3, and show that it implies quasi-ex-post incentive compatibility
(Proposition 5) along with behavioral ex-post monotonicity (Proposition 4). Further-
more, (in Proposition 6) we establish that under rationality, our quasi-ex-post incentive
compatibility and behavioral ex-post monotonicity are equivalent to the ex-post incen-
tive compatibility and ex-post monotonicity of Bergemann and Morris (2008). We also
present a sufficiency result for ex-post behavioral implementation, Theorem 4, using the
ex-post version of our choice incompatibility in addition to ex-post consistency.

To display an application of our findings, we analyze the implementability of ex-post
behavioral efficiency and ex-post behavioral incentive efficiency. Under rationality, these
notions are equivalent to ex-post Pareto efficiency and ex-post incentive Pareto efficiency
of Holmstrom and Myerson (1983), respectively. First, we observe that in our setting,
the well-known conflict between efficiency and incentive compatibility is still at play, and
hence, ex-post behavioral efficiency is neither quasi-robust nor ex-post behavioral imple-
mentable. Indeed, we know from our necessity results that, at the very least, combining
ex-post quasi-incentive compatibility with ex-post behavioral efficiency is necessary for
implementation purposes. Doing so delivers our ex-post behavioral incentive efficiency,
and we show that the associated opportunity sets constitute an ex-post consistent profile.
Consequently, we obtain ex-post behavioral implementability of this SCS under ex-post
choice incompatibility (Proposition 9). Moreover, we observe that ex-post behavioral
incentive efficiency is not quasi-robust behavioral implementable in general. We identify
sufficient conditions for its quasi-robust behavioral implementation (Proposition 10).

Our paper is mostly related to Barlo and Dalkiran (2023) that analyzes interim
behavioral implementation under incomplete information without any ex-post consider-
ations. In the rational domain, Bergemann and Morris (2009, 2011) analyze robust full

implementation both using direct and indirect mechanisms. Unlike our notion of robust-



ness based on ex-post considerations to sustain belief-free evaluations in a behavioral

> Another significant

environment, theirs is related to rationalizable implementation.
and closely related paper is Bergemann and Morris (2008), which analyzes ex-post im-
plementation in the rational domain and under incomplete information. Our results on
ex-post behavioral implementation extend their analysis to behavioral domains. In the
rational domain, Jackson (1991) analyzes Bayesian implementation, which extends the
seminal work of Maskin (1999) on Nash Implementation to incomplete information envi-
ronments. Other seminal papers that analyze Bayesian implementation are Postlewaite
and Schmeidler (1986) and Palfrey and Srivastava (1987). The equilibrium concept that
we employ, BIE, is first introduced by Saran (2011), which analyzes partial behavioral
implementation under incomplete information using menu-dependent preferences.

The necessary and almost-sufficient conditions we identify for quasi-robust and ex-
post behavioral implementation are reminiscent of consistency of de Clippel (2014),
which provides necessary as well as sufficient conditions for behavioral implementation
under complete information. Other work on behavioral implementation under complete
information include Hurwicz (1986), Eliaz (2002), Barlo and Dalkiran (2009), Korpela
(2012), and Hayashi et al. (2023). Eliaz (2002) provides an analysis of full implemen-
tation when some of the individuals might be “faulty” and hence fail to act optimally.
An earlier paper of ours, Barlo and Dalkiran (2009), provides an analysis of implemen-
tation for the case of epsilon-Nash equilibrium, i.e., when individuals are satisfied by
getting close to (but not necessarily achieving) their best responses. On the other hand,
Korpela (2012) shows that when individual choices fail rationality axioms, the ITA is key
to obtaining the necessary and sufficient condition synonymous to that of Moore and

Repullo (1990). Finally, Hayashi et al. (2023) provides an analysis of behavioral strong

®We note that iterative elimination of never-best responses may create complications due to the
failure of the ITA in behavioral domains. There is a large literature on rationalizability-based robust
mechanism design in the rational domain. Such studies include but are not limited to Bergemann and
Morris (2005), Penta (2015), Bergemann and Morris (2017), Ollar and Penta (2017), de Clippel et
al. (2019), Kunimoto and Serrano (2020), Chen et al. (2021), Chen et al. (2022), Jain and Lombardi
(2022), Jain et al. (2022), Kunimoto and Saran (2022), Chen et al. (2023), Jain et al. (2023), Kunimoto
et al. (2023), Xiong (2023). Bochet and Tumennasan (2021) studies interim implementation when
individuals have benchmark strategies; focusing on direct mechanisms, their implementation amounts to
“interim rationalizability with iterative elimination of strategies that are dominated by [the benchmark
of] truthtelling.”



implementation under complete information.%

The organization of the paper is as follows: Section 2 provides the preliminaries;
Section 3, our analysis of quasi-robust behavioral implementation; Section 4, analy-
sis of ex-post behavioral implementation. In Section 5, we analyze ex-post behavioral

(incentive) efficiency. Section 6 concludes.

2 Preliminaries

Consider a set of individuals N = {1,...,n} and a non-empty set of alternatives X
where 2% stands for the set of all subsets of X and X stands for those that are non-empty.
Let © denote the set of all relevant states of the world regarding individuals’ choices. We
assume that there is incomplete information among the individuals regarding the true
state of the world and their information is exclusive unless stated otherwise explicitly.
Thus, © has a product structure, i.e., © = X,;cnyO; where 6; € O, denotes the private
information (type) of individual i € N at state 6 = (04,...,6,) € ©.

For any individual ¢ € N, an interim act sustained by ©_; = x,;260; on X is
a; : ©_; — X, a function mapping ©_; into X. We denote the set of all interim acts
of individual i by A;. Meanwhile, AS := Uzcx{af € A;} denotes the set of all constant
acts where af(0_;) = 7 for all 6_; € ©_;. The image set associated with a set of acts
A; C A, at 0_; equals Ai(é’_i) ={x € X | a;(f_;) = x for some a; € Az} Given i € N,
her type 6; € ©;, and a non-empty subset of acts S C A;, the choice of individual i of
type 0; from the set of acts S is given by C?i(S) CS.

We summarize the interim environment by £ = (N, X, (0, )ien, (C?)ien. 6,c0,), which
is common knowledge among the individuals.

We define individuals’ ex-post choices as follows: Individual i’s ez-post choice at
state 0 is described by ¢/ : X — 2% such that ¢/(S) C S for all S € X. The ex-post
environment is summarized by E%P = (N, X,0,(!)icn, sco). We assume that EP is
common knowledge among the individuals as well.

We impose no restrictions on choices such as WARP.” In particular, we allow individ-

6Some of the other related works include Kucuksenel (2012), Saran (2016), Barlo and Dalkiran
(2022a, 2022b), Barlo et al. (2023), and Rubbini (2023).

"Sen (1971) shows that a choice correspondence satisfies WARP (and is represented by a complete
and transitive preference relation) if and only if it satisfies independence of irrelevant alternatives (IIA)
and an expansion consistency axiom (known as Sen’s ). Letting Z be the set of all non-empty subsets



uals’ interim and ex-post choices to be empty valued unless explicitly stated otherwise.

In our model, individuals’ beliefs are embedded into their interim choices on acts.®

A state-contingent allocation is an SCF h : © — X mapping © into X. It induces
an associated act that individual ¢ of type 6; faces: h;p, € A; defined by h;g,(0_;) =
h(6;,0_;) for all 0_; € ©_;. We denote the set of all SCFs by H :={h | h:0 — X}.

We focus on SCSs because a planner may consider many socially optimal SCF's
simultaneously. An SCS F is a non-empty set of SCFs, i.e., F C H and F # (); an SCF
[ € F specifies a socially optimal alternative for each state.”

A mechanism is given by u = (M, g) where M; denotes individual i’s non-empty set of
messages with M = X;enyM;; g : M — X describes the outcome function identifying the
alternative corresponding to each message profile. A mechanism induces an incomplete
information game form in our environment. A strategy of individual 7 in mechanism g,
o; : ©; — M;, specifies a message for each type of 7. We refer to the set of acts individual
i can unilaterally generate when the other individuals use o_; := (0;),2 as individual
1’s opportunity set of acts under u for o_;. Formally, it is given by

Ol (o) == U {a; € A; | a;(0-;) = g(my,0_;(0—;)) for all 6_; € ©_;}.
mieM;
We employ behavioral interim equilibrium, well-suited to environments with individ-

uals’ interim choices on acts'®:

of alternatives, we say that the choice correspondence ¢ : Z — Z satisfies (i) the ITA if z € SN ¢(T)
for some S,T € Z with S C T implies z € ¢(S); (ii) Sen’s 8 if x,y € S C T for some S,T € Z, and
x,y € ¢(S) implies = € ¢(T) if and only if y € ¢(T).

8To illustrate this under rationality and Savage-Bayesian probabilistic sophistication, consider the
following: Given an ex-post environment £°, the ex-post choices of individuals can be captured by
state-contingent utilities (u;(z | 0))ien pco sex under rationality where w;(z | 6) is the utility that
individual ¢ obtains from alternative x when the individuals’ type profile is 8. Moreover, under the
standard Savage-Bayesian formulation, the interim beliefs (m;(0_; | 6;))icn.6,c0,.0_;co_, emerge where
mi(0—; | 0;) € [0,1] denotes the belief of individual ¢ of type 6; about the other individuals’ type profile
being #_;. Then, we obtain the corresponding interim environment £ as follows: For any non-empty
set of acts S, the choice of individual i of type 6; equals

Yoo co_, Ti(0—i | 0)ui(a(0—;) | 0:,0_;) >
>0 .co_, Ti(0—i | 0)ui(b(0-;) | 0;,0_;) forallbe S [~

9We note that it is customary to denote a social choice rule as an SCS rather than a social choice cor-
respondence under incomplete information. We refer the interested reader to Postlewaite and Schmeidler
(1986), Palfrey and Srivastava (1987), Jackson (1991), and Bergemann and Morris (2008).

10See Saran (2011) and Barlo and Dalkiran (2023).

Cli(S) = {a €S



Definition 1. A strategy profile o* = (0} );en is a behavioral interim equilibrium
(BIE) of mechanism j = (M, g) if for alli € N and all 0; € ©;, hy, € C% (0! (a*,)),
where hi, s the interim act induced by SCF h* = g oo for individual i of type 0;, i.e.,
hi, (0-:) = g(0](0:),07,(0-3)) for all 6_; € ©_;.

7

Intuitively, strategy profile o* is a BIE of u if any individual ¢ of any type 6; chooses
the interim act generated by the prescribed action, o} (6;), from his opportunity set of
acts corresponding to others’ strategy profile o* .

In ex-post environment £, the relevant concept of opportunity sets of mechanism
1 involves alternatives rather than interim acts: Individual i’s opportunity set of alter-
natives under mechanism p for a given message profile of other individuals m_; € M_;
equals Of(m_;) := {g(m;,m_;) € X | m; € M;}. We note that for all i € N, and all
strategy profiles o in mechanism 1, O} (0_;(0—;)) = O} (0_;)(0—;) for all 6_; € ©_; where
O (0_:)(0_;) € X is the image set associated with the set of acts O (o_;) at 0_,.

We now present the definition of EPE of mechanism g in ex-post environments:

Definition 2. A strategy profile 0* : © — M 1is an ex-post equilibrium of u if for
each 6 € ©, we have g(a*(0)) € /(O (a*,(0_;))) for all i € N.

In words, an EPE requires the outcomes generated by the mechanism be a (behav-
ioral) Nash equilibrium at every state of the world, while individuals’ strategies have to
be measurable with respect to only their own types.!!

A natural way to relate ex-post choices of individuals to their interim choices is the
following property akin to the sure-thing principle of Savage (1972):

Definition 3. Given ex-post environment E¥ = (N, X,0,(c?)ienoco), the associated

interim environment £ = (N, X, (0,)ien, (C?i)ieN, 0,co;) Ssatisfies Property STP* if

the following holds for each individual i € N and each of his type 0; € ©;: if for all
non-empty A; C A; and all a; € A;, a;(0",) € c@’e‘i)(Ai(Q’_i)) for all 0", € ©_;, then

Given ex-post environment £, its associated interim counterpart &£ satisfies Prop-
erty STP* if the following holds: For any individual ¢ of any type 6#; and any subset of

his acts, A;, if an act a; € A; is such that for any one of others’ type profile 6_;, alter-

native a;(0_;) (the image of a; at 6_;) is in i’s ex-post choice from the set of alternatives

1A message profile m* € M is a (behavioral) Nash equilibrium of zz at 6 if g(m*) € Nenc? (O (m*,)).

8



Ai(é_i) (the image set associated with A, at 0_;), then a; is in ’s interim choice from
A, Property STP* is in the spirit of Savage’s sure-thing principle and Property STP
introduced by de Clippel (2022).12

Under Property STP*, we obtain arguments similar to those of Bergemann and
Morris (2008, 2011) and justify the use of EPE in behavioral domains: Every EPE of
mechanism y is a BIE of .1 That is, Property STP* is sufficient for every EPE of a
mechanism p to be one of its BIE. Therefore, no individual has any incentive to find
out others’ private information at the interim stage. In other words, “no agent would
like to change his message even if he were to know the true type profile of the remaining
agents” (Bergemann & Morris, 2008). Moreover, EPE makes no use of any probabilistic
information. It is belief-free, does not involve any belief updating or expectation con-
siderations, and does not require any common prior assumption. Hence, EPE induces
robust behavior on account of these properties.

We note that Property STP* holds in the standard rational framework under Savage-
Bayesian probabilistic sophistication. On the other hand, the minimax-regret preferences
of Savage (1951) provide a setting in which the interim choices fail the IIA (and hence
WARP), while the Property STP* is satisfied. Thus, the minimax-regret setting delivers
an interesting behavioral environment where EPE is a plausible equilibrium notion.

In environments with the minimax-regret preferences, each type of each individual
chooses the act that minimizes her maximum regret. The regret of individual ¢ of type 6;
from act a; at state 0 = (6;,0_;) equals the difference between the payoff i obtains and his
maximum payoff in this state, i.e., maxu es, (ui(a;(0-:) | (0;,0-:)) — ui(ai(0-) | (0;,0-))
where wu;(z | 8) denotes i’s ex-post payoff from alternative x at 6. Hence, individual i of

type 6; weakly prefers act a; to act a; in a given set of acts S; if

0_,€0_; a’ecS; i\ A \V—1 iy V—q — Wi\ \V—4 iy V—i
maxy_.co_, [maX es, (u (@l(6-;) | (0:,0-;)) —ui(a;(0_;) | (6;,0 )))]
< . ce., [, ((al(0-) | 00-0) ~ ul@(6-) | 600 ). a

12\We are grateful to an anonymous referee for pointing us towards Property STP* and suggesting its
useful implications for our construction with ex-post choices.

131t is easy to see that in general, a BIE of a mechanism need not be one of its EPE regardless of
whether or not Property STP* holds.



Proposition 1. If ex-post environment E® and the associated interim environment £
are related via minimaz-regret preferences, then Property STP* holds.

Proof. Suppose ex-post environment £ = (N, X, 0, (¢?);cngeo) and the associated
interim environment £ = (N, X, (0,)icn, (C?)icn. 6,co,) are related via minimax-regret
preferences. That is, ex-post choices are represented by state-contingent utility functions
—they are rational, and hence satisfy the ITA. Moreover, the interim choices can be
represented as follows: For any pair of acts a; and a; in a given set of acts S;, individual
i of type 0; weakly prefers a; to a; in S; if inequality (1) holds.

(R0 forall 97, € O,
for some non-empty set of acts A;, then a* € C?’(Ai); i.e., Property STP* holds. This

If for any individual i of type 6;, we have al(0’,) €

follows from a} minimizing the maximum regret: w;(a;(0_;) | (0;,0";)) = max, .z, ui(z |
(0;,0",)) for all ¢ ,. So, for all #",, max /GA( wi(@l(0;) | (6:,07,)) — u(a;(6-;) |
(0;,0_;))) =0, i.e., i of type 0;’s maximum regret from a; at (6;,6",) is 0. m

Therefore, in the case of minimax-regret preferences, Property STP* holds even
though the interim choices are not rational. In such behavioral environments, EPE
is a plausible equilibrium notion because every EPE is a BIE.

Meanwhile, whether or not Property STP* is a necessary condition for every EPE
of a mechanism being one of its BIE emerges as a natural question. Below, we show
that the answer is negative by providing an example (inspired by de Clippel (2022)) that
involves a mechanism where every EPE is a BIE, but Property STP* fails to hold.
Example 1. Let N = {1,2}, ©; = {t:}, O, = {t3,t3}, X = {x,y,2}. We denote the
act, a; : Oy — X, individual 1 faces by (ab) where a;(t) = a and a;(t3) = b with
a,b € {x,y,z}. As there is only one type of individual 1, any act of individual 2 is

merely an alternative, i.e., Ay = X.
Let the state-contingent payoffs and mechanism p be as in Table 1.

e H (t1,t3) | (t1,13) Ind. 2
(uy(z | 0) ,u2 (2,2) (0,1) L R
(ui(y | 0), ua(y (0,1) | (2,2) Ind.1 U |z y
(ui(z [ 0), ua(2 (1,0) | (1,0) D|ly =z

Table 1: State-contingent payoffs and mechanism pu.

Suppose that individual 2 is rational whereas individual 1 is ambiguity averse in the
sense that he chooses an action that maximizes his minimum possible payoff with respect

10



to the stage-contingent payoffs given in Table 1. Formally, for any two acts a; and a;
in a given set of acts S; C Ay, individual 1 weakly prefers a; to a; if

max [min <u1(a1(92) | (tl,é’g))” > max {min <u1(él(92) | (t1,02)))} .

a1€S1 |02€04 a1€81 | 02,064

Consider first the ex-post choices of individuals 1 and 2 given the stage-contingent
payoffs in Table 1. Because cgtl’t%)({x,y}) = {z}, cgtl’t%)({x,y}) = {y}, cgtl’t%)({x,y}) =
{z}, and cgl’t%)({x, y}) = {y}, there are two EPEs of mechanism p both inducing SCF
(zy): o and o where o\ (t;) = U, 03" (t}) = L, and o$”(82) = R; o™ (1) = D,
o (t)) = R, and ol (12) = L.

Next, considering the interim choices of individual 1, we see that C!* ({(zy), (yz)}) =
{{zy), (yz)} as individual 1’s minimum payoffs under (zy) and (yz) are both 0. There-
fore, individual 1 is indifferent between choosing U or D in mechanism p. On the other
hand, because individual 2’s interim choices over acts are such that C;%({(az), (y}) =
{(z)} and C;%({(a:>, )} = {{)}, c® and o™ are the only BIEs of mechanism p.

Therefore, every EPE of i is a BIE of u.

Finally, we show that Property STP* fails given individual 1’s interim and ex-post
choices. To see why, consider interim choices of individual 1 over Ay = {(xy), (z2), (yz)}.
We have C'(Ay) = {(z2)} as (z2) guarantees individual 1 a payoff of 1 whereas her
minimum payoff under (zy) and (yz) is 0. Further, A;(t}) = A;(t3) = {z,y, z} and ex-
post choices of individual 1 is such that c(ltl’t%)({x,y,z}) = {z}, cgtl’tg)({a:,y, z}) = {y},
but (zy) ¢ C'(A;) = {(22)}. Hence, Property STP* fails to hold.

de Clippel (2022) presents a serious warning for the use of behavioral ex-post/dominant
equilibrium in environments that involve ex-post choices failing rationality (in particular,
with probabilistically sophisticated individuals having singleton valued choices over alter-
natives): The failure of the ITA is at odds with the plausibility of the ex-post/dominant
equilibrium notion.'*

The condition de Clippel (2022) analyzes, namely Property STP, is closely related
to our Property STP* but restricted to probabilistic sophistication. Property STP is
systematically violated when ex-post choices do not satisfy the ITA (and hence WARP).

In Appendix A, we discuss situations in which a contradiction along the lines of de

4There are many interesting behavioral settings that involve ex-post choices that fail rationality in
the sense that they fail the ITA. See for example the rational shortlist method of Manzini and Mariotti
(2007); the choice under status-quo bias analyzed in Samuelson and Zeckhauser (1988), Masatlioglu
and Ok (2014), and Dean et al. (2017); the choice with attraction effect studied in Huber et al. (1982),
de Clippel and Eliaz (2012), and Ok et al. (2015); choices of committees involving Condorcet cycles as
in Hurwicz (1986); among other such behavioral settings.
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Clippel (2022) may emerge in our behavioral setting: To justify the use of EPE, one
needs to dismiss two states that are perceived to be equivalent or the interim choices
being unique up to the resulting equivalence classes (see Appendix A for further details).

We note when ex-post choices satisfy the ITA, a contradiction a la de Clippel cannot
arise (even if interim choices fail WARP). Indeed, minimax-regret preferences provide
such a setting: the ex-post choices satisfy the ITA but the interim choices do not.

Any mechanism implementing an SCS under incomplete information must consider
individuals’ private information. However, individuals may be deceitful. We denote
a deception by individual 7 as a; : ©; — ©;. Intuitively, «;(6;) can be thought of
as individual ¢’s reported type. So, a(f) := (a1(61), aa(62),...,a,(0,)) is a profile of
possibly deceitful reported types while o4 denotes the truthtelling profile, i.e., ai4(6;) =
0; for all € N and all 0, € ©;. We denote individual i’s set of all possible deceptions
by A; and let A = X;enA;, Aoy = XA, and a_;(0-;) = («;(0;));. Moreover, a
garbling of an act a; that ¢ of type #; faces when the other individuals use deception
a_; € A_; is the act af := a; oa_;. Similarly, a garbling of an SCF h € H that i of type

0; faces when the others use deception a_; € A_; is the act hffgi :=h, g, 00,

3 Quasi-robust Behavioral Implementation

In this paper, our main notion of implementation for behavioral environments under
incomplete information is as follows:

Definition 4. Given a pair of associated interim and ex-post environments, an SCS F
1s quasi-robust behavioral implementable if there is a mechanism p such that

(i) for all f € F, there is o/ that is both a BIE and an EPE of p with goo/ = f, and
(13) if o* is a BIE of ju, then goo* € F.

Part (i) of quasi-robust behavioral implementation demands that every desirable SCF
is sustained by a belief-free interim equilibrium (that is both a BIE and an EPE), re-
gardless of whether or not Property STP* holds. Indeed, in implementation frameworks,
sustaining desirable SCF's independently of individuals beliefs has been commended by
the robust mechanism design literature. Further, quasi-robust behavioral implementa-
tion features the ex-post no-regret property: as the strategy profile is both a BIE and an

EPE, no individual has any incentive to go back to the interim stage and find out others’
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private information. On the other hand, (ii) of quasi-robust behavioral implementation
requires that if a strategy profile is a BIE of p then the corresponding SCF has to be
desirable. We say that SCS F' is partially quasi-robust behavioral implementable if (i) of
Definition 4 holds while if (i7) of Definition 4 holds, then SCS F' is weakly quasi-robust
behavioral implementable.

As every EPE is a BIE under Property STP*, SCS F' being quasi-robust behavioral
implementable implies that for every f € [, there is an EPE that sustains it and
there is no BIE that is inconsistent with SCS F.'® Hence, under Property STP*, our
implementation notion is belief-free on the partial implementation side but not on the
weak implementation part. Below, we exemplify quasi-robust behavioral implementation
in such a setting —with minimax regret preferences, where Property STP* holds, the
ex-post choices are rational, but the interim choices violate WARP.

Example 2. Let N = {1,2}, X = {z,y, 2}, ©, = {t;,t.} for both i = 1,2. Therefore,
there are four possible states of the world, i.e., © = {t1ta, t 2, t1t5, t1t,}. Table 2 details

the rational interdependent ex-post preferences, and Table 3 specifies the corresponding
payoffs for the minimax regret setting.

Riti) Roim) | B Rowpem | Buea Rowwm | Ruay  Rowg)

x x z z z z Y Yy
z z x x Y Yy z z
Y Y Y Y x x x x

Table 2: Ex-post preferences

\ Ul,(tl,m)(') U2,(t1,tz)(‘) \ Ul,(t'l,tz)(') UQ,(tg,tz)(') \ Ul,(tl,t;)(‘) U2,(t1,t’2)(') \ Ul,(t’l,t/z)(') Uz(t’l,t;)(‘)

z 1 1 0 0 -1 -1 -1 -1
y| —14+n -1 -1 -1 0 0 1 1
z 0 0 1 1—¢ 1 1—¢ 0 0

Table 3: Ex-post payoffs

Using the construction that we present in Section 5, we see that in this example, the
only ex-post behavioral incentive efficient SCF f is given by (xzzy).

The interim choices fail WARP whenever 1 > 0: Consider individual 1 of type t; and
note that her choices from the choice sets {(zx), (yz), (zy)} (implying regret figures of

15Tn the rational domain, where Property STP* comes for free, our quasi-robust behavioral imple-
mentation corresponds to double implementation in BIE and EPE.
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(0,2), (2 —n,0), and (1,1), resp.) and {(yz), (zy)} (resulting in regret figures of (0, 1)
and (1 —n,0), resp.) equal {(zy)} and {(yz)}, respectively.

An intuitive interpretation of our example involves a headquarters (HQ, the planner)
of a firm consisting of two subdivisions (individuals) ¢ = 1,2. The subdivisions are
located in two separate countries. The H(Q needs to extract the state pertaining to
the economic outlook of country ¢ from each division separately. Each subdivision is
informed of its country’s state of the economy but not that of the other. Meanwhile,
each country ¢’s state is either ‘good’ or ‘bad’ where ¢; denotes the former and ¢, the
latter. There are three possible firm-wide policies (alternatives) the HQ is to adopt:
expansion, contraction, and prudence, denoted by x, y, and z, respectively.

As subdivisions are parts of the same organization, their state-contingent (rational)
ex-post preferences equal one another at each state resulting in a common-value-like
setting with interdependent preferences. In particular, if the both countries’ states are
good, each subdivision ranks expansion strictly over prudence and prudence strictly
over contraction; if both countries’ states are bad, each strictly prefers contraction to
prudence and prudence to expansion. On the other hand, if the economic state of one
country is good and the other is bad, then each strictly top-ranks prudence while (i) if
country 2 (involving a bigger market when compared to that of country 1) is in a good
state, and country 1’s is bad, then each strictly ranks ezpansion over contraction; (ii)
otherwise, each strictly prefers contraction to prudence. Country-specific idiosyncratic
shocks result in the corresponding ex-post payoffs specified in Table 3.

After observing their own country’s economic outlook, each subdivision evaluates
the interim acts via the minimax regret preferences (following ‘the regret minimization
framework’, popularized by the Amazon CEO Jeff Bezos).!

Intuitively, the HQ’s state-contingent goal, F' = {f}, involves ezpansion if both
countries’ states are good, contraction if both countries’ states are bad, and prudence
for every other possible situation.

The following (direct) mechanism quasi-robust behavioral implements F' = {f} in
this example whenever €, > 0: As we concentrate on the direct mechanism, the de-

Individual 2

Individual 1 #;

thlz vy

Table 4: The mechanism that quasi-robust behavioral implements F' = {f}.

ception profiles are in one-to-one correspondence with interim strategy profiles. Conse-
quently, Table 5 establishes that the truthtelling strategy profile, o4, is the only BIE

16See https://www.huffingtonpost.co.uk/rosie-leizrowice /no-regrets_b_17640296.html.
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4 every type of every

and EPE of the direct mechanism whenever ¢,& > 0. Under o
individual reveals their type truthfully. Therefore, individual i of type ¢; faces act (rz)
and individual i of type t; faces (zy). Hence, maximum regret obtained from truthtelling
equals 0 for every type of every individual. Ergo, o!? is both a BIE and an EPE. To
exemplify that there is no other BIE strategy profile, consider a("), where both types
of individual 1 claims to be of type t; while both types of individual 2 claims to be
of type t5. Thus, SCF (zzzz) emerges as z is the resulting alternative at every state.
Consequently, by conforming to ol individual 2 of type ¢, (who is to claim to be of
type t}) obtains the act (zz). The maximum regret of this act equals max{1,0} = 1.
Individual 2 of type ¢, deviating to truthtelling, she obtains the act (zx), which implies
a maximum regret of max{0,1 — ¢} = 1 —e. So, individual 2 of type t; has a strictly

profitable deviation under o™ and hence can serve as the informant for this deception.

ai(ty) ai(t)) ao(te) ao(th) | foa |Informant | Conforms | Max. regret | Deviates | Max. regret

ald t th ts ty | (zzzy) - 0

a? t th to ty | (zzzz) | (2,t5) (zz) 2-¢ (zy) 0
a® |ty t) th th | (zyzy) | (2,62) (zy) 2—¢ (zz) 0
a® t t th ty | (zyzz) (2,t5) (xz) 2-¢ (zy) 0
a® t1 t to th | (zxzz) | (1,8) (xz) 1 (zy) 0
a® t t to te | {zzxz) | (1,4) (xz) 2 (22) 1
al™ t t th th (z222) (2,%2) (27) 1 (xx) 1—¢
a®) t1 t th to | (zzazx) | (2,1) ) 2—¢ (22) 0
a1ty [ (zzyy) | (L) (zy) 1 (x2) 0
a0 | ¢ th to to (zz22) (2,t5) (z2) 1 (yy) 1-¢
Mgty (yyyy) | (L) (yy) 1 (22) 0
a2t ty th ta | (yyzz) | (2,42) (yy) 2—¢ (22) 0
a4 t to th | (zzyz) | (1,t1) (zy) 1 (zz) 0
Q¢ 2 to ty | (zzzz) | (1,t) (zx) 1 (22) 0
a |t t t) th | (yzyz) | (Lt) (yy) 1 (22) 0
a6 | ¢ t th ty | (yzzx) | (2,t0) (yz) 1 (27) 1—¢

Table 5: Deception profiles and corresponding informants

On the other hand, if ¢ = 0 (or & = 0), then we see from Table 5 that o™ (resp.
a1) is a bad BIE of the direct mechanism and it induces SCF (zz2z), which is not
aligned with ex-post incentive efficiency.

In what follows, we establish that any (direct or indirect) mechanism u = (M, g)
sustaining SCF f in EPE (and hence in BIE, thanks to Property STP*) has a bad BIE
that induces SCF (zzzz) whenever € = 0 or € = 0. This is because of the following: Let
o/ be an EPE of p such that go o/ = f, and ¢ = 0. Consider deception a(”. Then,
foa® = (2222) and (22) € O(cf 0 a{”) N Ok(of 0 al”). Thus, 6/ 0 ¢ is a bad
BIE of p sustaining SCF f o a(® = (2222).)7 A similar argument follows for the case

17To see why observe that individual 1 of type ¢; obtains maximum regret of 0 by confirming to a(7).
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with & = 0 by using deception a(!?). Therefore, F' = {f} is not quasi-robust behavioral
implementable by any mechanism whenever min{e, £} = 0.

We observe that quasi-robust behavioral implementation continues to feature its
desirable properties even when Property STP* does not hold and the environment is
not immune to de Clippel’s critique. To present a simple illustration of quasi-robust
behavioral implementation in such a setting, we revisit Example 1: Consider SCS F' =
{(zy)} and recall that in that example, every EPE of p is a BIE of yu even though
Property STP* fails to hold. There are two EPEs of mechanism p, o™ and o®* |

k)

both inducing SCF (zy). Moreover, ¢*) and ¢**) are the only BIEs of mechanism p.

Therefore, mechanism p quasi-robust behavioral implements F'.
3.1 Necessity

Below, we introduce a quasi-robust consistency notion and show that it is necessary
for quasi-robust behavioral implementation. To do that we need the following formalities:
A quasi-robust behavioral implementable SCS F' necessitates a mechanism p where for
each SCF f in F, there exists a strategy profile o/ a BIE (and an EPE) of u that
generates f. This implies of , induces an opportunity set of acts for individual 7 from
which each type 8; of ¢ chooses at the interim stage f; ¢, the act induced by f that ¢ of
type 6; faces. However, any individual j € N may behave as if she is of type a;(6;) when
her true type is 0; thereby creating deception «; : ©; — ©;. So, when the others employ
deception profile a_;, individual ¢ of type 6; faces the act induced by foa, ie., £y, the
garbling of f; y,, which has to be in ¢’s opportunity set of acts induced by ol ;0 Q.

As a result, one obtains the notion of closedness under deception pertaining to im-
plementation under incomplete information.'® Given an SCS F, a profile of sets of acts
S = (Si(f,a-))ien. jer, a_,ea_, is closed under deception if a; € S;(f, ;) implies

)

a¥ € Si(f,a_joa_;) foralli e N,all f€ F, and all a,& € A_;.

Meanwhile, individual 1 of type #] obtains maximum regret of 1 by confirming to (™ and maximum
regret of 2 if she deviates and sustains (yy). Further, individual 2 of type t; obtains maximum regret
of 1 from both confirming to and deviating from o7 thanks to ¢ = 0. Finally, individual 2 of type t,
obtains maximum regret of 0 by confirming to a(").

18In Appendix B, we characterize situations in which direct mechanisms quasi-robust behavioral
implement given SCFs. In behavioral domains featuring the failure of the ITA, direct mechanisms may
lose their applicability not only because of the existence of bad interim equilibria but also due to the
possible failure of the revelation principle (Saran, 2011).

19See also Barlo and Dalkiran (2023).
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Definition 5. Given a pair of associated interim and ex-post environments, a profile of
sets of acts S := (Si(f, @-i))icn, fer, a_,er_, S quasi-robust consistent with SCS F’
if it is closed under deception and for every SCF f € F,

(1) for alli € N and all 9; € O,
a) 9, € C{'(S (f : Oéldl)) and
b) f(0;,0_;) €c (Sl(f, a4 (0_,))) for all 0_; € ©_;, and

(7i) for any deception pmﬁle a € N with foa ¢ F, there exists i* € N and 0}. € O
such that £ 5. ¢ C (S (f, ).

A profile of sets of acts S := (Si(f, @-i))icn. fer a_,ea_, 1S quasi-robust consistent
with SCS F' if S is closed under deception and for each f € F, the following hold: (7)
Given any i € N and any 6; € O;, (a) i’s interim choices when she is of type 6; from
Si(f, %) (the set of acts in S associated with 4, f, and the truthtelling profile of the
other individuals) contain the act associated with f that she faces, namely f;4.; (b) 7’s
ex-post choices at 6 from the set of alternatives in the image of S;(f, a'%;) at 6_; contain
f(6;,0_;) for all _; € ©_;; and (i) if there is a deception profile v that leads to an
outcome not compatible with the SCS; i.e., f oo ¢ F, then there exists an informant
individual ¢* of type 6. who does not choose the garbling of f;- o-, that ¢* of type 0}. faces
when the others use deception a_;+, namely fﬁfﬂz* , from the set of acts in S corresponding

od*, f,and a_u, i.e., Sy (f, a_).

Theorem 1. Given a pair of associated interim and ex-post environments, if an SCS
F is quasi-robust behavioral implementable, then there is a profile of sets of acts that is
quasi-robust consistent with F'.

Proof. Let = (M, g) quasi-robust behavioral implement SCS F'. Then, for any SCF
f € F, there is ¢/ a BIE and an EPE of p such that f = g o o/. Let us define S by
Si(f,ay) == Of(afi oa_;) foreachi e N, f € F,and a_; € A_;.

First, we observe that S is closed under deception: If for any i € N, a; € S;(f,a_;),
then a;(0_;) = g(m;, a{i(a_i(ﬁ_i))) for some m; € M;, for all 6_; € ©_;; hence, for any
other deception profile & € A, a;(a_;(0_;)) = g(mi, 0! ,(a_i(a_s(6_;)))) for all 6_; € O_,;.
Therefore, a% € O(c”, 0 4_; 0 a_;) and hence a? € S;(f, a_; o a_;).

As for each i € N and 0; € ©;, the act associated with f that ¢ of type 6; faces, f; .,
is in C%(0"(01))), (i.a) of quasi-robust consistency of S holds since ¢/ is a BIE of p
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such that f = g o o/ while o/, 0 /4, = o7 implies that O*(c”,) = S;(f,a'%). Further,
for all 0_; € ©_;, O*(0L.)(6_)) = Si(f, %) (6_;), and o being an EPE of p implies
that f(6;,0_;) € %"(S;(f,ai%)(6_,))) for all 6_; € O_; because O"(c_;(0_;)) =
O (0_;)(0_;), delivering (i.b) of quasi-robust consistency of S.

On the other hand, if a deception profile a is such that foa ¢ F, then 0/ o cannot
be a BIE of p. Otherwise, by (ii) of quasi-robust behavioral implementability, there
exists f € F with f = goo/ o . But, since f = goof, we have f = foa ¢ F, a
contradiction. So, there is an individual * of type 67 who does not choose fi‘lﬁ:*, the

act associated with f o o that ¢* of type 6} faces, from Oé‘*(af o a_;+), which equals

Si«(f, a—ix). This delivers (i) of quasi-robust consistency of S with F'. m

Next, we establish that quasi-robust consistency implies not only an interim quasi-

incentive compatibility but also a quasi-ex-post incentive compatibility:

Definition 6. Given a pair of associated interim and ex-post environments, SCS F is

(1) quasi-incentive compatible if for every SCF f € F and individual i € N, there
is a set of acts S C A; with {f;5 | 0; € ©;} CS and fip, € CY%(S) for all §; € ©;;

(17) quasi-ex-post incentive compatible if for every SCF f € F, state 6 € O, and
individual i € N, there is a set of alternatives S € X such that f(0) € 2(S) and
f(©i,0-;) C S where f(0;,0-;) == {f(0;,0-:) € X | 0; € O;}.

Quasi-incentive compatibility and quasi-ex-post incentive compatibility of an SCS F’
follows from the existence of a quasi-robust consistent profile of sets of acts S given by
(Si(f,0-))ien, fer, a,en s For any given f € F and any i € N, let S = S;(f,a%)).
Then, for all i € N, {f;5 | 0; € ©;} C S, and (i.a) of quasi-robust consistency implies
f.5, € CY(S) for all §; € ©,. Moreover, for any given f € F and any i € N and
0 €0,let S=S;(fa%)(0_;). Then, by (i.b) of quasi-robust consistency , f(6;,0_;) €
AP0 (S,(F, i) (0-,))) for all 6_; € ©_;. Hence, f(6) € (S) and f(©;,6_;) C S. This
proves the following result:

Proposition 2. Gien a pair of associated interim and ex-post environments, if there
exists a profile of sets of acts quasi-robust consistent with SCS F', then F' satisfies quasi-
incentive compatibility and quasi-ex-post incentive compatibility.

Now, we show that under Property STP*, every quasi-ex-post incentive compatible

SCS is quasi-incentive compatible.
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Proposition 3. Given a pair of associated interim and ezx-post environments satisfying
Property STP*, if SCS F is quasi-ex-post incentive compatible, then it is quasi-incentive
compatible.

Proof. Suppose that given ex-post environment £, its associated interim environment
& satisfies Property STP*. Let SCS F be quasi-ex-post incentive compatible and so
for any SCF f € F, ¢+ € N, and 0_; € O_;, there is S{(,_i € X such that for any
given 0; € ©;, f(0;,0_;) € cge“"”’(sgfh), which implies f(0;,0_;) C Si{e,i' Fix the
profile of sets (Sgeii)ieNJeF’g_ie@_i and for each f € F and i € N, define S/ ¢ A; by
S{ ={a; € A;|a;(0) € Si]j(,_i for all 0_; € ©_;}. Then, as for any 6, € ©,, £,5.(0-:) =
f(6:,6_,) € S{e_i for all 0_; € ©_;, we conclude {f;; | 0; € ©;} ¢ S!. Furthermore, by
Property STP*, f;9, € C{*(S/) for all 6; € ©; because f;4,(0_;) = f(0) € (S, ) and

S{(Q_i) = Si]je,i for all #_; € ©_;. Thus, F is quasi-incentive compatible as well. m

3.2 Sufficiency

The quasi-robust behavioral implementation of an SCS F' is impossible without a
profile of sets of acts that conforms to quasi-robust consistency with F'. In what follows,

we explore additional requirements to be imposed on these profiles to ensure sufficiency.?°

Definition 7. The choice incompatibility holds in an interim environment if the
following holds: If for any SCF h € H and any 0 € O, a profile of sets of acts (A;)ien
15 such that

(i) foralli € N, h;g € A;, and
(i) there is j € N such that for alli € N\ {j}, A;(6_;) = X,
then there is i* € N\ {j} such that h. 5, ¢ Cfi* (A).

The choice incompatibility mandates the following: Consider any SCF h, state 6,
and profile of sets of acts (A;);cny such that (¢) for every individual i, the act induced by
h corresponding to i’s type 6;, h; 5., is contained in A;, and (17) with the exception of one
outlier j in N, for all i # 7, the set of all alternatives supported by an act in A; when
considering others’ types, Ai(ﬁ__i) equals X. Consequently, there exists an individual ¢*,

other than j, who opts not to choose h;. 5. at their type 6~ from his set of acts A

20There is scope for other sufficient conditions since we do not impose universal axioms to restrict
choices. However, closing the gap between necessary and sufficient conditions appears to be impractical.
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This condition necessitates some disagreement in individuals’ assessments of SCF's under
some circumstances: If for SCF h, state 6, and profile of acts (A;)ien, h,; € Cf(AZ)
for every i in N, then (7) of choice incompatibility is met by default; thus, under choice
incompatibility, there cannot be j in N with A;(f_;) = X for all i # J.

Below, we establish that an SCS is quasi-robust behavioral implementable in soci-
eties with at least three members if both the choice incompatibility and quasi-robust

consistency conditions hold.

Theorem 2. Suppose that the given pair of associated interim and ex-post environments
is such that n > 3 and the choice incompatibility holds. If there is a profile of sets of acts
quasi-robust consistent with SCS F', then F' is quasi-robust behavioral implementable.

Proof of Theorem 2. Suppose that n > 3 and the choice incompatibility holds. Let
F be an SCS for which S := (Si(f, @-i))ien. fer, a_,ea_, 1 quasi-robust consistent.

The mechanism p = (M, g) we employ is as in Barlo and Dalkiran (2023), and
the proof is a variation on the proof of Theorem 2 of that study?': For each i € N,
M; = FU{0} x ©; x A; x X x N, while a generic message is denoted by m; =

(m!, 0% a% 2@ k®) and the outcome function g : M — X is as in Table 6.

R A e S

Rule 1: g(m) = f(0) if m; = (f,0;,-,-,-) forall i € N,
a(0) ifa €S (fad), o — (£ : :

Rule 2: g(m): j( ]) 1 a, .](de J) if m; (fvezaf L)fOTaHZ.EN\l{j}
f,6,(0—;) otherwise. and m; = (mj,0;,4;,-,-) with mj # f,

Rule 3: g(m) =2 where j =3, k¥ (modn) otherwise.

Table 6: The outcome function of the mechanism for Theorem 2.

In words, each individual 7 is required to send a message that consists of five compo-
nents. The first component specifies either an SCF f® € F or a flag denoted by (), the
second a type of herself «91@ € 0,, the third an act agi) € A;, the fourth an alternative
7@ € X, and the fifth a number k) € N = {1,2,...,n}.

First, we show that condition (¢) of quasi-robust behavioral implementation holds.

21Variations of this canonical mechanism has been used in the implementation literature; see Repullo
(1987), Saijo (1988), Moore and Repullo (1990), Jackson (1991), Maskin (1999), Korpela (2013), de
Clippel (2014), Koray and Yildiz (2018), and Altun et al. (2023).
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Claim 1. For any f € F, there is o/ a BIE and an EPE of i = (M, g) with f = goo/.

Proof. Take any f € F, let o/ (6;) = (f,6;,f.4,,%,1) for each i € N and some Z € X.
Then, Rule 1 applies and we have g(o7/(6)) = f(0) for each § € ©, ie., f = goo/.

For any unilateral deviation of individual 7 from o/, either Rule 1 or Rule 2 applies,
while Rule 3 is not attainable. Hence, O*(o7,) = S;(f,a'4,) for all i € N.

Recall that, by (i.a) of quasi-robust consistency , fig, € C%(S;(f, o)) for each
i € N and 0; € ©;. Thus, for all i € N and all §; € ©;, hj, € C%(0"(c”,)) where
hiy (0_;) = g(cf(6;),07,(6_;)) forall 6_; € ©_;. So, 0/ is a BIE of yu such that f = goo”.

Furthermore, by (i.b) of quasi-robust consistency , f(6;,0_;) € cgei’e’i)(Si(f, a4 (60-,)))
for all 6_; € ©_; because O (o_;(0_;)) = O (c_)(0_;) = Si(f,a'%)(0_;). Thus, o/ is a
EPE of 1 as well. m

Consider now any BIE ¢* of i denoted as o (6;) = (m}(6;), i (0:), a;(6;), z:(6;), k:(6;))
for each i € N and 6; € ©;. That is, m}(6;) denotes the first component (either a
proposed SCF or a flag), «;(0;) the reported type, a;(6;) the proposed act, z;(6;) the
proposed alternative, and k;(6;) the proposed number by i when her realized type is 6;.
Next, we show that, due to the choice incompatibility, Rule 1 applies at every state.

Claim 2. Under any BIE o* of i, Rule 1 applies at every 8 € ©. Moreover, under any
BIE o* of u, there is a unique f € F such that m}(6;) = f for alli € N and all §; € ©;.

Proof. Suppose for a contradiction that either Rule 2 or Rule 3 applies under o* at
and consider (A;);en with A; := OF(c*,) for all i € N. Let SCF h* := g o o*. Then,
hi, € A, for all i € N. Further, A;(A_;) = X for all i # j for some j € N. To see why
consider the following: If Rule 2 applies under ¢* at # with j as the odd-man-out, then,
for any x € X and i # j, (6;,0%,) triggers Rule 3 at § and delivers 2 where &; is such
that &;(6;) = o} (0;) for all §; # 0; and G;(6;) = (0, a;(0;), x, k*) where k* is the number
that makes i the winner of the modulo game at § given o*,. If Rule 3 applies under o* at
g, one can simply take j = 1 and repeat the steps above. Thus, for SCF h* and state 6,
the profile of sets of acts (A;);en satisfies both (i) and (i) of the choice incompatibility
with the odd-man-out given by j. So, there is i* # j with hi.g. ¢ Cfi* (Al) This
contradicts hi; € Cfi (A;) for all i € N, i.e., 0* cannot be a BIE of .
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The fact that under any BIE o* of u, Rule 1 applies implies that there is a unique
f € F such that m}(6;) = f for all i € N and all §; € ©; thanks to the product structure
of the state space: If there were i,j with ¢ # j, who propose different SCFs under o*,
say f, f' € F with f # f’ for their types 6; and 0;, respectively. Then, Rule 1 cannot
apply at (0;,0;,0_(; ;1) € ©, a contradiction. m

Finally, we show that (ii) of quasi-robust behavioral implementability holds as well:

Claim 3. For any BIE of 0* of u, goo* € I

Proof. Recall that o} (6;) = (m}(6;),0;(0;),a;(6;),7:(6;), ki (6;)) for each i € N and
0; € ©;. Thus, it suffices to show that foa € F as h* = goo* = f o a. Since Rule
1 applies at each # € O, and each i € N reports the type «;(6;) € O, as the second
entry of their messages at § € © under ¢*, by construction and S being closed under
deception, we have, at each 0 € ©, O} (0%;) = U, es, (s, fai0a i} = Si(f, @l 0a ;) =
Si(f,a_;) foralli € N. If foa ¢ F, then by (ii) of quasi-robust consistency, there
exists i* € N and 0. € ©;- such that f7 ). ¢ Cfg*(si*(f, a_;)). But this implies
fi g, = D ¢ Cf(Of(aiZ)) This contradicts ¢* being a BIE of pu. Therefore,
h* = goo* = foa € F, which implies that condition (i7) of quasi-robust behavioral

implementability holds. m m
In general, the sufficiency results for implementation under incomplete information

involve economic environment assumptions (Jackson, 1991). To relate our choice incom-
patibility to Jackson’s economic environment assumption, Barlo and Dalkiran (2023) in-
troduces a weaker version of choice incompatibility, which is implied by Jackson’s in the
rational domain. In Appendix C, we provide another sufficiency result for quasi-robust
behavioral implementation with finite state spaces using the weak choice incompatibility

and robust-null alternatives.

4 Ex-post Behavioral Implementation

Under Property STP*, EPE is a plausible equilibrium notion because every EPE is
a BIE. Hence, implementation in EPE emerges as a natural notion, provided that the

dismissal of bad BIEs that are not EPEs is not a significant concern.??

22We wish to note that implementation in EPE neither implies nor is implied by Nash implementation,
even in the rational domain (Bergemann & Morris, 2008).
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Definition 8. Given an ex-post environment, an SCS F € F is ex-post behavioral
implementable if there exists a mechanism p such that

(i) for every f € F, there exists an EPE o* of u that satisfies f = g o o*, and

(ii) for every EPE o* of , there exists f € F' such that goo* = f.

We refer to an SCS F' as being partially ex-post behavioral implementable when-
ever condition (7) in Definition 8 holds, whereas an SCS F' is weakly ex-post behavioral
implementable whenever condition (i¢) in Definition 8 holds.

We emphasize that with minimax regret preferences, the ex-post choices satisfy the
ITA, but the interim choices do not, while Property STP* holds. Thus, the resulting
setting delivers an interesting economic environment where ex-post behavioral imple-
mentation is plausible if the planner need not worry about bad BIE that is not EPE.

Even when Property STP* fails to hold, ex-post behavioral implementation can be
reasonable. To illustrate this, we revisit Example 1 with the state-contingent payoffs
and mechanism p in Table 1 where individual 2 is rational and individual 1 is ambiguity
averse. Recall that in that example, every EPE of p is a BIE of i even though Property
STP* fails to hold. There are two EPEs of mechanism y, ¢ and ¢**) | both inducing
SCF (zy). Therefore, mechanism p ex-post behavioral implements F' = {(zy)}.

To further illustrate ex-post behavioral implementation we go over Example 2 with
the rational interdependent ex-post preferences given in Table 2 considering the ex-
post incentive efficient SCS F' = {(zzzy)} (see Section 5). Below, we show that the
direct mechanism in Table 4 ex-post behavioral implements F': In the direct mechanism
pd = ({t1,t)} x {t2,t4}, g%), the deception profiles are in one-to-one correspondence
with interim strategy profiles. The truthtelling strategy profile, o!¢, is an EPE of the
direct mechanism because of the following: g% o a'd(t;,t;) = = = ) (L2 21, gl o
Mt 1)) = 2 = & ({2,2)), gt o (b, t) = = = ¢V ({y,2}), and g% 0 a(t], 1)) =
Yy = cgtg’tg)({y, z}) for both i,5 = 1,2. Moreover, truthtelling induces the unique Nash
equilibrium outcome at every state. Therefore, there cannot be any bad EPE that

induces an SCF other than (zzzy).?® Table 7 reaffirms this by identifying the informant

for each possible deception.

23We wish to point out that these arguments depend only on the ordinal ex-post preferences. Hence,
they are independent of the particular payoff levels and continue to hold for all ¢, £, and 5 in [0, 1).
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ar(ty) aq(t)) as(ta) ao(th) | foa | Informant | Conforms | Deviates | Ex-post choice

ald t th to ty | (zzzy) -

a® |t b b |(wz) | (2 | (@) | () |2€d7({y2))
a® |ttt | () | (2te) (zy) (w2) | z¢ c“l ) ({x, 2})
|ttty | ()| (28) (2) (zy) | z¢ P ({y,2))
a® |t okt [(wmz2) | (L) | @) | ) [2ed"P({y2))
a® | 4 t t ty | (eazz) | (L) (zz) (22) ¢ ) (L, 2))
a® ty t t, t, (z222) (2,t2) (22) (xx) z ¢ cgl’tz)({x, z})
a® t t th ty (zzzx) (2,t5) (zzx) (zz) T ¢ cétl’tlz)({r, z})
Ot bty [y | (L) (zy) (wz) |z ({x,2})
o0t by | (zez2) | (2,1) (z2) y) |z ¢ P ({y, 2})
OVttt |y | (Lt (yy) (z2) |y¢ " ({y, 2}
ot | (yyza) | (1) (yy) (z2) |y¢ P ({y,2))
[ttty [ () | (Lt (zy) (wz) | z¢ P ({x,2})
a | ¢ t t ty | (zzez) | (LE) (zz) (22) ¢ ) (L, 2))
o™ttt | (yeye) | (L) (yy) (z2) |y¢ cﬁ’*’f’”({% 2})
9| 4 n ot ty | (yzaw) | (2t (y2) (zz) |y¢ " ({y,2})

Table 7: Deception profiles, corresponding informants, and ex-post choice

4.1 Necessity

A necessary condition for ex-post implementation is ex-post consistency:

Definition 9. Given an ex-post environment, a profile of sets of alternatives given by
S == (Si(f,0-:))ien, fer, 0_,co_, is ex-post consistent with the SCS F if for every
SCF f € F,

(i) for alli € N and all 0} € ©;, f(0,,0_;) € c( ( i(f,0-;)) forall0_;, € ©_;, and

(7i) for any deception profile o with f o« & F, there ezists 0* € © and i* € N such
that f(a(0%)) ¢ - (Si-(f, a—=(022))).

A profile of sets of alternatives S is ex-post consistent with an SCS F' if the following
hold: (i) Given any i € N and any f € F and any 6_; € ©_,, it must be that i’s ex-post
choices when she is of type 60, at state (6},0_;) contains f(6.,6_;) for all 8, € ©;; (i1)
given any f € F', whenever there is a deception profile a that leads to an outcome not
compatible with the SCS, there exist an informant state 8* and an informant individual
i* such that f(«(6*)) is not in the ex-post choice of i* at 0* from S (f, a_s(0%,+)).

If mechanism p ex-post implements a given SCS F', then for any SCF f € F', there
is an EPE o/ of p such that f = goo/. Thus, for all § € ©, g(c/(9)) = f(0) €
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Nienc? (0"(o2,(6_,))). Defining S by S;(f,0_;) := O*(c?,(A_;)) with i € N, f € F, and
0_; € ©_; implies (i) of ex-post consistency of S with F. Meanwhile, if a deception
profile a is such that f o« ¢ F, then 0/ o o cannot be an EPE of ; because otherwise,
by (ii) of ex-post implementability, there is f € F with f = go of o a. But, since
f=gool, f=foaeF,a contradiction. So, there is a state #* and an individual i*
whose ex-post choice at 6* from O (o7 .. (a_;-(_i+))) (which equals S (f, s (0_s-)))
does not include f(a(0*)). This delivers (ii) of ex-post consistency of S with F'. This
discussion proves the following necessity result for ex-post behavioral implementation:

Theorem 3. If an SCS F is ex-post implementable in an ex-post environment, then
there is a profile of sets of alternatives ex-post consistent with F.

To establish that our ex-post necessity result extends the analysis of Bergemann
and Morris (2008) to behavioral domains, we show that our necessary condition implies
analogs of theirs: behavioral ex-post monotonicity and quasi-ex-post incentive compat-
ibility. Then, we display that under WARP, these conditions are equivalent to ex-post
monotonicity and ex-post incentive compatibility of Bergemann and Morris (2008).

An SCS F' is behavioral ex-post monotonic if for every SCF f € F and deception
profile o with f o« ¢ F, there is a state * € © and an individual * € N and a set of
alternatives S* € X such that

(i) f(a(6)) ¢ ¢ (S%), and

(02* s (0% 1))

(i) f(Ol.,a_i(0%,)) € c;n (5*) for all 0. € ©;-.

Proposition 4. If there exists a profile of sets of alternatives ex-post consistent with an
SCS F, then F is behavioral ex-post monotonic.

Proposition 4 directly follows from the existence of a profile of sets of alternatives
that are ex-post consistent with the given SCS F': Given a profile of sets of alternatives
S := (Si(f,0-:))ien, fer, o_,co_, ex-post consistent with F', let S* := S;-(f, a_i«(0_;+)).
Then, (i) of behavioral ex-post monotonicity follows from (ii) of ex-post consistency
while (i¢) of behavioral ex-post monotonicity follows from (¢) of ex-post consistency.

Proposition 5. If there exists a profile of sets of alternatives ex-post consistent with an
SCS F, then F is quasi-ezx-post incentive compatible.
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To see the arguments needed to establish this result, let S := (S;(f, 0_:))ien, fer, o_,co_,
be a profile of sets of alternatives ex-post consistent with F' and set S := S;(f,0_;). By
(1) of ex-post consistency, f(6) € ¢?(S), establishing the first condition of quasi-ex-post
incentive compatibility. Since f(6.,60_;) € cﬁoé’“)(si(f, 6_;)) for each ¢, € ©; due to (i)
ex-post consistency, f(6.,60_;) € S for each 6] € ©;, establishing f(0;,0_;) C S.

To analyze ex-post implementation in the rational domain, we denote the util-
ity of individual ¢ € N at state § € © of alternative x € X by u;(x,0), and let
A(S) = {y €S : uy,0) > uyx,0) for all x € S} for any S € X. Then, the nec-
essary conditions of Bergemann and Morris (2008) are as follows: An SCS F' is ex-post
incentive compatible if for every f € F, u;(f(0),0) > u;(f(0,,0_;),0) for all i € N,
all 0 € O, and all 8, € ©;. Meanwhile, an SCS F' is ex-post monotonic if for every
f € F and o with foa ¢ F there exist i € N, § € ©, and y € X such that

(1) ui(y,0) > ui(f(a(9)),0), and
(id) wi(f (07, a—i(0-:)), (0], a—i(0-:))) = wily, (0}, a—i(0—;))) for all 6 € ©;.

We now establish that under WARP, the necessary conditions of Bergemann and
Morris (2008) are equivalent to our behavioral ex-post monotonicity coupled with quasi-
ex-post incentive compatibility.

Proposition 6. When ex-post choices satisfy WARP, behavioral ex-post monotonicity

coupled with quasi-ex-post incentive compatibility is equivalent to ex-post monotonicity
coupled with ex-post incentive compatibility.

Proof of Proposition 6. The result follows from Claims 4 and 5.

Claim 4. When ex-post choices satisfy WARP, quasi-ex-post incentive compatibility is
equivalent to ex-post incentive compatibility.

Proof. Suppose that individuals’ ex-post choices satisfy WARP. If F' is quasi-ex-post
incentive compatible, then for all f € F'jall§ € O, and all© € N, there exists S € X such
that f(©;,0_;) C S and f() € Z(S). Hence, the definition of ¢ under WARP implies
wi(f(0),0) > w(f(0,0-;),0) for all §; € ©;, i.e., F is ex-post incentive compatible.
Conversely, if F' is ex-post incentive compatible, then for all f € F, all § € ©, and all
i€ N, u(f(0),0) > u(f(0;,0-,),0) for all 0, € ©;. Letting S = f(0;,0_;) delivers the

desired conclusion. =
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Claim 5. When ex-post choices satisfy WARP, the following hold:
(1) if an SCS F is behavioral ex-post monotonic, then it is ex-post monotonic, and

(13) if an SCS F is ex-post monotonic and ex-post incentive compatible, then it is
behavioral ex-post monotonic.

Proof. Suppose that individuals’ ex-post choices satisfy WARP.

For (i), suppose that for all f € F' and a with foa ¢ F, there exist i € N, 0 € O,
and S € X such that f(a(0)) & ?(S) while £(6!, a_;(0_;)) € c* (3. Then, let
y € ¢?(S). Then, by the definition of ¢! under WARP, we have u;(y,0) > u;(f(a(6)),0)
and w; (f (0}, a_;(0-;)), (0:, a_;(0_;))) > ui(y, (0:, a_;(0_;))) for all & € ©,.

For (i7), suppose that for all f € F' and a with foa ¢ F, there exist i € N, 0 € ©,
and y € X such that u;(y,0) > w;(f(«(d)),0) and w;(f (0], a_;(0-:)), (6}, a—i(0_;))) >
wi(y, (0, a_;(0-;))) for all 0} € ©;. Let S = f(O;,v_;(0_;))U{y}. Note that f(a(f)) € S
and (by the definition of ¢ under WARP) f(a(f)) ¢ ¢Z(S). Since F is ex-post incentive
compatible by hypothesis, for all 0, € ©; we have that u;(f(0}, a_;(0_;)), (6}, a_;(6_;))) >
wi(f (i a—i(0-4)), (8, a—i(6-))) for all 6; € ©; and w;(f (6}, a—i(0,)), (6;, a—i(6-1))) =
wi(y, (8, a_i(6_,))). Hence, f(8!, a_i(6_,)) € " D(S) forall ¢/ € ©,. m m

(]

4.2 Sufficiency
We need the following to establish sufficiency for ex-post behavioral implementation:

Definition 10. The ex-post choice incompatibility holds in an ex-post environment
if for all € ©, all x € X, all j € N, there isi* € N\ {j} such that v ¢ . (X).

Similar to its interim counterpart, this condition implies some level of disagreement
among individuals regarding their ex-post choices at every state.

Ex-post choice incompatibility coupled with ex-post consistency is sufficient for ex-
post behavioral implementation:
Theorem 4. Suppose that the ex-post environment is such that n > 3 and the ex-post

choice incompatibility holds. Then, if there is a profile of sets of alternatives ex-post
consistent with the SCS I, then F is ex-post behavioral implementable.

Before we proceed to the proof, we would like to note that under rationality, our

ex-post choice incompatibility is equivalent to the economic environment assumption
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of Bergemann and Morris (2008).2* Consequently, thanks to Propositions 4, 5, and 6,

Theorem 4 amounts to a behavioral analog of their Theorem 2.

Proof of Theorem 4. Suppose that ex-post environment £ is such that n > 3 and
the ex-post choice incompatibility holds. Consider SCS F with which the profile of sets
of alternatives S := (S;(f,0-;))ien, fer, 0_,co_, 1S ex-post consistent.

We use the following mechanism p = (M, g): For each ¢ € N, his set of messages is
M; = FU{0} x ©; x X x N, while a generic message is denoted by m; = (m}, 0;, z;, k;),

and the outcome function g : M — X is as specified in Table 8.

Rule 1: g(m) = f(0) it m; =(f,0;,-,-) for all i € N,

T if T; € Sj(f, Q_j), if m; = (f, 0;, -, ')NfOl" alli e N \ {]}
f(0;,0_;) otherwise. and my; = (mj,0;,z;,-) with m; # f,

Rl

Rule 2: ¢g(m) = {
Rule 3: g(m)=uxz;- where j* =)k (modn)  otherwise.

Table 8: The outcome function of the mechanism.

Claim 6. For any f € F, there exists an EPE, o/, of u = (M,g) with f = go o”.

Proof. Let of(0;) = (f,0;,x,1) for each i € N and for some arbitrary z € X. By
Rule 1, we have g(a/(0)) = f(0) for each § € O, ie., f = goo/. Observe that
for any unilateral deviation by individual ¢ from o/, either Rule 1 or Rule 2 applies,
i.e., Rule 3 is not attainable by any unilateral deviation from o/. By construction,
00! .(0_;)) = Si(f.0_;) for each € ©, i € N. Since, by (i) of ex-post consistency,
f(8) € (Si(f,0_;)) for each i € N, we have for each 6 € ©, g(a/(8)) € (0 (a?,(_,)))
for all i € N, i.e., 0/ is an EPE of p such that f = goo/. =

Consider now any EPE o* of u denoted as o (6;) = (m;(6;), a;(6;), x;(6;), ki(6;)) for
each 1 € N. That is, m} (6;) denotes either {) or the SCF proposed by i when her type is
0;; a;(0;), the reported type of ¢ when her type is 6;; x;(6;), the alternative proposed by

i when her type is 6;; and k;(6;), the number proposed by i when her type is 6;.

24Ex-post choice incompatibility is equivalent to the behavioral version of Bergemann and Morris
(2008)’s economic environment assumption in ex-post environment £°P: For each state 6 and alternative
r € X, there exist two individuals 4,7 € N with i # j such that = ¢ ¢?(X) and z ¢ c?(X); i.e., at any
state, any alternative can be ex-post chosen from the set of all alternatives by at most n — 2 individuals.
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Claim 7. Under any EPE o* of u, Rule 1 must apply at each 8 € ©, and there is unique
f € F withm}(0;) = f for alli € N and all §; € ©;.

Proof. Suppose, for contradiction, that either Rule 2 or Rule 3 applies at some 6 € ©
under o*. If Rule 2 applies at 8, by construction, we have O;‘(afj(é,j)) = S,(f,a;(6-;))
for the odd-man-out j € N and O"(c*,(f_;)) = X for all i # j, i.e., for all the other
n — 1 individuals. On the other hand, if Rule 3 applies at §, we have, by construction,
O*(o*,(A_;)) = X for all i € N. In this case, simply let 5 = 1. Therefore, under both
Rule 2 and Rule 3, at least n — 1 individuals have the opportunity set X. Since o* is
an EPE of y, it follows that g(o*(A)) € ¢/(X) for all i # j. Consequently, the desired
contradiction emerges as for § and g(o*(f)) and (S;);en with S; = X for all i # j and
S; € X are as in the hypothesis of the ex-post choice incompatibility but there cannot

be i* # j with g(c*(0)) ¢ % (X).
As Rule 1 applies at every 6 € © under any EPE ¢* of i, due to the product structure
of ©, as before, there must be a unique f € F with f;(6;) = f for all i € N and all

0; € ©;. Hence, by Rule 1, g(6*(0)) = f(«(0)) for all € ©. =
Claim 8. For any EPE ¢* of u, goo* € F.

Proof. We show that foa € F as goo* = foa: Since Rule 1 applies at each 6 € ©, and
each i € N reports the type a;(6;) € ©; as the second entry of their messages at 6 € ©
under ¢*, by construction, at each § € ©, Of(c*,(0_;)) = Si(f,a_;(0_;)) for all i € N.
If foa ¢ F, then by (ii) of ex-post consistency, there are §* € © and i* € N such that
fla(0) & & (Si(f,a_y+(0_3+))). But this implies g(o*(6*)) & & (Ok(o* (0% 1)), a
contradiction to ¢* being an EPE of u. Thus, foa € F. So, goo* = foa € F, which

implies that condition (i7) of ex-post implementability holds as well. m =

5 Ex-post Behavioral Efficiency

The key ingredient of welfare analysis under incomplete information concerns state
contingent allocations, SCFs. Moreover, following Holmstrom and Myerson (1983), effi-
cient SCF's must be independent of individuals’ private information.

In this section, we introduce the behavioral counterpart of ex-post incentive Pareto

efficiency of Holmstrom and Myerson (1983). Our construction parallels de Clippel
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(2014), introducing the following efficiency notion in behavioral domains of complete
information: An alternative x is behaviorally efficient at state 0 if each individual has an
implicit opportunity set from which she chooses x at 6, and each alternative is in at least
one of these implicit opportunity sets. Extending this efficiency notion to incomplete
information environments, we define behavioral ex-post efficiency by demanding such
SCF's result in behaviorally efficient alternatives at every state:

Definition 11. Given an ex-post environment, an SCF f : © — X s behaviorally
ex-post efficient if there is a profile of sets of alternatives (Y g)iengeo such that

(i) for alli € N and all 0 € O, f(0) € (Yip), and
(i7) for all§ € ©, UjenYig = X.

We refer to the set of all behaviorally ex-post efficient SCFs as the behavioral ex-post
efficient SCS and denote it as FE.

The EFE SCS is non-empty whenever the ex-post choices are non-empty valued be-
cause a behaviorally efficient alternative exists at every state (de Clippel, 2014).

Behavioral ex-post efficiency extends ex-post Pareto efficiency to behavioral domains:
Individuals’ ex-post choices are rational when for all ¢+ € N and all § € O, there is
a complete and transitive preference relation R;p C X x X such that for any non-
empty S € X, x € () if and only if zR; gy for all y € S. Then, an SCF f is
ex-post Pareto efficient (in the rational domain) if there is no h € H such that
for some 6 € O, we have h(0)P,of(0) for all i € N.*» To see that ex-post Pareto
efficiency implies behavioral ex-post efficiency, let f be ex-post Pareto efficient and set
Yig = LCS;o(f(0)) :={y € X | f(O)R;py} for all i € N and all § € ©. Then, for all
i€ N and all § € O, f(0) € ¢(Yig), delivering (i) of behavioral ex-post efficiency of
f. For (ii) of behavioral ex-post efficiency of f, notice that if there were some 6 € ©
and y € X such that for all i € N and y ¢ Y; 5, then, by construction, yP,;’(;f(Q_) for all
i € N. Defining h: © — X by h(f) = y and h(¢) = f(#) for all ' # § enables us to
conclude that f cannot be behaviorally ex-post efficient as h(6)P, 5f(6) for all i € N.
For the converse, let f be behaviorally ex-post efficient but not ex-post Pareto efficient,

i.e., there is h € H and 6 € © such that h(6)P,5f(f) for all i € N. Then, by (ii) of

25This notion is the weak version of ex-post Pareto efficiency in Holmstrém and Myerson (1983).
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behavioral ex-post efficiency of f, h(d) € Yy for some j € N and § € ©. But this
implies that f(6) ¢ (Y} 4), a contradiction to (i) of behavioral ex-post efficiency of f.

The natural notion of efficiency in behavioral environments under incomplete infor-
mation is given by the behavioral counterpart of interim Pareto efficiency of Holmstrom
and Myerson (1983), namely, behavioral interim efficiency introduced by Barlo and
Dalkiran (2023). In that study, we establish that behavioral interim efficiency is an

extension of interim Pareto efficiency to behavioral domains.?%

Definition 12. Given an interim environment, an SCF f : © — X s behaviorally
interim efficient if there is a profile of sets of acts (Yip,)ien, o,co, such that

(i) for alli € N and all 0; € ©;, f,5, € CV(Y,y,), and

(¢7) for all h € H, thereisi € N and 0; € ©; with h, 5, € Y, ,.

In what follows, we show that under Property STP*, the relation between ex-post ef-
ficiency and interim efficiency under rationality continues to hold in behavioral domains.
Proposition 7. Suppose that the given pair of associated interim and ex-post environ-

ments satisfies Property STP*. Then, any behaviorally ex-post efficient SCF is also
behaviorally interim efficient.

Proof. Let f be behaviorally ex-post efficient with the corresponding profile of sets
(Yig)ienoeco. For all i € N and 0; € ©; define Y, 4, as Y,p, := {a; € A; | a,(6",) €
Yi@,0 ) forall 0, € ©_;}. Since for all i € N and 0; € ©;, £;4,(0",) = f(0;,0",) €
cgei’eii)(n,(HweLi)) and Y;,(0",) = Yio:0 ) for all 0, € ©_;, by Property STP*, f; 4, €
C%(Y,y,). Thus, (i) of behavioral interim efficiency holds. For (i) of behavioral interim
efficiency, suppose for a contradiction that there is h € H such that for all 2 and for all
0; € ©;, hip, ¢ Y;p,. Then, for any 6 € O, h;,(0_;) = h(0) ¢ Yig = Y,p,(0_;) for all
1 € N, contradicting f being behaviorally ex-post efficient. =

As we establish in our necessity results for quasi-robust behavioral implementation

(Theorem 1) and behavioral ex-post implementation (Theorem 3), the existence of a

quasi-robust consistent profile or an ex-post consistent profile implies the quasi-ex-post

26Tndividuals’ interim choices are rational when for all i € N and all §; € ©;, there is a complete and
transitive preference relation R; g, C A; x A; such that for any non-empty S C A;, a; € Cfi(S) if and
only if a;R; g,a} for all a; € S. Consequently, an SCF f is interim Pareto efficient (in the rational
domain) if there is no h € H such that h; ¢, P; ,f; o, for all i € N and all 6, € ©,.

31



incentive compatibility of the corresponding SCS (see Propositions 2 and 5). Therefore,
quasi-ex-post incentive compatibility arises as a necessary condition for quasi-robust
behaviroal or behavioral ex-post implementation of an SCS. This is why, following
Holmstrom and Myerson (1983), we define behavioral ex-post incentive efficiency by
restricting feasibility based on quasi-ex-post incentive compatibility as follows:

Definition 13. Given an ex-post environment, an SCF f : © — X is behaviorally

ex-post incentive efficient if there is a profile of sets of alternatives (Y ,)ieng_,co_,
such that

(i) for alli € N and all 0 € ©, f(0) € (Yip_,), and
(i7) for all§ € ©, UienYip , = X.

We refer to the set of all behaviorally ex-post incentive efficient SCFs as the behavioral
ex-post incentive efficient SCS and denote it as E1E.

The E1E SCS ingrains quasi-ex-post incentive compatibility into EE SCS by requir-
ing the implicit opportunity sets not to depend on individuals’ private information.

Because quasi-ex-post incentive compatibility boils down to ex-post incentive com-
patibility under rationality, behavioral ex-post incentive efficiency extends ex-post in-
centive Pareto efficiency of Holmstrom and Myerson (1983) to behavioral domains.

The behavioral extension of Holmstrom and Myerson’s interim incentive Pareto ef-
ficiency is introduced by Barlo and Dalkiran (2023). This welfare criterion internalizes
quasi-incentive compatibility into behavioral interim efficiency and is defined as follows:

Definition 14. Given an interim environment, an SCF f : © — X s behaviorally
interim incentive efficient if there is a profile of sets of acts (Y;)ien such that

(i) for alli € N and all 0; € O, .9, € C¥(Y,), and
(i7) for all h € H*, there isi € N and 0; € ©; with h;p, € Y.
As quasi-ex-post incentive compatibility implies quasi-incentive compatibility under
Property STP*, we obtain the following corollary thanks to Proposition 7:

Corollary 1. Suppose that the given pair of associated interim and ex-post environments
satisfies Property STP*. Then, any behaviorally ex-post incentive efficient SCF is also
behaviorally interim incentive efficient.
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Next, we show that quasi-ex-post incentive compatibility brings about a more de-
manding requirement for the existence of the EIE SCS:
Proposition 8. Given an ex-post environment, if there is a quasi-ex-post incentive com-
patible :S’CF f such that for any 6 € ©, there is ig € N with f(éie, 0_;,) € cl(-fi"’e_i‘))(X)
for all 0;, € ©,,, then the EIE SCS is non-empty.
Proof. Let SCF f be quasi-ex-post incentive compatible and let the corresponding
profile of sets of alternatives be (S;¢)icnoco Where S, is the set of alternatives asso-
ciated with individual ¢, SCF f, and state 6 as specified in Proposition 5. Recall that
f(©;,0_;) C S;p for all i € N. Let the implicit opportunity set profile (Yig ,)ieno ,co_,
be such that for all 8 € ©, Y,y , = Sip for all ¢ # ¢, and Ygg’gﬂ,e = X. Then, (i)
of behavioral ex-post incentive efficiency holds as f(6;,,60_;,) € cgfi" o )(Y;"g_i) for all

0:, € ©,,; and for all i # iy, f(0) € !(S;y). Further, (i) of behavioral ex-post efficiency
holds as for all 0 € O, U;enYip , = X holds since Y;&gﬂ.g =X.So, feEFEIE. m

Before analyzing the quasi-robust behavioral implementability of the ETE SCS, we
first show that it is ex-post behavioral implementable when there are at least three

individuals and the ex-post choice incompatibility holds:

Proposition 9. Suppose that the ex-post environment is such that n > 3, the ex-post
choice incompatibility holds, and the EIE SCS is non-empty. Then, the EIE SCS is
ex-post behavioral implementable.

Proof. Let f € EIE, 0; € ©_;, and define S := (Si(f,0-4));cn. ser 6.,co, DY
Si(f,0-;) = Y;f;_i for all © € N where Y;fe_i is the implicit opportunity set associated
with f as in Definition 13. Then, (i) of behavioral ex-post incentive efficiency implies (4)
of ex-post consistency. Suppose f € FIE but foa ¢ EIFE for some o« € A. Hence, foa
is not behaviorally efficient at some state. Therefore, for any profile of sets of alternatives
(W)ien such that U;enyW; = X, there are i* and 6* with f(a(6*)) ¢ ¢ (Wy); because
otherwise, f o a would be behaviorally ex-post incentive efficient. By (i) of behavioral

ex-post efficiency of SCF f, (Ylfaﬂ
UiGNYXa,i(e,i) = X. Hence, there is i* and 6* such that f(a(0*)) ¢ (Y;{,a_i*(ﬁ’ii*))'
Because }/;fa—i(e—i) = Si(f,a_i(0;)) for all i € N, all « € A, and all § € ©, it follows
that f(a(0%)) ¢ % (Si-(f, a_i+(0%.)), implying (ii) of ex-post consistency. Hence, S is

ex-post consistent with the ETE SCS. The result follows from Theorem 4. m

(e,i))ié ~ is a profile of sets of alternatives such that
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We next observe that quasi-robust behavioral implementability of the ETE SCS fails
in Example 2 if n = ¢ = € = 0. Then, under the minimax regret preferences described
in that example, each type of each individual chooses act (zz) at the interim stage
whenever it is available. Moreover, the only ex-post incentive efficient SCF is (zzzy).
Consequently, any mechanism that sustains SCF (zzzy) as a BIE also admits a bad
BIE inducing SCF (zzzz) as we show on page 15. Therefore, the FIE SCS, given
by {(zzzy)}, is not quasi-robust behavioral implementable —even though it is ex-post
behavioral implementable as we display on page 23.

At the heart of the EIE’s failure of quasi-robust behavioral implementability lies
the aspect that players’ deception that results in an SCF not aligned with the FIE
SCS does not necessarily trigger objections. Consequently, as implicit opportunity sets
associated with the EITE SCS is closed under deception, we obtain the quasi-robust
behavioral implementability by demanding the existence of a whistle-blower alerting the
planner in case of such deceptions. To formalize these, we need the following: For any
SCF f € FEIE, let us denote the profile of associated implicit opportunity sets of acts (as
in Definition 13) by (Yif;ﬂ,)ie ~n. For any f € FIFE, any individual 7, and any deception
a € A, the set of acts obtained from (Y;”;_Z_)&ie@% by Yzfoo‘ ={a, € A; | a;(a_i(0-)) €
Y‘,fa_i(e_i) for all 6_;co_,}.

7

Proposition 10. Suppose n > 3 and the ex-post environment is such that the EIE
SCS is non-empty. If the associated interim environment satisfies Property STP* and
the choice incompatibility, then the EIE SCS is quasi-robust behavioral implementable
whenever f € EIE and f o« ¢ FEIE implies there are i € N and 0; € O; with
£%, ¢ CI(Y/*).

Proof. Let f € FIE, a € A, and define S := (Si(f, a-i))ien. jer, a_,en_, PY Si(f, i) ==
Ylf “*for all t € N. S is closed under deception because a; € S;(f,a_;) = Ylf °* implies
that for any & € A, a® € Y/°** = S,(f,a_; 0 a_;) since v o @ € A.27 Further, as
Si(f, /%) = Y/ for all i € N, (i) of behavioral ex-post incentive efficiency implies (7)
of quasi-robust consistency thanks to Property STP*. Finally, (ii) of quasi-robust con-
sistency follows directly from the hypothesis of the proposition as Yzf = S,(f,a).

2TFor any i € N, any §_; € ©_;, and any a_; € A_;, as a_;(a(6_;)) € ©_;, we have Y,lfoaoa consists
of acts a; € A; such that a;(0_;) € Y o _,(a_.(6_,))-
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Hence, S is quasi-robust consistent with the EIFE SCS. The result follows immediately

from Theorem 2. m

6 Concluding Remarks

In this paper, we have studied full behavioral implementation under incomplete infor-
mation from a robust mechanism design point of view, without requiring that individu-
als” ex-post and interim choices satisfy the weak axiom of revealed preferences (WARP).
Our robustness analysis provides novel insights into behavioral mechanism design where
information asymmetries are inescapable in many interesting economic settings.

We have employed behavioral interim equilibrium (BIE) and behavioral ez-post equi-
librium (EPE) to derive necessary as well as sufficient conditions for quasi-robust behav-
toral and ex-post behavioral implementation of social choice rules. The former requires
every optimal SCF be sustained as both a BIE and an EPE of a mechanism, and that
there be no ‘bad” BIE of this mechanism. The latter requires that the optimal SCFs be
sustained as EPE and that there is no ‘bad” EPE in the mechanism.

Our paper can thus be regarded as the robust and ex-post counterpart of Barlo and
Dalkiran (2023), which investigates behavioral interim implementation under incomplete

information without any ex-post considerations.

35



Appendix
A The Warning of de Clippel (2022)

We discuss situations in which a contradiction along the lines of de Clippel (2022) may
emerge in our behavioral setting. To that regard, we construct an example mimicking the
construction in the proof of de Clippel (2022, Proposition 1): Suppose that individuals’
ex-post choices are singleton valued while the IIA does not hold for some individual’s
ex-post choices. Hence, there is an individual i, a state § € ©, a non-empty set of
alternatives T € X, and an alternative x € T'\c/(T) such that ¢?(T) # ¢Z(T\{x}). Given
i and her type 6;, if there are only two distinct type profiles of others, 6_;,0_; € ©_;,
then we can construct the following set of acts: A; = {a;, a/,a’,a”} <Uer, gey{a?’g}>

where these acts are as specified in Table 9 and Y,Y € X are as follows:

0_; 0_;
a; (T AT {a})
al AT\ "N\ {a})
al A" {x}) (1)
a;’ T cf (T)
al’’ y j

Table 9: An example in conjunction with Property STP*.

v =T\ {, d(T), T\ {a}), T\ {(T)D ]

V= 1\ {a, (), T\ {ah ]
Meanwhile, we let A; = A;\{a;}. Then, we observe that A;(0_;) = T, A;(6_;) = T\{z},
Ai(6_) =T\ {(T)}, and A;(6_;) = T\ {x}. Thus, by Property STP* a; € C%(A,)
as a;(0_;) = Z(A;(A_;)) and a;(A_;) = cge"’e"')(Ai(é_i)). Similarly, a; € CY(A,) since

1
~ ~ A~

a(0_;) = I(A;(0_,)) and aj(0_;) = " (Ay(0_,)).

We need the following additional requirements to reach a contradiction as in de
Clippel (2022): Individual 7 should perceive acts a; and a! to be equivalent to each other
on the grounds of a;(6_;) = a”(A_;) and a;(6_;) = a”(A_;). That is, when considering

6_; and 6_;, only the underlying alternatives associated with these acts matter to her.
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As a result, she perceives the act that delivers 2/ at 6_; and v at 6_; to be equivalent
to another that provides v at 0_; and 2/ at §_; where 2/,y/ € X. For example, this
happens under probabilistic sophistication when i’s belief is such that 6_; and 6_; are
equally likely and ¢ evaluates acts by the lotteries they induce.

Indeed, at the heart of this contradiction lies the individual perceiving two different
states as equivalent. We model the equivalence perception of individual ¢ of type 6; over
the set of all others’ types via an an equivalence relation = defined on ©_; and let the
equivalence class of 6_; be denoted by P4, (0_;) :={0', € ©_; | 0, = 0_;}.® For any i

of type 6;, the relation = partitions any set of states ©_; C ©_; into equivalence classes.
1)

)

As aresult of this perception equivalence, individual i of type 6; perceives two acts a

) as equivalent whenever for any @', 0" ; € O_; with 07, € P, (0",), agl)(ﬁ',i) =

—1

and a§2

a?(0,), al(0”;) = a?(0",), and &(67) = a” (¢”)) for all 9", € O\ {6/, 6",};
2)

. We assume that the perception equivalence
2

7 )

we denote such a situation by agl)L,gia
relation of individual ¢ of type 6; induces the following over her choices: If agl)Ii,gia
then a!”) € C%(A!) if and only if a® € C%(A!) for all A/ C A; with a”,a'® € A’

For any i of type 0;, the relation Z; o, partitions any A, C A; into equivalence classes.
We assume that i of type 60; perceives two sets of acts A} and A as equivalent if the
collection of equivalence classes in A; that the acts in A} and A belong to are equal
to one another. With a slight abuse of notation, we denote such a case by A!Z; 4. A’.
Formally, A{VZ, o A®) if for all 8, € AW, T, (a;,) N A £ 0 for all k,¢ = 1,2 where
Z;0,(a;) is the equivalence class of a; with respect to Z; ,.

Moreover, we assume that interim choices of i of type 6; from a set of acts respect
the resulting equivalence classes so that the interim choices are singleton-valued up to
equivalence classes with respect to Z;p,: For any two sets of acts Agl) and AEZ) with
Agl)Ii,giAZ@), agl) € Cfi(Agl)) and a§2) € Cfi(Al@)) implies agl)IiﬁiaEz).

Then, going back to our example, we see that a,Z;¢.a; as a; = (c?(T), cgei’é’i)(T\
{z})) and a = (cgei’é‘i)(T \ {z}), (T)). Further, A,Z; 4 A; because A; = A; \ {a;}
and a,Z;g.a] and a} € A, Cc A, Recall that by Property STP*, a; € Cf(AZ) and
a; € Cf(AZ) But then, the desired contradiction emerges as a;Z; p,a; does not hold

because a;(0_;) = (T) # <(T\(T)) = al(6_;) but a;,(f_;) = al(_;) = cgi’é’i(T\{x}).

)

28 An equivalence relation is a binary relation that is reflexive, symmetric, and transitive.
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B Direct Mechanisms

The appeal of direct mechanisms in the mechanism design literature leads us to the
following analysis, in which we focus on SCF's instead of SCSs (since direct mechanisms
cannot coordinate selections of SCF's from an SCS). In Theorem 5, we present the result-
ing characterizations of quasi-robust behavioral implementation and ex-post behavioral

implementation of an SCF via its direct mechanism.

Theorem 5. Given a pair of associated interim and ezx-post environments, let f : © — X
be an SCF, SCS F := {f}, and the profile of sets F = (Fi(a_;))ieNa_,er_, where
Fi(a;) = {f, | 0; € ©:} and Fi(a_;)(0-;) = f(Os,a_i(0_;)) for any i € N and any
a_; € A_;. Then,

(1) f is (fully) quasi-robust behavioral implementable by its associated direct mecha-
nism sustaining truthtelling as a BIE and an EPFE if and only if the profile of sets
IF is quasi-robust consistent with F.

(13) f is (fully) ex-post behavioral implementable by its associated direct mechanism
possessing a truthful EPE if and only if the profile of sets (f(©4,0-;))ieno_.co_, S
ex-post consistent with F'.

Proof. For the necessity of (i) of the theorem, suppose f is quasi-robust behavioral
implementable by its direct mechanism p/ = (0, ¢/) with ¢/ = f. Let the truthful
strategy profile @'¢ be BIE and EPE; so f = ¢/ 0!, Define F as in the statement of the
theorem. First, we need to show that I is closed under deception: Suppose a; € F;(a_;)
for some a_; € A_;. As a_; amounts to a strategy profile of the individuals other than
i € N in the direct mechanism, there is 6; € ©; such that a; = 7, . Asany a_; € A_; is
another strategy profile for the others, we have af = f{9* € F;(a_; o a_;), establishing
closedness under deception.

Since o is a BIE, f;5, € CY(F;(a!d,)) for all i € N and 6; € ©;, establishing (i.a)
of quasi-robust consistency of F. Moreover, for all i € N and all 6; € ©;, f(0;,0_;) =
£0.(a9(0_)) € ") (Fy(ai9)(6_,)) with Fy(a'd)(6_;) = f(©;,6;) for all 6_; € O_,,
establishing (i.b) of quasi-robust consistency of F.

For (ii) of quasi-robust consistency, for any deception a with foa # f, ddoa =«

cannot be a BIE of p/ because otherwise ¢/ o o' o« = f o @ and hence by (ii) of
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quasi-robust behavioral implementation f o a equals f, a contradiction. Thus, there is
there exists 7* € N and 6. € ©;- such that 3 . ¢ C? (Fis(a_i»)).

For the sufficiency of (i) of the theorem: By hypothesis, F is quasi-robust consis-
tent with ' = {f}. Thanks to quasi-incetive compatibility and quasi-ex-post incen-
tive compatibility, truthtelling strategy profile a'¢ is both a BIE and an EPE of the
direct mechanism. Further, if o* is a BIE, then ¢/ o o* = f: Suppose not. Then,
by (ii) of quasi-robust consistency of F, there exist i* € N and 0 € ©;+ such that
£ -, ¢ Cf (Fi«(a*;+)), contradicting to o* being a BIE as Of*f(aii*) = Fu(a* ).
Therefore, the direct mechanism p/ quasi-robust behavioral implements F sustaining
truthtelling as a BIE and an EPE.

For the necessity of (i) of the theorem, suppose f is ex-post behavioral imple-
mentable by its direct mechanism pu/ = (0,¢') with ¢/ = f. Let the truthful strat-
egy profile a/? be an EPE so that f = ¢/ o oM. Let i € N and 6_; € ©_,. Then,
Oé‘f((aifi(é,i)) = f(©;,0_;) implies f(6;,0_;) € cgei’é”')(f(@i,éfi)) for all i € N and
all §; € ©;, establishing (7) of ex-post consistency of (f(©;,60-;))ieno_,co_,. For (i) of
ex-post consistency, for any deception/strategy a with foa # f, o oa = a cannot
be an EPE of p/ because otherwise g/ o o' o o = f o o and hence by (ii) of ex-post
implementation f o « equals f, a contradiction. Thus, there is i* € N, §* € © with
Fa(8) € & (F(Orr, assr(67..))) since O (a(a;(07))00) = F(Orr, asse (67..))

For the sufficiency of (i7) of the theorem: By hypothesis, (f(©;,0-;))ieno_co_; is
ex-post consistent with F' = {f}. Then, o/ is a truthful EPE and ¢/ o o!¢ = f thanks
to quasi-ex-post incentive compatibility (implied by ex-post consistency). Further, if
a* is an EPE, then g/ o o* = f; Otherwise, g/(a*(#)) # f(0) for some 6§ € ©. So,
f(a*(8)) # f(0) implies, by (i¢) of ex-post consistency of (f(0;,0_;))ieng_,co_,, there is
i* € N and 6* € © with g/ (a*(0%)) = f(a*(0%)) ¢ % (f(Op, a* ;. (0 ))), contradicting
to o being an EPE as Oﬁif (o (0%)) = f(Op,ar,(0,.)). m

(2

Finally, we would like to note that Example 2 displays the use of Theorem 5: Table
5 shows that [ is quasi-robust consistent with F' = {(xzzy)} whereas Table 7 displays
that the profile (f(©;,60_;))ieno_,co_, is ex-post consistent with F' = {(zzzy)}.
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C Sufficiency for quasi-robust behavioral implementation with
weak choice incompatibility

In what follows, we present the weak choice incompatibility, which is implied by
the economic environment assumption of Jackson (1991) under rationality as shown in
Barlo and Dalkiran (2023). To that regard, we need the following: For any pair of acts

a;,a; € A;, we define the splicing of a; with a; along a set ©' C O as follows?":

ai(e,i) if 971' € @Ll,

a;(0_;) otherwise.

[ai/ea](0-;) =

Definition 15. The weak choice incompatibility condition holds in an interim en-
vironment whenever the following holds: If for any SCF h € H and any 0 € O, a profile

of sets of acts (A;)ien is such that
(i) foralli € N, h;g € A;, and

(ii) there is j € N such that for alli € N\ {j}, for any v € X, [a?/e'h; 5] € A, for
some ©' C © with § € O,

then there is i* € N \ {j} such that h;. 5. ¢ cl (As).

i*

In environments with finite state spaces and robust-null alternatives, we strengthen
our sufficiency result with the help of the weak choice incompatibility.

Definition 16. Given a pair of associated interim and ex-post environments, an alter-
native z € X is a robust-null alternative of individiual i € N if

(1) for all 0; € O, Cfl(Az) = Cfl(Az U {az}) for any non-empty A, C A,;, and

(ii) for all 0 € ©, 4(S) = (SU{z}) for any S € X.

In words, z is a robust-null alternative of player ¢ if (7), a7, the constant act that
results in z, does not affect the interim choices of any type of individual ¢ whenever
a; is added to the set of acts under consideration, and (iz) the alternative z does not
affect the ex-post choices of individual ¢ at any state whenever z is added to the set of
alternatives under consideration.

Below, we present our second sufficiency result.

29Recall that for any z € X and any individual i € N, a? € A§ is i’s constant act resulting in .
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Theorem 6. Suppose that the given pair of associated interim and ex-post environments
is such that |©| < 0o, n > 3, the weak choice incompatibility holds, and for each indi-
vidual, there is a robust-null alternative. Then, if there exists a profile of sets of acts
quasi-robust consistent with SCS F, then F' is quasi-robust behavioral implementable.

Proof of Theorem 6. Suppose |©] < 0o, n > 3, the choice incompatibility holds,
and (z%);en is a profile of null alternatives. Let F be an SCS for which the profile
S = (Si(f; @-i))ien. fer, a_,ea_, IS quasi-robust consistent.

The mechanism we employ is as in Barlo and Dalkiran (2023) and the proof closely
parallels the proof of Theorem 3 of that study in terms of its structure and methodology
and is presented for purposes of completeness. For each individual i € N, M; = (F U
{0}) x ©; x (A; U{0}) x (HU{0}) x N, and a generic message is denoted by m; =
(m}, Ggi),agi), m}, k@), and g : M — X is as specified in Table 10 for a given profile of

null alternatives (z°);en with j* := min{i € N | k) > k) for all j € N}.

Rule 1: g(m) = f(0) it m; = (f,6;,0,0,-) for all i € N,
, B if m; =(f,0;,0,0,-) for all i € N\ {j}
Rule 1": g(m) = (0) and m; = (0,0;,0,h,-),

a;(0_;) ifa; €S;(f,0lY), ifm;=(f0,0,0,) forallie N\ {j}

fi0,(0—;) otherwise. and m; = (mjl, 0;,a;,-, ),

Rule 2: ¢g(m) = {

it m; = (f,0:,0,0,-) for alli € N\ {j}
and m; = (mj,-,0,0,-) with mj # f,

R

Rule 2': g(m) = 27
Rule 3: g(m) = hU)(0) where 6 = (92@)1-61\[ otherwise.
Table 10: The outcome function of the mechanism for Theorem 6.

First, we show that condition (z) of quasi-robust implementability holds.
Claim 9. For any f € F, there is o/ a BIE and an EPE of n = (M, g) with f = goo/.
Proof. Take any f € F, let o/ (6;) = (f,6;,0,0,1) for each i € N. Then, at every 6 € ©,
Rule 1 applies and g(a/(0)) = f(0), i.e., f = goo’.

For any unilateral deviation from ¢/, either Rule 1 or Rule 1’ or Rule 2 or Rule 2’

applies, while Rule 3 is not attainable. So, O (c7,) = S;(f, /%) U {a*'} for all i € N.
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Recall that, by (i.a) of quasi-robust consistency , fig, € C%(S;(f, o)) for each
i € N and each 6; € ©,. Because a*' is a null act of individual 4, f;5, € C?(S;(f, !, U
{a*'}). Hence, for all i € N and all §; € ©;, aj, € C%(0"(07,)) where aj, (0) =
g(al(6;),07,(_,)) for all 6_; € ©_;. Thus, o/ is a BIE of x such that f = goo/.

Furthermore, for any i € N, 0 € ©, O*(c?.)(0_;) = S;(f, %) (6_;) U {2} for all
i € N. Then, by (i.b) of quasi-robust consistency, and z; being a null-alternative for
ex-post choices, we have for all i € N and all § € ©, az@i(H,i)cf(Of(afi)(Q,i)) where
aty (0_;) = g(o](0;),07,(6_;)) for all 6_; € ©_;. Thus, ¢/ is a EPE of p such that

f=gool m

Take any BIE o* of u denoted as o} (60;) = (m}(0;), i (0;), m3(6;), m$(6;), ki(6;)) for
each i € N; i.e., m}(6;) denotes the first component, a;(6;) the reported type, m3(6;)
denotes the third component, m?(6;) the fourth component, and k;(6;) the proposed
integer by ¢ when her realized type is 6;.

Claim 10. Under any BIE o* of u, Rule 1 must apply at every state 0 € ©, and there
is a unique f € F such that m}(0;) = f for alli € N and all 6; € ©;.

Proof. Let the SCF that arises when individuals follow ¢* be given by h*, i.e., h* :=
goo*. Therefore, individual i of type 0; faces act hy, under o* and hy, € C'(O/(c*,))
for all 2 € N as o* is a BIE of pu.

Suppose Rule 1’ or Rule 2 or Rule 2’ or Rule 3 holds at # under o*. If Rules 1/, 2
or 2" holds, let us denote the odd-man-out by j. If Rule 3 applies, let j = 1. Let £ # j
and © := {0 € © |0, = 0,}. Let a;! be a deception such that h* o a;'(a(f)) = h*()
for all # € ©.3° For any x € X, consider the deviation by ¢ to &, such that ¢,(6,) =
o7 (0,) for all b, # 0, and G,(0,) = (m}(0y), ae(fy), h
k' =max; j o, ki(6;) + 1, and [z/gh*] is the entanglement of alternative z with SCF
h* along O that is defined by [z/gh*|(f) = x for all § € © and [z/gh*](#) = h*()

otherwise. That is, individual ¢ deviates from o} only when her type is ; so that the

0 ° o,y [x/eh*] o a;t k*) where

first and the second component of her deviation is the same as that of o, the third

component is the act that ¢ faces under o* when her true type is 8, and the others are

3070 identify such a function, let a =1 () C © be the set of states that are mapped to 6 under deception
. For any 6 € ©, if a='(0) = 0, then set ;' (#) = 0, otherwise pick an arbitrary 6 € a~'(f) and set
a; H(0') =0 if a(0") = 6 for some 0" € O.
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reporting their types truthfully (as a;! o a = o'?), the fourth component is the SCF

obtained by composing the entanglement of alternative z with SCF h* along © with
a; !, and the last component is an integer that is higher than all proposed integers of
the other individuals at all states, which is well-defined as |O] < occ.

Below, we analyze the effect of £’s deviation to the outcome at (6;,6’ ) for any ¢’ , €
©_,. Note that the outcome at (6,60 ,) under o* is g(o}(0;), 0 (0" ,)) = h*(0,,0",).
Observe that, after ¢’s deviation, either Rule 2 or Rule 3 applies under (64,0%,) at
(64,60 ,). This is because ¢ does not use §) in &, when her type is 6, and hence Rules 1,
1, and 2’ cannot apply under (64, 0% ,) at (65,6 ,).

For Rule 2 to apply under (64,0 ,) at (6,0 ,), £ has to be the odd-man-out after the
deviation as she does not propose any @ in &, when her type is ;. Then, independent
of whether or not hy; o o', is in Si(f, M), by Rule 2, the outcome under (&,,0*,) at
(0,0") is 9(5e(00), 0% (0)) = 1*(Be,0".,) becanse b7, (a7 (a—o(07,))) = h*(01, 0.,),
which equals the outcome under o* at (6y,6",). If Rule 3 applies under (G,,0%,) at
(6¢,60",), then ( is the winner of the integer game under (&,,0*,) at (6, 0" ,) and the
outcome is z as [x/gh*](az  (au(0y), a_e(0",))) = [v/eh*](0,, 0" ,) = x since (6,,0",) € O.

Thus, as a result of ¢'s deviation, the outcome at any state either stays the same or
becomes x. That is, for all § € ©, the outcome under (64,0*,) at 6 equals either that
under o* at 6 or z. Therefore, for any = € X, at least n — 1 individuals (each ¢ € N
other than the odd-man-out j if Rule 2 holds at @ or all individuals if Rule 3 holds at )
can deviate so that the following holds: the outcome stays the same in any state 6 with
9, # 0,; for all states with 6, = 0, the outcome either stays the same or it changes to z.

Now, we employ weak choice incompatibility: Consider SCF h* = goo* € H, € O,
and the profile (A, );en defined by A; := O¥(c*,) for alli € N. Then, trivially, hi; € A,
for all i € N, and hence, (i) of hypothesis of weak choice incompatibility holds. For
(ii) of the hypothesis of weak choice incompatibility, consider each individual ¢ # j
and let © be the set of states such that the outcome changes to z after ¢ deviates
unilaterally to ;. Observe that § € ©' and for any z € X, [a%/ G'hz@}] e A forall 0 7
because, by definition, [a7 /e/hj; | is the act individual £ of type 6, faces after deviating
to 6,. Hence, by weak choice incompatibility, there is ¢* € N with ¢* # j such that
b, ¢ C?i* (A;+), which means h?. ;. ¢ Cf};* (O%(0*,+)), which contradicts ¢* being a
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BIE of pas h* = goo*.

This establishes that Rule 1 applies at every ¢ € © under any BIE of u.

Finally, due to the product structure of the state space, if there were ¢, j with i # 7,
who propose f, f' € F' with f # f’ for their types §; and 6; under any BIE ¢* of 1, then
Rule 1 cannot apply at (6;,0;,0_(; ;1), a contradiction. Hence, there is a unique f € F
such that m}(6;) = f for all i € N and all §; € ©; under any BIE ¢* of . m

To conclude the proof of the theorem, we show that (i7) of quasi-robust behavioral

implementability also holds:

Claim 11. For any BIFE of 0* of u, goo* € F.

Proof. It is enough to show that foa € F' as h* = goo™ = foa: Since Rule 1 applies
at each § € O, and each i € N reports the type a;(6;) € ©; as the second entry of
their messages at 6 € © under ¢*, goo* = h* = f oa. As S is closed under deception,
at each 0 € ©, O/(0%;) = Uycs,(fa1){@i 0 a—i} U {a*'} = S;(f, a9 oa_;) U{a”} =
Si(f,a_;)U{a*} foralli € N. If foa ¢ F, then by (ii) of quasi-robust consistency,
there is i* € N and 0. € ©;+ such that f3 ;. ¢ C??(Si*(f, a_)). Since (2%)ien is a
profile of null alternatives, a* is a null act of individual i* and this implies ff:’e;* ¢
C¥ (Si-(f.ami) U{a™ }). Then, £2,. =hi,. ¢ Ci'(OL(0",.)), which contradicts
o* being a BIE of u. Thus, h* = goo* = foa € F, and hence (i7) of implementability
in BIE holds. m m
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