SEQUENTIAL MULTI-HYPOTHESIS TESTING FOR COMPOUND
POISSON PROCESSES

SAVAS DAYANIK, H. VINCENT POOR, AND SEMIH O. SEZER

ABSTRACT. Suppose that there are finitely many simple hypotheses about the unknown
arrival rate and mark distribution of a compound Poisson process, and that exactly one of
them is correct. The objective is to determine the correct hypothesis with minimal error
probability and as soon as possible after the observation of the process starts. This problem
is formulated in a Bayesian framework, and its solution is presented. Provably convergent
numerical methods and practical near-optimal strategies are described and illustrated on

various examples.

1. INTRODUCTION

Let X be a compound Poisson process defined as

N
(1.1) Xi=Xo+ ) Y, t=0,

i=1
where N is a simple Poisson process with some arrival rate A, and Y7, Y5, ... are independent
Re-valued random variables with some common distribution v(-) such that v({0}) = 0.

Suppose that the characteristics (A, v) of the process X are unknown, and exactly one of M

distinct hypotheses,
(1.2) Hi:(Av)= L), He:(Av)=(A,12), ..y Hu:(Av) = (A, vu),

is correct. Let © be the index of correct hypothesis, and \; < Ay < -+ < Ay without loss
of generality.

At time t = 0, the hypothesis H;, i € I = {1,..., M} is correct with prior probability
P7{O =i} = m for some # € E 2 {(my,...,my) € [0,1]M : SV 7. = 1}, and we start
observing the process X. The objective is to determine the correct hypothesis as quickly as
possible with minimal probability of making a wrong decision. We are allowed to observe
the process X before the final decision as long as we want. Postponing the final decision

improves the odds of its correctness but increases the sampling and lost opportunity costs.
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Therefore, a good strategy must resolve optimally the trade-off between the costs of waiting
and a wrong terminal decision.

A strategy (7, d) consists of a sampling termination time 7 and a terminal decision rule
d. At time 7, we stop observing the process X and select the hypothesis H; on the event
{d =i} for i € I. A strategy (7,d) is admissible if T is a stopping time of the process X,
and if the value of d is determined completely by the observations of X until time 7.

Suppose that a;; > 0, 7, j € I is the cost of deciding on H; when Hj is correct, a;; = 0 for
every i € I. Moreover, p > 0 is a discount rate, and f : R? — R is a Borel function such
that its negative part f~(-) is v-integrable for every i € I; i.e., [o. f~ (y)vi(dy) < oo, i € 1.
The compromise achieved by an admissible strategy (7, d) between sampling cost and cost

of wrong terminal decision may be captured by one of three alternative Bayes risks,

r M M
(13) R(ﬁ, T, d) é Eﬁ T4+ 1{T<OO} Z Z CLZ']' . 1{d:i, @j}] >
L i=1 j=1
I M M
(14) R/(ﬁ, T, d) é EW NT + 1{7—<OO} Z Z aij . 1{d:i, @j}] y
L i=1 j=1
[ N- M M
(1.5) R'(%,7,d) £ E Z e Rf(Yy) +e T Z Z aij - L{g=i, ej}] ;
[ k=1 i=1 j=1
and our objective will be (i) to calculate the minimum Bayes risk
(1.6) V(7) & ( ing R(7,T,d), 7€ F, (similarly, V'(-) and V" ("))
T,d)€E

over the collection A of all admissible strategies and (ii) to find an admissible decision rule
that attains the infimum for every 7@ € F, if such a rule exists.

The Bayes risk R penalizes the waiting time at a constant rate regardless of the true
identity of the system and is suitable if major running costs are wages and rents paid at the
same rates per unit time during the study. Bayes risks R’ and R” reflect the impact of the
unknown system identity on the waiting costs and account better for lost opportunity costs
in a business setting, for example, due to unknown volume of customer arrivals or unknown
amount of (discounted) cash flows brought by the same customers.

Sequential Bayesian hypothesis testing problems under Bayes risk R of (1.3) were stud-
ied by Wald and Wolfowitz (1950), Blackwell and Girshick (1954), Zacks (1971), Shiryaev
(1978). Peskir and Shiryaev (2000) solved this problem for testing two simple hypotheses

about the arrival rate of a simple Poisson process. For a compound Poisson process whose
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marks are exponentially distributed with mean the same as their arrival rate, Gapeev (2002)
derived under the same Bayes risk optimal sequential tests for two simple hypotheses about
both mark distribution and arrival rate. The solution for general mark distributions has
been obtained by Dayanik and Sezer (2005), who formulated the problem under an auxiliary
probability measure as the optimal stopping of an R, -valued likelihood ratio process. Un-
fortunately, that approach for M = 2 fails when M > 3, since optimal continuation region
in the latter case is not always bounded, and good convergence results do not exist anymore.

In this paper, we solve the Bayesian sequential multi-hypothesis testing problems in (1.6)
for every M > 2 without restrictions on the arrival rate and mark distribution of the com-
pound Poisson process. We describe an optimal admissible strategy (Up, d(Up)) in terms of
an E-valued Markov process I1(t) £ (I1y(t), ..., (t)), t > 0, whose ith coordinate is the
posterior probability I1;(t) = P7{© =i | F,} that hypothesis H; is correct given the past ob-
servations F; = 0{X;; 0 < s <t} of the process X. The stopping time Uy of the observable
filtration F = {F; }+>¢ is the hitting time of the process I1(¢) to some closed subset I'y, of E.
The stopping region I'y, can be partitioned into M closed convex sets I'ag 1, ..., oo as, and
d(Uyp) equals i € I on the event {Uy < oo,II(Up) € I'y;}. Namely, the optimal admissible
strategy (Up, d(Up)) is fully determined by the collection of subsets ' 1, . . ., s ar, and they
will depend of course on the choice of Bayes risks R, R’, and R".

In plain words, one observes the process X until the uncertainty about true system identity
is reduced to a low level beyond which waiting costs are no longer justified. At this time,
the observer stops collecting new information and selects the least-costly hypothesis.

The remainder of the paper is organized as follows. In Sections 2 through 5, we discuss
exclusively the problem with the first Bayes risk, R. We start with a precise problem de-
scription in Section 2 and show that (1.6) is equivalent to optimal stopping of the posterior
probability process II. After the successive approximations of the latter problem are stud-
ied in Section 3, the solution is described in Section 4. A provably-convergent numerical
algorithm that gives nearly-optimal admissible strategies is also developed. The algorithm is
illustrated on several examples in Section 5. Finally, we mention in Section 6 the necessary
changes to previous arguments in order to obtain similar results for the alternative Bayes

risks R’ and R” in (1.4). Long derivations and proofs are deferred to the appendix.
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2. PROBLEM DESCRIPTION

Let (Q,F) be a measurable space hosting a counting process N, a sequence of R%-valued
random variables (Y},),>1, and a random variable © taking values in I £ {1,..., M}. Sup-
pose that Py, ... Py, are probability measures on this space such that the process X in (1.1)

is a compound Poisson process with the characteristics (A;, v;(+)) under P;, and
1,  ifj=i
0,  ifj#i

Then for every @ € E = {(my,...,m) € [0,1]M : Zf\il =1},

PA{O =5} = { } for every i€ I.

(2.1) PT(A) £ mPi(A), AcF

is a probability measure on (2, F), and for A = {© = i} we obtain P*{© = i} = m;. Namely,
7 = (m1,...,mr) gives the prior probabilities of the hypotheses in (1.2), and P;(A) becomes
the conditional probability P7(A|© = i) of the event A € F given that the correct hypothesis
is © = ¢ for every 7 € I.

Let F = {F;}+>0 be the natural filtration of the process X, and A be the collection of the
pairs (7,d) of an F-stopping time 7 and an [-valued F,-measurable random variable d. We
would like to calculate the minimum Bayes risk V(+) in (1.6) and find a strategy (7,d) € A
that has the smallest Bayes risk R(7, 7,d) of (1.3) for every 7@ € E (Bayes risks R’ and R” in
(1.4) and (1.5) are discussed in Section 6). Next proposition, whose proof is in Appendix A,
identifies the form of the optimal terminal decision rule d and reduces the original problem

to the optimal stopping of the posterior probability process

(2.2)  TI(t) = (I (t),..., Oy (t)), t >0,  where IL(t) =P {0 =i|F}, icl

Proposition 2.1. The smallest Bayes risk V (-) of (1.6) becomes

(2.3) V(@) = inf E7 [T+ Licoh (H(7))], 7= (m1,...,7u) € E,

T€EF

where h : E — R s the optimal terminal decision cost function given by

i€l

M
j=1

Let d(t) € argmin, Z]Ail a;;11;(t), t > 0. If an F-stopping time 7* solves the problem in
(2.3), then (7*,d(7*)) € A is an optimal admissible strategy for V(-) in (1.6).
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Thus, the original Bayesian sequential multi-hypothesis testing simplifies to the optimal
stopping problem in (2.3). To solve it, we shall first study sample paths of the process II.

For every i € I, let p;(-) be the density of the probability distribution v; with respect
to some o-finite measure p on RY with Borel o-algebra %(R?). For example, one can take

p=vy+---+ vy In the appendix, we show that

-\t Ny
i€ 21 Aipi(Yy 7 o ,
(2.5) IL(t) = T Loy Mipi() t >0 P"-almost surely, 7 € E, i € .

M Tt TN )
Zj:l mie Nt Tty Ay pji(Ye)

If we denote the jump times of the compound Poisson process X by

(2.6) o =inf{t >0, X, #X,_}, n>1 (00 =0),

then P;{oy € dty,...,0, € dtn, 0001 > t,Y) €dyy,...,Y, € dy,} equals

[)\iG_Aitldﬁ] [)\ e Ailin—tn- 1)dt it t" H p(dyy,) = e M H Nidt i (yr ) p(dy)

k=1

for every n > 0 and 0 < t; < ... <t, < t. Therefore, II;(t) of (2.5) is the relative likelihood

5 [)\ie*Aitldtl} [)\ e Ailtn—tn—1) Jt } [ i(t—tn } [Tz, pi(ye) p(dys)
S imy s ety - - [)‘jew(t“t"’l dt,] (e Ty py (y) (dye)

nthv
t1=01,...,tn=0n,
Y1=Y1,....yn=Yn
of the path X(s), 0 < s <t under hypothesis H; as a result of Bayes rule. The explicit form

in (2.5) also gives the recursive dynamics of the process II as in
H(t) =z (t —op-1,(0n-1)), tE[on_1,04)

(2.7) (o ):< Ay (Vo) (0n,—) Ao (Yo )y (0,—) ) , n>1
VS A L) S A (Y (o)

in terms of the deterministic mapping = : R x F — FE defined by

. . . 6—>\1t T €—>\Mt M
(2.8) r(t, @) = (x1(t,7), ..., o0t 7)) = (z:M——,\lt’ = |-

j=1¢ 7T 7 >Nt
This mapping satisfies the semi-group property x(t + s, 7) = x(t, z(s, 7)) for s,t > 0. More-
over, II is a piecewise-deterministic process by (2.7). The process II follows the deterministic
curves t — x(t,7), T € E between arrival times of X and jumps from one curve to another
at the arrival times (0,,),>1 of X; see Figure 1.
Since under every P;, ¢ € I marks and interarrival times of the process X are i.i.d., and the

latter are exponentially distributed, the process Il is a piecewise-deterministic (IP;, F)-Markov
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Hy
(1,0,0)

Figure 1: Sample paths t — II(¢) when M = 2 in (a), M = 3 in (b) and (c), and M =4
in (d). Between arrival times o1, 09, ... of X, the process II follows the deterministic curves
t— z(t,7), * € E. At the arrival times, it switches from one curve to another. In (a), (b),
and (d), the arrival rates are different under hypotheses. In (c), Ay = A2 < A3, and (2.8)
implies I1; (¢) /Il5(¢) = 111 (0y,)/a(0,,) for every t € [0y, 0pt1), n > 1.

process for every ¢ € I. Therefore, as shown in the appendix,
(2.9)  EF[g(II(t + 5))|F] = ZH II(t + 5))|F] = ZH I1(t 4 s))|I1(¢)]

for every bounded Borel function g : £ — R, numbers s,t > 0, and © € E, and II is also a

piecewise-deterministic (PT,F )-Markov process for every @ € E. By (2.8), we have

Ori(t, ) B l B _
(2.10) o = w7 | A+ > Nt ®) ), iel

Jj=1
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and Jensen’s inequality gives

M ot w) M i
2 : i\Yy o 2 — Jn
°- )\z T = — i:E 1 )\z .I'i(t,ﬂ') + <’L:E 1 )\z Z’Z<t,7'(')> S 0.

Therefore, the sum on the right hand side of (2.10) decreases in ¢, and next remark follows.

Remark 2.2. For every i € I, there exists t;(7) € [0, 00] such that the function z;(t, ) of
(2.8) is increasing in ¢ on [0, ¢;(7)] and decreasing on [t;(7),00) . Since Ay < Ay < -+ < Ay,
(2.10) implies that ¢;(-) = oo for every ¢ € I such that A; = A;. Similarly, ¢;(-) = 0 for every
1 such that A\; = A\p;. In other words, as long as no arrivals are observed, the process II give
more and more weights on the hypotheses under which the arrival rate is the smallest.

On the other hand, if Ay = --- = Ay, then z(¢,7) = 7 for every ¢t > 0 and 7 € E by (2.8).
Hence by (2.7), IT does not change between arrivals, and the relative likelihood of hypotheses

in (1.2) are updated only at arrival times according to the observed marks.

Finally, we conclude this section with the following lemma, which will be useful in describ-

ing a numerical algorithm in Section 4.2; see the appendix for its proof.

Lemma 2.3. Denote a “neighborhood of the corners” in E by
R M
(2.11) B = U{ﬁ €E:m>q} for every (qu,...,qu) € (0,1)M.
j=1

If A\ < Xy < -+ < My in (1.2), then for every (qi,...,qn) € (0,1)M, the hitting time
inf{t >0 : z(t,7) € E(ql y} of the path ¢ — x(t,7) to the set E\(qh__’qM) is bounded

uniformly in 7 € E from above by some finite number s (g1, ..., qum).

yeesqM

3. SUCCESSIVE APPROXIMATIONS

By limiting the horizon of the problem in (2.3) to the nth arrival time o, of the process

X, we obtain the family of optimal stopping problems
(3.1) Vo(my, oo ) éin}% E [r Ao, +h(TI(T Aay))], TeE, n>0,
TE

where h(-) is the optimal terminal decision cost in (2.4). The functions V,(-), n > 1 and
V(-) are nonnegative and bounded since so is h(-). The sequence {V,(-)},>1 is decreasing

and has pointwise limit. Next proposition shows that it converges to V() uniformly on FE.

Remark 3.1. In the proof of Proposition 3.2 and elsewhere, it will be important to remember

that the infimum in (2.3) and (3.1) can be taken over stopping times whose P*-expectation



8 SAVAS DAYANIK, H. VINCENT POOR, AND SEMIH O. SEZER

is bounded from above by Z -a;; for every @ € E, since “immediate stopping” already gives
the upper bound A(-) < 7, ;a;; < oo on the value functions V(-) and V,,(-), n > 0.

Proposition 3.2. The sequence {V,,()}n>1 converges to V(-) uniformly on E. In fact,

3/2
Am S
(3.2) 0 < V,(7) ) < (Z aw> — for every @ € E andn > 1.

Proof. By definition, we have V,,(-) > V/(-). For every F-stopping time 7, the expectation
E™ [7 4 1{r<ooph (II(7))] in (2.3) can be written as

E™[r Aoy +h (I A 0y))] + EF (1irsony [T — 00 + B (IL(7)) — h (I1(0,))])
>EF[r Ao+ h(I(r Aow)] =Y ay BT 1.
0]
We have EF 1(,-,,1 < E7 [1{T>0n} (1/0n) 1/2} < VEFTE7 (1/0,) due to Cauchy-Schwartz
inequality, and E™ (1/0,,) < Ay /(n — 1) by (2.1). If EFr < > _ij Gij, then we obtain

Am

n—1

3/2
E™ [7 + 1ircooh (TH(7))] > E7 [r Aoy + A (TI(7 A 0y)) (Z aw> ,
and taking the infimum of both sides over the F-stopping times whose P™-expectation is

bounded by Z -a;; for every © € I completes the proof by Remark 3.1. O

The dynamic programming principle suggests that the functions in (3.1) satisfy the relation
Vi1 = JoVi, n > 0, where Jy is an operator acting on bounded functions w : £ — R by
(3.3) Jow(7) = inf E™ [T Aot + Lpeoh (IU(7)) + Lpsopw (o)), 7 € E.

We show that (3.3) is in fact a minimization problem over deterministic times, by using the
next result about the characterization of stopping times of piecewise-deterministic Markov
processes; see Brémaud (1981, Theorem T33, p. 308), Davis (1993, Lemma A2.3, p. 261))

for its proof.

Lemma 3.3. For every F-stopping time T and every n > 0, there is an F,, -measurable

random variable R, : Q + [0, 00] such that T Aoy = (0p+ Rn) Aopiq PT-a.s. on {1 > 0,}.
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Particularly, if 7 is an F-stopping time, then there exists some constant ¢t = ¢(7) € [0, o0]
such that 7 A oy = t A oy holds P-a.s. Therefore, (3.3) becomes
(3.4) Jow(7) = inf  Jw(t,7T) £ E” [t A o1+ Lpeoph (L)) + Lgsonw (H(07))] -

te[0,00]

Since the first arrival time oy of the process X is distributed under P* according to a mixture
of exponential distributions with rates \;, ¢+ € I and weights 7;, i € I, the explicit dynamics

in (2.7) of the process II gives

(3.5)  Jw(t,T) / Zme T4 N (Siw) (2(u, )] du + (Z 7rie>\it> “h(x(t, 7)),

i=1

where S; is an operator acting on bounded functions w : £ — R and is defined as

() A w Aip1(y)m Ao (Y) T ' = ;
30 Sw(m 2 | (zj»”mpj(y) ST b )p’@“(d”’ shreld

Hence, by (3.4) and (3.5) we conclude that the optimal stopping problem in (3.3) is essentially

a deterministic minimization problem. Using the operator .Jy, let us now define the sequence
(3.7) vo(+) = h(-) and Vni1(-) = Jova(+), n>0.

One of the main results of this section is Proposition 3.7 below and shows that V,, = v,
n > 0. Therefore, the solutions (v,),>1 of deterministic minimization problems in (3.7) give
the successive approximations (V},),>1 in (3.1) of the function V' in (2.3) by Proposition 3.2.
That result hinges on certain properties of the operator J, and sequence (v, ),>1 summarized

by the next proposition, whose proof is in the appendix.

Proposition 3.4. For two bounded functions wi(-) < wy(-) on E, we have Jw;(t, ) <
Jws(t,-) for every t > 0, and Jowi(-) < Jows(-) < h(-). If w(-) is concave, so are Jw(t,-),
t >0 and Jow(:). Finally, if w : E — Ry is bounded and continuous, so are (t,7) —
Jow(t, @) and T — Jyw(7).

Corollary 3.5. Each function v,(-), n > 0 of (3.7) is continuous and concave on E. We
have h(-) = vo(-) > v1(-) > ... >0, and the pointwise limit v(-) £ lim,, .o, v,(-) ezists and is

concave on E.

Proof. Since vo(+) = h(-) and v,(-) = Jov,—1(-), the claim on concavity and continuity follows
directly from Proposition 3.4 by induction. To show the monotonicity, by construction we
have 0 < vy(-) = h(-), therefore 0 < vy(-) < wo(+) again by Remark 3.4. Assume now that
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0 <v,(+) < wv,—1(-). Applying the operator .J, to both sides, we get 0 < v,11(+) = Jovn () <
Jovn-1(-) = v,(-). Hence the sequence is decreasing and the pointwise limit lim, . v, ()
exists on E. Finally, since it is the lower envelop of concave functions v,,’s, the function v is

also concave. O

Remark 3.6. For Jw(t,-) given in (3.5) let us define

(3.8) Jow(w) = inf Jw(s, ),

SE[t,00]

which agrees with (3.4) for ¢ = 0. For every bounded continuous function w : £ — R, the
mapping t — Jw(t, 7) is again bounded and continuous on [0, 0o, and the infimum in (3.8)

attained for all ¢ € [0, o0o].

Proposition 3.7. For every n > 0, we have v,(-) = V,(-) in (3.1) and (3.7). If for every

e > 0 we define

ro(7) £ inf {s € (0,00] : Ju,(s,7) < Jovu(T) +€}, n>0, T€E,
TfL/Q 11(0)), if op > 7“2/2 11(0)

S 2 (MO) hon, and sy 2{ " ) Loy
o1+ S0, if o1 <7r*(I1(0))

where O is the shift-operator on Q; i.e., Xy 005 = Xo1y, then
(3.9) E[SE + h(I1(S%))] € vu(7) +e, Ve>0,n>1, 7€ E.

Corollary 3.8. Since v,(-) = Vo(+), n > 0, we have v(-) = V(-) by Proposition 3.2. The

function V() is continuous and concave on E by Proposition 3.2 and Corollary 3.5.

Proposition 3.9. The value function V' of (2.3) satisfies V. = JoV, and it is the largest

bounded solution of U = JoU smaller than or equal to h.

Remark 3.10. If the arrival rates in (1.2) are identical, then z(¢,7) = 7 for every t > 0
and 7 € E; see Remark 2.2. If moreover \; = --- = Ay = 1, then (3.4)-(3.5) reduce to

(3.10) %wﬁy:mm{mm,1+§:m-wwxm}, Feb

i=1
for every bounded function w : E +— R. Blackwell and Girshick (1954, Chapter 9) show that
lim,, o Jih = lim,,_. JO(JSL_lh) = lim, . Jov, = v = V gives the minimum Bayes risk
of (1.6) in the discrete-time sequential Bayesian hypothesis testing problem, where (i) the

expected sum of the number of samples Y7,Y5, ... and terminal decision cost is minimized,
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and (ii) the unknown probability density function p of the Y;’s must be identified among the

alternatives p1,...,pum.

Proposition 3.11. For every bounded function w : E — R, , we have

(3.11) Jow(T) = Jw(t, T) (Z e ) [Jow(z(t, 7)) — h(z(t,7))],
where the operators J and J; are defined in (3.5) and (3.8), respectively.

Proof. Let us fix a constant s > ¢t and 7 € FE. Using the operator J in (3.5) and the

semigroup property of x(t,7) in (2.8), Jw(s, ) can be written as

Tuls, ) = Ju(t,7) + Y mie™ / le N1 4 A - Sio(alt + u, 2t 7))] du

- (f: i e_’\it> : (ij: e t) h(z(s —t,z(t, 7))

M
= Jw(t,7) + (Z i e_’\if) [Jw(s —t,z(t, 7)) — h(z(t,7))] .
i=1
Taking the infimum above over s € [t, 00| concludes the proof. d
Corollary 3.12. If
(3.12) () = rO(7) = inf {s € (0,00] : Ju, (5,7) = Jova(7)}

and inf @ = 0o as 1 (7) in Proposition 3.7 with € = 0, then

(3.13) ro(7) =inf {t > 0: v,qq (x(¢, 7)) = h(x(t, 7))} .

Remark 3.13. Substituting w = v, in (3.11) gives the “dynamic programming equation”

for the sequence {v,(+)}n>0

Un1(T) = Ju,(t, 7) (Z me N ) |:Un+1 (x(t, 7)) — h(x(t,ﬁ))], t € [0,7,(7)].

Moreover Corollary 3.8 and Proposition 3.11 give

(3.14) JV(7) = JV(t,7) + (Zm ) (z(t, 7)) — h(z(t,®))], teR,.
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Similar to (3.12), let us define

(3.15) r(7) = inf{t >0: JV(t,7) = JV(7)}.
Then, similar arguments as in Corollary 3.12 lead to

(3.16) r(7) =inf{t > 0: V(x(t,7)) = h(z(t,7))},

and
(3.17) V(7)) =JV(t,7) + (Z e e_’\"t> V(z(t, 7)) —h(z(t,7))], te]l0,r(T).

Remark 3.14. By Corollary 3.8, the function V() in (2.3) is continuous on E. Since
t — x(t,7) of (2.8) is continuous, the mapping ¢t — V' (z(¢,7)) is continuous. Moreover, the
paths ¢t — II(t) follows the deterministic curves t +— z(t,-) between two jumps. Hence the

process V (II(t)) has right-continuous paths with left limits.

Let us define the F-stopping times
(3.18) U. 2 inf {t > 0: V (II(t)) — h (II(t)) > —¢}, e > 0.
Then the regularity of the paths ¢ — II;(¢) implies that

(3.19) V(II(U,)) — h(II(U.)) > —¢ on the event {U. < oo} .

Proposition 3.15. Let M, = t + V (II(t)), t > 0. For every n > 0 and ¢ > 0, we have
E7[My] = EF[My.ps,]; i.e.,

(3.20) V(7)) =E* [U. Aop +V ILU. Aoy))].

Proposition 3.16. The stopping time U, in (5.18) and Ny. have bounded P*-expectations

for every e > 0 and @ € E. Moreover, it is e-optimal for the problem in (2.3); i.e.,

E™ [U. + 1y <cooyh (I(U.)] S V(7) +e  for every 7 € E.

Proof. To show the first claim, note that by Proposition 3.5 and Corollary 3.8 we have
> @ij > h(7) > V() > 0. Using Proposition 3.15 above we have

S ay > V(@) =EF [U: Aoy + V (I(U: Aoy))] > EF [U: Aoy,
4,

and by monotone convergence theorem it follows that ;- a;; > E7 [U.].



SEQUENTIAL MULTI-HYPOTHESIS TESTING FOR COMPOUND POISSON PROCESSES 13

Also note that the process N; — 3200, T (£)(A\it), t > 0 is a PT-martingale. Then using the

stopped martingale we obtain

M
E7 [Nyn) =BT | IGU-AE) - A - (U A )| < Ay -BFU. < Ay Y ayg.
=1 .3
Letting t — oo and applying monotone convergence theorem we get E* Ny < Ay ZZ ; ij-
Next, the almost-sure finiteness of U, implies
V(7) = lim E7 [U. Ao, + V (I(U. A ay,))] = ET [U. + V (IL(UL))],
by the monotone and bounded convergence theorems, and by Proposition 3.15. Since

V (I1(U:)) — h(II(U:)) > —¢ by (3.19) we have
V(7) > E7 [U: + V (II(U:) — h (TH(U:)) + h (IL(U:))] = B [U. + b (TI(U:))] — €

and the proof is complete. 0

Corollary 3.17. Taking € = 0 in Proposition 3.16 implies that Uy is an optimal stopping
time for the problem in (2.3).

4. SOLUTION

Let us introduce the stopping region T'oy = {7 € E : V(¢) = h(¢)} and continuation

region Cs = E \ 'y, for the problem in (2.3). Because h(7) = min;c; hi(7), we have
(4.1) Foo = Uierloo s, where To; 2 {T € E:V(7) = hi(R)}, i € 1.

According to Proposition 2.1 and Corollary 3.17, an admissible strategy (Uy, d(Up)) that
attains the minimum Bayes risk in (1.6) is (i) to observe X until the process II of (2.7)-(2.8)
enters the stopping region I',, and then (ii) to stop the observation and select hypothesis
H; if d(Uy) = 1, equivalently, if II(Uj) is in 'y ; for some i € I.

In order to implement this strategy one needs to calculate, at least approximately, the
subsets I'n;, @ € I or the function V(-). In Sections 4.1 and 4.2 we describe numerical
methods that give strategies whose Bayes risks are within any given positive margin of the
minimum, and the following structural results and observations are needed along the way.

Because the functions V(-) and h;(-), i@ € I are continuous by Corollary 3.8 and (2.4),
the sets I'w;, ¢ € I are closed. They are also convex, since both V(-) is convex by the

same corollary, and h(-) is affine. Indeed, if we fix i € I, 71,7 € ', and « € [0, 1], then
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V(ami+(1—a)ms) > aV (7)) +(1—a)V (7)) = ahi(7)+ (1—a)hi(7T2) = hi(am+(1—a)Ty) >
V(am+(1—a)7). Hence, V(am +(1—a)m2) = hi(am+(1—a)7s) and am+(1—a) 7 € [ ;.
Proposition 3.9 and next proposition, whose proof is in the appendix, show that the
stopping region I',, always includes a nonempty open neighborhood of every corner of the
(M — 1)-simplex E. However, some of the sets I's,;, ¢ € I may be empty in general,
unless a;; > 0 for every 1 < ¢ # j < M, in which case for some p; < 1, ¢ € I we have
IF'w; 2{7€E : m>p} = for every i € I.

Proposition 4.1. Let w: E — R, be a bounded function. For every i € I, define

+
(42) mm= [1 —1/(2 Ay max aik)} , and whenever \; > \;

T 1 — 7 T —Ai/()‘i—)\l)
(43) 7T;k £ inf < m € [ﬁl,l) : )\2(1——7]') 1— ( ﬁl L. 7 _ﬂ-) 2 mkaxaik .

Then p = (max;, y,—, 7;) V (max;, x>z, 7)) < 1, and

(4.4) (e FE : Jow() = h@} D U{ﬁ € E:m>7p},

and if a;; > 0 for every 1 <i # j < M, then

N - o o _ maxg Qi .
4.5 e E : Jyw(w) = h; ) EFE :m>pV— , 1€ 1.
( ) {W 0 <7T) (ﬂ—)} - {ﬂ— T p (mm#i aji) + (man aik) }

For the auxiliary problems in (3.1), let us define the stopping and continuation regions
as T, £ {7 € E : Vo(¢) = h(¢)} and C, = E \ T, respectively, for every n > 0. Similar

arguments as above imply that
M
Ty =|JTwi  where T,;2{F€E: V,(7) =h(R)}icl
i=1

are closed and convex subsets of E. Since V(-) < ... < Vi(:) < Vu(:) = h(-), we have

M
@8 {FeE:m>m}CleC-- CI,CT, 1 C...CT CTy = E,
4.6 et

{tel m<ny,....,iy<my}2C2---2C,2C,12---20C,2C, =2.
Remark 4.2. If Jyh(-) = h(-), then (3.7) and Corollary 3.8 imply V(-) = h(-), and that it is
optimal to stop immediately and select the hypothesis that gives the smallest terminal cost.

A sufficient condition for this is that 1/)\; > maxges ag; for every ¢ € I; i.e., the expected

cost of (or waiting-time for) an additional observation is higher than the maximum cost of a
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wrong decision. Note that h(-) > Joh(-) by definition of the operator .J; in (3.4), and since
h(-) > 0, we have

Joh(7) > tel[ggo] [/ Zm —Xis g 4 (Z e i5> (t,ﬁ))]

¢ M
1 1
= Hltf [/0 ;Wﬁ_’\"sds + (; Wie_’\is) hy, (I(t,ﬁ))] = lglf;m [)\—l + (ak,i — )\—Z) e‘Ait} .

If 1/X\; > maxy ay; for every i € I, then last double minimization is attained when ¢t = 0 and

becomes h(7); therefore, we obtain h(-) > Joh(-) > h(-); i.e., immediate stopping is optimal.

4.1. Nearly-optimal strategies. In Section 3, the value function V(-) of (1.6) is approx-
imated by the sequence {V,,(-)},>1, whose elements can be obtained by applying the oper-
ator Jy successively to the function h(-) in (2.4); see (3.7) and Proposition 3.7. According
to Proposition 3.2, V(-) can be approximated this way within any desired positive level of

precision after finite number of iterations. More precisely, (3.2) implies that

3
(47) N>1+ 1—12” (Z%) — |-V 2 §1€12|VN(7?) —V(@)| <e, Ve>0.
1,] &

In Section 4.2, we give a numerical algorithm to calculate the functions Vi, V5, . .. successively.
By using those functions, we describe here two c-optimal strategies.

Recall from Proposition 3.7 the e-optimal stopping times S for the truncated problems
Vo(), n > 1in (3.1). For a given € > 0, if we fix N by (4.7) such that ||[Vy — V|| < /2,
then 5%2 is e-optimal for V(+) in the sense that

E [55/2 h (n(sjf))] <Vn(R)+e/2<V(R)+e  forevery 7 € B,

and (Sf\,/Q, d(S;ﬁ)) is an e-optimal Bayes strategy for the sequential hypothesis testing prob-
lem of (1.6); recall the definition of d(-) from Proposition 2.1.

As described by Proposition 3.7, the stopping rule Sf\,/Q requires that we wait until the
least of rf\ﬁl(ﬁ) and first jump time oy of X. If ’rf\,/fl(ﬁ) comes first, then we stop and select
hypothesis H;, i € I that gives the smallest terminal cost h;(z (7“%41(7?) 7)). Otherwise, we
update the posterior probabilities at the first jump time to II(o;) and wait until the least
of T’%iQ(H(Jl)) and next jump time oy o 0,, of the process X. If 7’%2(7?) comes first, then
we stop and select a hypothesis, or we wait as before. We stop at the Nth jump time of the

process X and select the best hypothesis if we have not stopped earlier.
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Let N again be an integer as in (4.7) with €/2 instead of €. Then (Ug/]\;),d(Ugg))) is

another e-optimal strategy, if we define

(4.8) UN) 2 inf{t > 0;  h(IL(t) < Vi (IL(t)) +/2} .

€/2

Indeed, E7 [Ua(%) +h (H(UE(/A;))H < Vy(7)+¢/2 < V(T) +¢€ by the arguments similar in the
proof of Proposition 3.16. After we calculate Vy(-) as in Section 4.2, this strategy requires
that we observe X until the process IT enters the region {7 € E : V(7)) — h(7) > —¢/2}

and then select the hypothesis with the smallest terminal cost as before.

4.2. Computing the successive approximations. For the implementation of the nearly-
optimal strategies described above, we need to compute Vi (+), Va(+),..., Vx(:) in (3.1) for any
given integer N > 1.

If the arrival rates in (1.2) are distinct; i.e., Ay < A2 < ... < Ay, then by Lemma 2.3
the entrance time tz(n},...,75,) of the path ¢t — z(¢,%) in (2.8) to the region UM {7 €
E : m > 7} defined in Proposition 4.1 is bounded uniformly in ©# € E from above by
some finite number s(77,..., 7). Therefore, the minimization in the problem V,(7) =
JoVo(7) = infiejo,00) JVi(t, ™) can be restricted to the compact interval [0, tz(7f,...,73,)] C
0,s(mf,...,m5)] for every n > 1 and @ € E, thanks to Corollary 3.12. On the other hand, if
the arrival rates \; = ... = A\ are the same, then this minimization problem over ¢ € [0, ]
reduces to a simple comparison of two numbers as in (3.10) because of degenerate operator
Jo; see Remark 3.10.

If some of the arrival rates are equal, then tz(77,...,m},) is not uniformly bounded in
7 € FE anymore; in fact, it can be infinite for some 7 € E. Excluding the simple case
of identical arrival rates, one can still restrict the minimization in infycp oo JVa((t,7) to
a compact interval independent of ©# € FE and still control the difference arising from
this. Note that the operator J defined in (3.5) satisfies supzcp |Jw(t,7) — Jw(oo, T)|
(1/A;)e Mt [1 + (M) D2 aij} forevery ¢t > 0 and w : E — R, such that supz.p w(7)
Zz} ; @ij; recall Remark 3.1. If we define

<
<

1 (0/2) \
4.9 t(0) & ——1n for every 6 > 0,
( ) ( ) /\1 <1+(>\1+)\M) Zi’jai]’ Y
(4.10) Jow(7) = iI[Bf] Jw(s, ), for every bounded w: E+— R, t>0,7 € E,
s€|0,t

then for every § > 0, t1,ty > t(0) and 7 € E, we have |Jw(t1,7) — Jw(te, 7)| < |Jw(t1,7) —
Juw (oo, @)| + |Jw(oo, @) — Jw(ts, 7)| < §/2 4 6/2 < 8, and therefore, supzcp | o w(7) —
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Jow(7) ’ < 6. Let us now define
(4.11) Vso() £ () and  Viui1(-) 2 Joue)Van(:), n>1,6>0.
Lemma 4.3. For every § > 0 and n > 0, we have V,,(-) < Vs, (1) < nd+ V,(+)

Proof. The inequalities holds for n = 0, since Vso(-) = Vo(-) = h(-) by definition. Suppose

that they hold for some n > 0. Then V,,41(-) = JoVa(+) < JoVsn(-) < Jot5)Vsn(-) = Vont1(+),

which proves the first inequality for n + 1. To prove the second inequality, note that Vj,,(-)

is bounded from above by h(-) <}, - a;;. Then by (4.10) we have for every @ € E that
Vo1 (7) = inf  JVj,(t,7) < inf JVj,(t,7)+d < inf JV,(¢,7)

te[0,¢(5)] te[0,00] te[0,00]
t M
+/ > me A0S dutd < Via(t,7) / Zm “NUN 6 dut-6 = Vi (R)+(n+1)8,
0o =

and the proof is complete by induction on n > 0. O

If some (but not all) of the arrival rates are equal, then Lemma 4.3 lets us approximate
the function V(-) of (2.3) by the functions {Vj,(-)}s>0n>1 in (4.11). In this case, there is
additional loss in precision due to truncation at 9, and this is compensated by increasing the

number of iterations. For example, for a every € > 0 the choices of N and § > 0 such that

3/272
1 .
Nzl—l—g 14+ vV Am (;ai]) and 0 < ——— N\/i imply that
(4.12) ?
3/2 \
M
HVa,N—VHSH%,N—VN\|+|!VN—VH§N5+(izj%') NS¢

by (3.2) and Lemma 4.3. Hence, the function V'(-) in (2.3) can be calculated at any desired
precision level € > 0 after some finite N = N (e) number of applications of the operator Jy (s
n (4.10) for some § = 6(N) > 0 to the function h(-) of (2.4), and one can choose

1+\/E(Zaij)3/2r,

]

(4.13) N(e) £ smallest integer greater than or equal to

1
NyN -1

lI>

(4.14) I(N) for every e > 0 and N > 1.

If we set N = N(g/2) and § = 6(N), and define U(é’N) £ inf {¢t > 0; h(II(t)) < Vsn(II(2)) +

g/2}, then for every @ € E we have E7 [U(/2 +h (H(US;N))H < Vsn(T)+e/2 < V(T)+e¢
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Initialization. To approximate V by Vi or Vs v such that ||[Vy — V|| <cor ||[Vsn—V]|| < ¢
for some € > 0, choose the number of iterations N and truncation parameter § > 0 as follows:
e If My <Xy <---<Apyyor A\ =---= Ay, then take N > 1+ ()\M/€2)(Zi,j aij)3.
e Else take N > 1+ (1/&*)[1+ VA (3, ; aiy)*? and 0 < 0 < 1/(Ny/N —1).
By using bisection search, find 7} for i € I by using (4.3). Set n = 0, Vo(-) = h(:) or
Vso(-) = h(:).
Repeat
o If A\ < Ay < -+ < Ay, then calculate V1 (7) = MiNge[o ¢ (nt,...m%,)] JV,(t, ) for
every T € E, where tz(n],... 7}, is the hitting time of the path ¢ — z(¢,7) in
(2.8) to the region Emr, r:y in (2.11).
e Else if \y = --- = Ay, calculate V11 (7) = min {h(7), (1/X\1) + D>, m - (SiVo)(7)} as
in (3.10) for every 7 € E.
e Else, calculate Vi, 1(7) = infycpo sy JVin(t, 7) for every 7 € E, where t(d) is given
by (4.9).
e Increase n by one.
Until n > N.

Figure 2: Numerical algorithm that approximates the value function V(-) in (2.3).

as in the proof of Proposition 3.16. As in the case of (4.8), observing the process X until

the stopping time US’QN)

and then selecting a hypothesis with the smallest expected terminal
cost give an e-optimal strategy for the V() in (1.6).

Figure 2 summarizes our discussion in the form of an algorithm that computes the ele-
ments of the sequence {V,,(-) }n>1 or {V5,(+)}n>1 and approximates the function V'(-) in (2.3)

numerically. This algorithm is used in the numerical examples of Section 5.

5. EXAMPLES

Here we solve several examples by using the numerical methods of previous section. We re-
strict ourselves to the problems with M = 3 and 4 alternative hypotheses since the drawings
of the value functions and stopping regions are then possible and help checking numeri-
cally Section 4’s theoretical conclusions on their structures; compare them also to Dayanik
and Sezer’s (2005) examples with M = 2 alternative hypotheses. In each example, an ap-
proximate value function is calculated by using the numerical algorithm in Figure 2 with a
negligible e-value.

Figure 3 displays the results of two examples on testing unknown arrival rate of a simple
Poisson process. In both examples, the terminal decision costs a;; = 2, ¢ # j are the same

for wrong terminal decisions.
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(a) (b)

Figure 3: Testing hypotheses H; : A =5, Hy : A =10, H3 : A = 151in (a) and H; : A = 5,
Hy: A =10, H3 : A =15, Hy : 20 in (b) about the unknown arrival rate of a simple Poisson
process. Wrong terminal decision costs are a;; = 2 for ¢ # j in both examples. In (a),
the approximations of the function V(-) in (1.6)-(2.3) and stopping regions I'o 1,...,T's0 3
in (4.1) are displayed from two perspectives. In (b), the stopping regions I'o 1, ..., s 4 are
displayed by the darker regions in 3-simplex E. Observe that in (b) m4 equals zero on the
upper left H; HyHs-face of the tetrahedron, and the stopping regions on that face coincide
with those of the example in (a) as expected.

In Figure 3 (a), three alternative hypotheses H; : A =5, Hy : A = 10, Hy : A = 15 are
tested sequentially. The value function and boundaries between stopping and continuation
regions are drawn from two perspectives. As noted in Section 4, the stopping region consists
of convex and closed neighborhoods of the corners of 2-simplex F at the bottom of the figures
on the left. The value function above E looks concave and continuous in agreement with
Corollary 3.8. In Figure 3 (b), four hypotheses H; : A =5, Hy : A = 10, Hy : A = 15, and
Hy : A = 20 are tested sequentially and stopping regions I's 1,...,I' 4 are displayed on
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V()

Hj H;

(a) (b)

Figure 4: Impact on the minimum Bayes risk in (1.6) and on its stopping regions of differ-
ent alternative hypotheses in (1.2) about unknown characteristics of a compound Poisson
process. On the left, V1) V@ VG are the minimum Bayes risks when (i) alternative ar-
rival rates (Aq, Ay, A3) are (1,3,5), (1,3,10), (0.1, 3, 10), respectively, and (ii) the alternative
mark distributions on {1,2,3,4,5} are given by (5.1). On the right, V¥, V®) 1©) are the
minimum Bayes risks when (i) alternative arrival rates (A1, A2, A3) = (3,3, 3) are the same,
and (ii) the marks are Gamma distributed random variables with common scale parameter
2 and unknown shape parameter alternatives (3,6,9), (1,6,9), (1,6, 15), respectively.

the 3-simplex E. Note that the first three hypotheses are the same as those of the previous
example. Therefore, this problem reduces to the previous one if 74 = 0, and the intersection
of its stopping regions with the Hy H, Hs-face of the simplex E coincides with those stopping
regions of the previous problem.

Next we suppose that the marks of a compound Poisson process X take valuesin {1, 2, 3,4, 5}

and their unknown common distribution v(-) is one of the alternatives

1 2 3 4 5 3 3 3 3 3 5 4 3 2 1
(51) V=97 7030303 (2 V2 — TCraso e a1 (0 V3T TR T T
15°15°15°15° 15 15°15°15° 15" 15 157157 15" 15 15
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For three different sets of alternative arrival rates (Aq, Ag, A3) in (1.2); namely, (1,3,5),
(1,3,10), (0.1,3,10), we solve the problem (1.6) and calculate the corresponding minimum
Bayes risk functions V1 (-), V@ (.), VO)(.), respectively. The terminal decision cost is the
same a;; = 2 for every 1 < i # j < 3. In Figure 4(a), the functions V1, V® VG and
stopping region boundaries are plotted. It suggests that V) (-) > V@ () > VO(.) as
expected, since the wider the alternative arrival rates are stretched from each other, the
easier is to discriminate the correct rate.

Figure 4(b) displays the minimum Bayes risks V¥ V) V) and boundaries of stopping
regions of three more sequential hypothesis-testing problems with M = 3 alternative hy-
potheses. For each of those three problems, the alternative arrival rates (A1, Ay, A3) are the
same and equal (3,3, 3), and the common mark distribution v(-) is Gamma(2, 3) with scale
parameter 2 and unknown shape parameter §. Alternative (-values under three hypotheses
are (3,6,9), (1,6,9), (1,6,15) for three problems V® V®) V() respectively. Figure 4(b)
suggests that VW () > VO () > V) () as expected, since alternative Gamma distributions
are easier to distinguish as the shape parameters stretched out from each other.

Furthermore, the kinks of the functions V¥ (.), VO)(.), V) (.) suggest that these are not
smooth; compare with VI (.), V@ (.) VE)(.) in Figure 4 (a). Dayanik and Sezer (2005)
show for M = 2 that the function V(-) in (1.6) may not be differentiable, even in the interior
of the continuation, if the alternative arrival rates are equal. This result applies to the above
example with M = 3, at least on the regions where one of the components of 7 equals zero

and the example reduces to a two-hypothesis testing problem.

6. ALTERNATIVE BAYES RISKS

The key facts behind the analysis of the problem (1.6) were that (i) the Bayes risk R in
(1.3) is the expectation of a special functional of the piecewise-deterministic Markov process
IT in (2.2), (2.7)-(2.10), (ii) the stopping times of such processes are “predictable between
jump times” in the sense of Lemma 3.3, and (iii) the minimum Bayes risk V(-) in (1.6) and
(2.3) is approximated uniformly by the truncations V,,(-), n > 1in (3.1) of the same problem
at arrival times of observation process X. Fortunately, all of these facts remain valid for the
other two problems in (1.6),

6.1 V(7)) & inf R(7 7,d d  V'(®) & inf R'(% 7,d
(6.1) (%) ,nf (7,7,d)  an (%) ,inf (7, 7,d),
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of the alternative Bayes risks R’ and R” in (1.4) and (1.5), respectively. Minor changes to
the proof of Proposition 2.1 give that

V/(®) = inf BF [N, + L h(1I()] . 7€ E,

(6.2) [
V(%) =inf E¥ |} e f(Yy)+e "h(II(7))|, REE

TEF
in terms of the minimum terminal decision cost function h(-) in (2.4). Moreover, for ev-
ery a.s.-finite optimal F-stopping times 7/ and 7” of the problems in (6.2) the admissible
strategies (7/,d(7")) and (7”,d(7")) attain the minimum Bayes risks V'(-) and V"(-) in (6.1),
respectively, where the random variable d(t) € argmin;e; >,y ai;lLi(t), t > 0 is the same as

in Proposition 2.1. The sequence of functions

V(%) & inf E™ [n A N; + 1grcooy W(II(T A0y))], >0 and

(63) . nAN7
VI(7) & inf B ; e Pk f(Vy) + e P b (II(1 A o)) |, n >0,

obtained from the problems in (6.2) by truncation at the nth arrival time o,, (09 = 0) of the
observation process X, approximate respectively the functions V'(7) and V”(7) uniformly

in 7 € E, and the error bounds are similar to (3.2); i.e

3/2
A
0S HVTZ_V/H 7”‘/,,;/_‘/”” S (Za”> ni\/ll fOl" eVerynZ 1.
2Y)

Moreover, the sequences (V./(-))n>1 and (V/())n>1 can be calculated successively as in

Vo (@)= inf JV/(t,7),n>0 and V' (%)= inf J'V)(t,7), n>0

te[0,00] t€[0,00]

by using the operators J' and J” acting on bounded functions w : E' +— R according to

Jw(t, 7) /Zm NN+ (Saw) (o, 7)) du+ 3w e MR (o(t, 7)),

(6.4) b .
T"w(t, 7) / Zn e PN [+ (Siw) (2, )] du+ Yo (et 7))

for every t > 0; here, S;, i € I is the same operator in (3.6), and

2E[f(V) |0 =1] = /f Jvi(dy) = /f ypi(yu(dy), i€l
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is the conditional expectation of the random variable f(Y;) given that the correct hypothesis
is © = i. Recall from Section 1 that the negative part f~(-) of the Borel function f : R — R
is v;-integrable for every i € I; therefore, the expectation p;, @ € I exists.

As in Proposition 3.16 and Corollary 3.17 the F-stopping times
Ul 2 inf {t > 0; V/(I1(t)) = h(l’[(t))} and U! 2 inf {t > 0; V'(II(t)) = h(H(t))}

are optimal for the problems V'(-) and V"(-) in (6.2), respectively. The functions V'(-) and

V”(-) are concave and continuous, and the nonempty stopping regions
I' 2{7ecE V@ =n7)} and T =2{FcE: V"7 =h7)}
are the union of closed and convex neighborhoods
I &2l N{TeE:h®) =h(7)} and I, 2T N{F€E:h(T) =@}, icl
of M corners of the (M — 1)-simplex E. It is optimal to stop at time U} (respectively, UJ)

and select the hypothesis H;, i € I if II(Ug) € I', ; (respectively, II(Uy) € T ;).

00,1

The numerical algorithm in Figure 2 approximates V'(-) in (6.2) with its outcome V()
or Vi n(-) if J, 7;, m; are replaced with J' in (6.4),

—afy_ A1 y maxg ;g
' 2 )\M (man aik) (minj;ﬁi Csz‘) + (man aik) ’

w 1—-m m \ WA
m Zinf{mem,1]: ——o0 [l - [ —2 — > Max Qi ¢,
(]_ — 7TZ') T 1-— Uy k

respectively, for every i € I. Similarly, its outcome Vi (-) or Vy'y () approximates the function
V”(-) in (6.2) if in Figure 2 J, 7;, 7} are replaced with J” in (6.4),

N {1 B A } v maxy a;p
' 2 (A + p) (maxy, air) (minj; aj;) + (maxy ag)’
i 17, : —(Xitp)/(Ai—A1)
' &inf{ m € [7),1] : T 1— _7T I > maxa;y

respectively, for every ¢ € I. As in Section 4.1, these numerical solutions can be used to
obtain nearly-optimal strategies. For every ¢ > 0, if we fix N such that ||V — V|| < ¢/2
and define U. , v £ inf {t > 0; h(II(t)) < V4 (IL(t)) + £/2}, then ( ;/2,N7d<U,/2,N)> is an e-

&€

optimal admissible strategy for the minimum Bayes risk V’(+) in (6.1). Similarly, if we fix N
such that [[Vy—V"|[ < &/2 and define U}, y £ inf {t > 0; h(II(t)) < VY(II(t)) + £/2}, then

€

(U !/2 N AU ;’/2 N)) is an e-optimal admissible strategy for the minimum Bayes risk V”(-) in
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Hs

(¢) V() with p = 0.2

s 'A:’,\’A"/\
ol RN
/1 / ////i/ ,'///

Hj Hy Hs

(d) V"(-) with p = 0.4 (e) V"(-) with p = 0.6 () V"(-) with p = 0.8

Figure 5: The minimum Bayes risk functions V(-), V'(-), and V"(-) corresponding to Bayes
risks R in (1.3), R’ in (1.4), and R” in (1.5) with discount rates p = 0.2,0.4,0.6,0.8, re-
spectively, when three alternative hypotheses, Hy : A =1, Hy : A = 2, and H3 : A = 3,
about the arrival rate A of a simple Poisson process are tested. In each figure, the stopping
regions I'o 1, I'ac 2, and I'w 3 in the neighborhoods of the corners at H;, Hs, and Hj are also
displayed. The terminal decision costs are a;; = 10 for every 1 <1 # 5 < 3.

(6.1). The proofs are omitted since they are similar to those discussed in detail for V/(-) of
(1.6). However, beware that the Bayes risk R’ in (1.4) does not immediately reduce to R of
(1.3), since the (PT,F)-compensator of the process Ny, t > 0is S 00 TL;(t)A;, t > 0.

Figure 5 compares the minimum Bayes risk functions and optimal stopping regions for a

.6
3

three-hypothesis testing problem. Comparison of (a) and (b) confirms that the Bayes risks
R and R’ are different. Since the stopping regions in (b) are larger than those in (a), optimal
decision strategies arrive at a conclusion earlier under R’ than under R. As the discount
rate p decreases to zero, the minimum risk V”(-) and stopping regions become larger and

converge, apparently to V’(:) and its stopping regions, respectively.
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APPENDIX: PROOFS OF SELECTED RESULTS

Proof of (2.5). The right hand side of (2.5) is F;-measurable, and it is sufficient to show

me M [Tty A (V)
Sl e M T Ay - py (V)
for sets of the form A = {N,, = ma, ..., Ny, =my, (Y1,...,Y,,) € By, } for every k > 1,
0=t <th <...<tp=t,0=mg <my <...<my, and Borel subset B,,, of R™*4 Tf A is
as above, then E7 [1A PT(O =i| .7-})] — E7 [Eﬁ( Lano= | ]-"t)] = E~ [1Aﬂ{6:i}} = m; P;(A)

becomes

E™ [14-PTO©=i|F)] =E" [14-

k

v tn _ Mp—Mnp—1
7 e Ntk H ( (. / sz ye)p(dye)
n=1 Bmy, g=1
k Mk
t _ tn 1 mn Mnp—1 /
= Li(tk7mk7yl7"'7ym ) /‘L(dye)
1:[ — Myp1)! Bm,, * 31_[1

in terms of Li(t,m,y1,...,ym) = me ML, Api(ye), @ € 1. If Lt,m,yr, .y Ym) =
2?11 Li(t,m,y1,...,Ym), then ET [1,4 P*(O =i | .7-",5)] equals

mg
t _tTL 1 mn Mn—1

— Mp— 1)‘

m n— tn— M =1 Ll Uy My Y1y - - - Ym
Y kH( : 1) / (L ok, Y1 ?Jk) Hpﬂ ye) ()
BTVL

mn_mn—l)! i L(tk7mk7y17"‘7ymk =1

Lz(tku Mg, Y, - - - 7ymk)
L(tka mME, Y1, - - - 7ymk)

1(dye)

(=1

/ L(te, mi,y1, -y Ymy) -
B,

Mi ||::w

n=1
(tk)Ntw}/la s 7YNtk)
(tantka}/b v ’YNtk)

Nt
i f)\tkH kAZpZ( )
i ijvil me =t TT0% Aps (V2)

Proof of (2.9). For every bounded F;-measurable r.v. Z, we have

O=j| =FE7 |14 O

E™[Z g(11(t + s)) Zm II(t + s)) Zm (It + )| F]]
- ZW{@ = Y EIZ B0 + )] | © =] = B [Z1 0y Blo(I1(t + )| ]

= > BT [ZIL() Edg(T1(¢ + 5))| F]] = B 0

2 (zmu)mg(mws»m])

=1
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Proof of Proposition 2.1. Let 7 be an F- stopping time taking countably many real values

(tn)n>1. Then by monotone convergence theorem

M M
(Al) Eﬁ T —|— Z Zazj . 1{d:i, @:j}] ZE 1{T—tn

tn +ZZ% Lig=i o= J}]

i=1 j=1

_ ZE’?l{mtn} t +ZZ% 1-nP™{0 = j|F,}

=1 j5=1

:ZE*1{T:tn} ty +ZZ% Lia—py11;(t

=1 j5=1

_ T

M M
=E7 |7+ ) aij- LamipIl(7)

i=1 j=1

Next take an arbitrary F-stopping time 7 with finite expectation E™r. There is a decreasing
sequence (7)g>1 of F-stopping times converging to 7 such that (i) every 7, k > 1 takes
countably many values, and (ii) E77, is finite. (For example, if ¢ () = (j —1)k27% whenever
t€[(j — 1)k27F jk27%) for some j > 1, then 73, = (1), k > 1 are F-stopping times taking
countably many real values and 7, < 7 < 73, + k2F for every k > 1.) Therefore, d € F, C Fr
for every k > 1. Then the right-continuity of the sample-paths of the process II; in (2.2),

dominated convergence theorem, and (A.1) lead to

M M M M
T+ Z Z aij - Lia=;, @j}] = ]}Lrilo E* |7, + Z Z aij + 1g=;, G)j}]

i=1 j=1 i=1 j=1
M M M M
Tk + Z Z aij - Lia=n 1L (73) T+ Z Z aij - Lia=n 1L;(7)

i=1 j=1 i=1 j=1

-
™

= lim E7 T

k—o0

The last expectation is minimized if we take d(7) € arg min;es E]Ai1 a;j - 11;(7). Hence,

M M
T+ Z Z CL,‘j . 1{d:i}Hj<7—>

i=1 j=1

inf R(r,d) > mf E7<F
(r,d)eA

by Remark 3.1. Since d(7) is F,-measurable, we also have the reverse inequality. O

The following result will be useful in establishing Lemma 2.3.

Lemma A.1. Suppose \i < Ay < ... < Ay. Let E(qh‘_”qM) be as in (2.11) for some
0<q,...,qu < 1. For every firxed k € {1,..., M — 1} and arbitrary constant 0 < & < 1,

there ezists some ey, € (0,0x] such that starting at time t = 0 in the region

(RE€E\Eg.qny) : T <ex Vi <k and m, > 6},



SEQUENTIAL MULTI-HYPOTHESIS TESTING FOR COMPOUND POISSON PROCESSES 27

the entrance time of the path t — x(t,7), t > 0 into E\(q1,...,q ) is bounded from above. More

M

precisely, there ezists some finite ty(0y, qx) such that
xy (tk 0k, qr), T) > qr.  for every @ in the region above.

Proof. Let k = 1 and 6; € (0,1) be fixed. The mapping t +— (¢, 7) is increasing, and
limy o x1(t, @) =1 on {7 € E : m > 6;}. Hence the given level 0 < ¢; < 1 will eventually
be exceeded. Then the explicit form of z(¢,7) in (2.8) implies that we can set
1 1-6 @
t1(0 = 1 . .
1( 1aq1> )\2_)\1 n( 51 1_q1
For 1 <k <M —1, let § € (0,1) be a given constant. By (2.10), the mapping t — xy(t, 7)

is increasing on the region {7 € E : m; <&, for all j < k}, where

2 7y min{ (1 - qk)()‘k—i-l - Ak) 1- 5k}
(k=1 (MNes1 — o) k=1 [

Let us fix

Av — A1 qk

A 1— (Me=A1)/(Anm—A1) A 1— (Me=Akr1) (A=)
wﬂh—D( L “) +( k. ”) .

Av — A 1-—
ekésup{ogﬂkgék/\ék/\uzék( Qk)z

1—ék Tk 1—ék Tl

The right hand side of the inequality above is 0 at 7 = 0, and it is increasing on 7 €
[0, (Aar — M)/ (Aar — A1)]. Therefore, e is well defined. Moreover, since ¢ < &, for a point
7 on the subset {7 € £ : m; < ¢, for all j < k} we have by (2.8) for every j < k that

~

1 1-—
xj (t,7) < éy for every t < In k. ok )
AM — A1

1—ék Ek

&k, l—eg
1—ék Ek

In other words, t — xx(t,7) is increasing on t € [0, /\Ml_/\l In < )] for every 7 in
the smaller set {7 € E : m; < ¢, for all j < k}. Moreover,

A=A

Me—Xj
1 — gy £k 1 —¢ep\ =21 £k 1 — g\ M
5k( )Zzek(l_ék' - +Z7Tj TR :

r i<k >k

For every @ € E such that m, > 0, and 7m; < ¢, for all j < k, rearranging this inequality and

1 1 ék 1— Ek A
xXr n . T
b A — A1 1-—¢, Ek ’ = ks

using (2.8) give
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which completes the proof for 1 < k < M — 1. U

Proof of Lemma 2.3. The claim is immediate if @ € E(qlr,_qu). To prove it on E \

E(q17_,.7qM), with the notation in Lemma A.1, fix

1 —qum .
o1 =—— and 0;=¢;4q for t1=M—2,...,1.
M—-1 M—1 ) +1
Then by Lemma A.1 we have §; < ... < dp_1, and our choice of dy;_1 implies that {7 €
E\E* : m <, i< M—1} = @. By the same lemma, for every starting point 7 at time

= 0 in the set

{7? ek \ E(Qh---ﬂM) L < (51', Vi < M — 2, and w1 > 6M_1}

- {7_1: S E\E\(ql,...,q L < 5]\/[_2, Vi< M — 2, and my_1 > 5M—1}

M)

there exists tp;_1(dp—1,qp—1) such that the exit time of the path ¢ — z(¢,7) from E \
E(qhquM) is bounded from above by ¢;_1(da7—1,qr—1). Then the last two statements imply
that the same bound holds on {7 € E '\ E\(qh,,.7qM) D < 0y, fori < M — 2},

Now assume that for some 1 < n < M — 1 and for every 7 in the set
{TeFE\ E(qhqu) D < 0y, fori < n},

we have inf{t > 0 : z(¢t,7) € E(q“..,qm)} < maxXgsy te(0k, qx). Again by Lemma A.1 there

exists t,, (0, ¢,) < 0o as the upper bound on the hitting time to E(ql,,_ y for all the points

-4qM

in {7 € E\E(qhqu) o < 0, fori <n—1, and 7, > 6,}. Hence on {7 € E\E(

m; < 0;, fori < n — 1} the new upper bound is maxy~,_1 tx(dx, ¢x). By induction, it follows

Q1)

that s (qi1,...,qnm) can be taken as maxg>q tg(0k, qr)- O

Proof of Proposition 3.4. Monotonicity of the operators Jw and Jyw, and boundedness
of Jow(-) from above by h(-) follow from (3.4) and (3.5). The check the concavity, let w(-)
be a concave function on E. Then w(#) = infrex 35 + Zj\il B¥m; for some index set K and
some constants 3, k € K, j € I U{0}. Then M me N, - (Siw) (z(u, 7)) equals

M ZM k o
E )‘Z i Aiu f k J J i J
i=1 " /Rd = [50 ' Z;‘il Ajzi(u, 7) pi(y) ] Pily)uldy)

a keK

M M
R i=1 i=1
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where the last equality follows from the explicit form of z(u,7) given in (2.8). Hence, the
integrand and the integral in (3.5) are concave functions of 7. Similarly, using (2.8) and (2.4)
we have (Zf\il 7@64‘“‘/) h(z(t, 7)) = infre; Zj‘il ay;mje %t and the second term in (3.5)
is concave. Being the sum of two concave functions, @ — Jw(t, ) is also concave. Finally,
since 7 — Jow(7) is the infimum of concave functions, it is concave.

Next, we take w : F — R, bounded and continuous, and we verify the continuity of
the mappings (¢t,7) — Jw(t,7) and 7 +— Jo(7). To show that (¢,7) — Jw(t,7) of (3.5) is

continuous, we first note that the mappings

t M M
(t,7) — / Z me M du and (t,7) — (Z 7Tz~€_>‘it> h(x(t, 7))
0 =1 i=1

are jointly continuous. For a bounded and continuous function w(-) on E, the mapping 7 —
(S;w)(7) is also bounded and continuous by bounded convergence theorem. Let (t®), 7)),

be a sequence in R, x E converging to (¢,7). Then we have
t(k) M

/ Z ef)\ “ )\ iTG S w( U/ 7T du - / Z ei)\iu )\lﬂfk) ’ SZw(x(u’ ﬁ(k)))du

(k) M

e MU\ - Sjw (2 (u, 7) du—/ Z A\ Siw(a(u, 7))du

1% M () M

e MU Ny - Siw(z(u, 7))du —/ Ze”"”Am'(k) - Siw(w(u, #))du

t(k) M

gAMlle-\t—t(’“)H/ Yoo
0 =1
~ M
SAM||w||-!t—t<’f>|+AM/ =
0

=1

w(z(u, 7)) — 7 - Saw(z(u, ﬁ<k>))] du

;- Syw(z(u, 7)) — 7Ti(k) - Sw(x(u, ﬁ(k)»‘ du

where ||w|| £ sup-.p |w(7)| < oo. Letting k — oo, the first term of the last line above goes
to 0. The second term also goes to 0 by the continuity of 7@ — S;w(z(u, 7)) and dominated
convergence theorem. Therefore, Jw(t, ) is jointly continuous in (¢, 7).

To see the continuity of 7 +— Jyw(7), let us define the “truncated” operators

JEw(R) & inf Jw(t,7), TeE k>1
te[0,k]
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on bounded functions w : E +— R. Since (t,7) — Jw(t,7) is uniformly continuous on

[0, k] x E, the mapping 7 — J¥w(7) is also continuous on E. Also note that

Jw(t,7) = Jw(t Ak, T) + /Ze’\“ 1+ X - Ssw(z(u, 7)) du

M M
+Y e h(a(t,®) = Y e N b (x(t Ak, 7))
i=1 i=1
M

> J’U)(t A ]{;’7?) - 1{t>k} Z eikikﬂ-i “h (I(l{?,ﬁ))

> Jw(t ANk, T) (ZGU>Z€ Aik i > Jw(t ANk, T) (Zau> e Mk

since 0 < w(-) and 0 < A(:) < ZU a;j. Taking the infimum over ¢ > 0 of both sides gives

Jow( T) > Jow(7) > Jo (Z azy) e Mk,

Hence, Jfw(7®) — Jow(®) as k — oo uniformly in 7# € E, and 7 — Jow(7) is continuous on

the compact set E. 0

Proof of Proposition 3.7. Here, the dependence of re/* on 7 is omitted for typographical

reasons. Let us first establish the inequality
(A.2) E[r Ao, +h(I(T Aay))] > va(F), TelF, T€E,
by proving inductively on £ =1,...,n + 1 that
(A3) E*[r Ao, +h(II(1TAoy))]
> E* [T A Cnks1 + Lirson 1Ot I(0nk41)) + Lo, oph (IL(7))] =t RHS)_1.

Note that (A.2) will follow from (A.3) when we set k =n + 1.
For k =1, (A.3) is immediate since vy(-) = h(-). Assume that it holds for some 1 < k <
n + 1 and prove it for k£ + 1. Note that RHSj_; defined in (A.3) can be decomposed as

(A.4) RHS,_y = RHS", + RHS?”,
where RHS\", 2 EF [ A0y + 1ir<0,_h(II(7))] , and RHS, is defined by

E™ [Lro, o {7 A Onkit = Oni + Lrzon oy 01 (T(0n—k11)) + Lireo, oy (7)) }] -
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By Lemma 3.3, there is an F, _, -measurable random variable R,,_j such that 7 A 0y,_j41 =
(Ot + Rn_k) N op_gs1 on {7 > 0,_1}. Therefore, RHS,@1 becomes
E™ [1(r50, o3 {(Fnat + Ruk) A Cneiort — Ot + Lo o y50n ren) V-1 (H(0n_r41))
+ 1o i re r<on pe P00k + Ruzi)) }]
=FE~ [1{Tzan_k}Eﬁ { (rAoy)obs, \T:Rn_k + LR, zon_ni1—oni}Vk—1(T(0n_k41))
+ LR <o rsi—on i} MO0k + Ruoi))| Fo, }] -

Since II has the strong Markov property and the same jump times oy, kK > 1 as the process

X, the last expression for RH S ', can be rewritten as
RHS]£2_)1 = Eﬁ [1{720'71—1@} fn—k(Rn—kza H<0n—k)):| )

where f, (7, 7T) £ g7 [r N0+ 1pso V- 1(H( 1)) + <oy h(II }
fok(r, @) > Jov_1(T) = v(7), and RHSk , > E [1{T>0n o} vk(H(an k))} Using this
inequality with (A.3) and (A.4) we get

= Jug_1(r, 7). Thus,

E* [ Ao, +h(Il(T Aoy))] > RHS),
> ET [T A 0poi + Lir<o, 3h (7)) + 1(rzq, yvr (IL(7))] = RHS).

This proves (A.3) for k+1 instead of k, and (A.2) follows after induction for k£ = n+1. Taking
the infimum on the left-hand side of (A.2) over all F-stopping times 7 gives V,,(-) > v,(+).

To prove the reverse inequality V,,(-) > v,(+), it is enough to show (3.9) since by construc-
tion S is an F-stopping time. We will prove (3.9) also inductively. For n = 1, the left hand
side of (3.9) reduces to

EF [r§ Aoy +h (T1(rg A o1))] = Juo(r, 7) < Jovo(7) + €,

where the inequality follows from Remark 3.6, and the inequality in (3.9) holds with n = 1.
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£/2

Suppose now that (3.9) holds for some n > 1. By definition, S5, Aoy =7~ Aoy, and

E7 [SZ—H +h (H(S’raz—f—l))} E7 Sa-s-l Noy+ (S’Z—f—l - 01) 1{Sg o} T h ( (Sn+1)) ]

2 N oy + (Sf/2 0 0y, + h (I(oy + S:/% o 05,))) Lier
TZ/Q N o1+ 1{7“5/2

rf:/2 Ao+ 1{7«,2/2

oyt ez h (H(r;/z))]

<Ul}h (IL(r e/z)) +1, 5/2201}1[-37? [(5;/2 + h(H(s;m))) 0 0, | o] ]

€ c 5 )
<ol (II(rs/?)) + Lierrsyyvn (o)) 2 = Ju, (rs/?, 7) + 3

where the inequality follows from the induction hypothesis and strong Markov property.
Hence, E7 [S5,, + h (I1(S%,,))] < va(7) + £ by Remark 3.6, and (3.9) holds for n+1. O

Proof of Proposition 3.9. Note that the sequence {v,},>1 is decreasing. Therefore,

v(7) = inf v, (7) = inf Jyv,_1(7) = inf inf Ju, (¢, 7) = inf inf Jv,_1(t,7)

n>1 n>1 n>1t>0 t>0n>1

:gg}gfll/o Zm YL+ NSivp— (2 (u, T) du—l—Ze brih tﬂ'))]

t>0

= inf [/ Zme_’\ Y14+ NSiv(z(u, )] du + Z; e Mtmh (m(t,ﬁ))] = Jou(7) = SV (7)),

where the seventh equality follows from the bounded convergence theorem since 0 < v(-) <
v (-) < h() <325 aij. Thus, V satisfies V = JoV.

Next, let U(-) < h(-) be a bounded solution of U = JyU. Proposition 3.4 implies that
U= JyU < Joh = vy. Suppose that U < v, for some n > 0. Then U = JoU < Jyv, = Vi1,
and by induction we have U < v, for all n > 1. This implies U < lim,, o, v, = V. ]

Proof of Corollary 3.12. For typographical reasons, we will again omit the dependence
of r,(7) on 7©. By Remark 3.6, Ju,(r,, 7) = Jovp(7) = J,, v,(7). Let us first assume that

rn, < 0o. Taking t =1, and w = v, in (3.11) gives

JUp (1, T) = Ty, 00 (T) = Jp (1, T) + Zm [vnﬂ(a:(rn,ﬁ’)) — h(:r:(rn,ﬁ))]
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Therefore, vy1 (x(rp, 7)) < h(x(rp,7)). If 0 < t < 1y, then Ju,(t,7) > Jovu(7) =
I, U (T) = Jyu, (7). Using (3.11) once again with w = v,, and t € (0,7,) yields

Jovn(R) = Jyn(7) = Joa(t, 7) +Zm {UM (t,ﬁ))—h(x(t,ﬁ))].

Hence v,11 (z(t,7)) < h(z(t,7)) for t € (0,7,). If r, = oo, then the same argument as
above implies that v,y1 (z(t, 7)) < h(z(t,7)) for t € [0,00], and (3.13) still holds since
inf @ = oo. U

Proof of Proposition 3.15. We will prove (3.20) inductively. For n = 1, by Lemma 3.3

there exists a constant u € [0, 00] such that U. A oy = u A o1. Then

(A5) Ef[Mypm] = EF uA oy + V (TI(uA 0,)]
—E7 [uno + BV (1) + Tz ()] + E7 [Lucory [V (I(u)) — h (11(u)]]

+ Zm e [V (z(u, 7)) — h(z(u,7))] = JV(T)

because of the delay equation in (3.14). Fix any ¢ € [0,u). Same equation implies that
JV(t,7) = LV (7) — o0, me Nt [V (z(t, 7)) — h(z(t,7))] is less than or equal to

Z”z MV (2(t, 7)) —h(a(t, 7))] = JoV(7)—ET [, 50 [V (II(£)) — A(II(1))]] .

On {o; > t}, we have U. > t (otherwise, U, < t < o7 would imply U. = u < ¢, which
contradicts with our initial choice of t < w). Thus, V(II(¢)) — h(II(t)) < —e on {0y > t}, and

JV(t,7) > V(&) +eE™ [Lo5] = JV(R) + ¢ Zﬂ'i e for every t € [0,u).

Therefore, JoV (%) = J,V(7), and (A.5) implies E¥[My_py,] = JV(7) = JV(7) = V(7) =
E7[Mp]. This completes the proof of (3.20) for n = 1. Now assume that (3.20) holds for
some n > 1. Note that E*[My.ns,.] = EF[Liv. <onnMu.] + EF L0500y Mu po,.) €quals

Eﬁ[l{UE<01}MU5] —|— Eﬁ: [1{(]520-1} {0'1 —I— UE A On+1 — 01 + V (H(Ua N O—n—l—l))}} .

Since U A 041 = 01 + [(U: A 0y,) 06,,] on the event {U. > o1}, the strong Markov property
of IT implies that E*[My, ,,.,] equals

E*[L{v. <oy Mu.] + E* 1. 500301] + E7 150 BTV [U. Aoy + V (IL(U- A 0,))]] -
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By the induction hypothesis the inner expectation equals V (II(o7)), and
ET[Mu.nons1] = BT [Liv.<oy Mu.] + BT [1v.50,) (01 + V(I1(01)))] = ET[My,. o, ] = EF[Mo),

where the last inequality follows from the above proof for n = 1. Hence, EF[My, 1, .,] =

E7[M,), and the proof is complete by induction. |

Proof of Proposition 4.1. By Proposition 3.4 we have 0 < Jyw(-) < h(-) for every bounded
and positive function w(-). To prove (4.4), it is therefore enough to show that h(-) < Jow(-)
on {7 € E : m > p} for p defined in the lemma. Since w(-) > 0, we have Jyw(7) =

infi>o Jw(t, 7) > infy>o infier K;(t, 7), where

t M M
Ki(t, 7) 2 /0 S me it du+ 3 e Nhi(a(t, 7)),
j=1 j=1

with the partial derivative

OK,(t,7) & M
(A.6) % = Zﬁje‘“t{l = ST + A age it 7)

k=1

+ (Z Ak xk(tvﬁ)) (Z /\k xk(t, ﬁ) } > Z?Tje_Ajt {1 — 2)\M (IH]?XCsz)(l — [Ei(t7 7?))} .

k=1
Note that if \; = Ay, then ¢ — a;(¢,7) is non-decreasing. Hence 0K;(t,7)/0t > 0 for all
t>0andm > = (1-1/2A\y maxkai,k))f Hence on {7 € E : m > 7;}, we get
h(7) > Jow(7) > infi>o inf; K;(t, 7) = inf; inf,>¢ K;(t, 7) = inf; K;(0,7) = inf; hi(7) = (7).
Now assume \; > A;, and let T;(7,m) = inf{t > 0 : x4(t,7) < m} be the the first time

t +— x;(t, 7) reaches [0, m]. For t > T;(7,7;), the definition of K;(¢,7) implies

Ki(t, @) > m /Tl(mrl) e Mudy > 2t [1 - (1 :ﬂ T ) o M)] ;
0 A T

.1—71'1'

7

where the last inequality follows from the explicit form of z(¢,7) given in (2.8). The last
expression above is 0 at m; = 7;, and it is increasing on ; € [7;, 1) and increases to the limit

1/\; as m; — 1. For m; > 7f in (4.3), we have

’ 1-7, ’ =i/ (Ni—=A1)
T [1— ( T T > > (m]?xaik)(l—m),
Uy’

>\i .1—7'('1'

and the inequality holds with an equality at m; = 7. Hence, we have K;(t,7) > h;(7T)

for t > T;(7,7;), and for m; > 7. Since t — K;(t,7) is increasing on [0, T;(7,7;)], we get
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h(7) > Jow(7) > inf;inf;>¢ K;(t, ) = inf; hy(7) = h(7) on {7 € E : m; > ©f}, and (4.4)

follows. Finally, if a;; > 0 for every i # j, then (4.5) follows from (4.4) since h(7) = hi(7)

on {7 € E : m; > maxy, a;x/[(minj; a;;) + (maxy a;)]} for every i € I. O
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