Date: 22 March 2003, Saturday
Instructor: Ali Sinan Sertoz
Time: 10:00-12:00

Math 206 Complex Calculus — Midterm Exam I
Solutions

. 2
1 Calculate the principal value of | (1 +i)*™ | —=.
67'('

Solution:
(1402 = |:\/§€i(7r/4+2n7r)
: T
= exp ((2+4@)(1n\/§—1—z(z +2n7r))>
= exp ([2111\/5—7T—8n7r]+i[4ln\/§+g—|—4n7r]>

— L 6i(41n\/§+7r/2+4n7r)’ nez.

em(8n+1)

i| 2441

The principal value corresponds to n = 0, and the principal value of the absolute value of the

2
above number is now seen to be —. Hence
e

| (1+)t | ——= =0

3
2 Find all values of z for which we have cosh z = - Use any method you like.

Solution: Method-1: cosh z = coshx cosy + isinhxsiny = ‘/75 + 20.
So sinhxsiny = 0. If siny = 0, then cosy = +1 and from
coshxcosy = \/75, it follows that coshz = :|:73, which is a contradiction since coshz > 1 for
all x € R.

So we must have sinh x = 0, which gives z = 0. Then cosh z = 1 and we end up with cosy =

From here it follows that y = +% + 2n7, where n is an integer.

Hence z = j:z(% + 2nm), where n € Z.

Ne
=5

3
Method-2: Use cosh™ 2 = log[z + (22 — 1)/?] where you put z = \/Tg You get cosh ™ \/7— =

V3

log[T + %] = log[exp(i(:l:% + 2nm))] = z(:l:% + 2n7), which agrees with the previous answer

when you note that n is any integer.




3) Evaluate the integral / pp _C(S;Z Y dz.
=3

j21=2

iolutioni COS T2 d _ cosTz
et f(z) = EEE ) and g(z) = P
Let (' be the positively oriented boundary of the region
Ry ={z € C|Re z>1/2,and |z] < 3/2 }, and let Cy be the positively oriented boundary of
the region
={z€C|Re z<1/2,and |z| <3/2 }. Then

COSTTZ L f(2) 9(2) .
/.z|_3 oemgt - e [
= 2mif(0) + 2mig'(1)

= 2rmi(—3) + 2ri(0)

= —7.

4) For any real constant a € R, calculate the integral I, = / cosh(a cos 0) cos(asin 0)d6.
0

Solution:

From the Cauchy Integral Formula we find that /
|z|=1 z

coshaz

dz = 2mi. Now we evaluate this

integral using the definition of complex integrals.

z=¢€" =cosf +isinf, —7m <0 <.

dz = ie?df. Now let

f(0) = cosh(acos @) cos(asinf), and g(f) = sinh(a cos #) sin(asinf). Note that f is even and g
is odd, i.e. f(—z)= f(z) and g(—2) = —g(z). By direct calculation we find that

coshaz

dz =

. cosh(a cos 6 + iasin 0)]idd

cosh(a cos ) cosh(ia sin 0) + sinh(a cos ) sinh(ia sin 0)]id0
cosh(a cos #) cos(a sin #) + i sinh(a cos ) sin(a sin )]id0
f(0) +ig(0)]idb

= —g(0)df +if(0)do

[
[
[
[

where we used the formulas cosh(iy) = cosy and sinh(iy) = isiny.

It now follows that

2mi = — /:g(e)de +z/i F(0)do = z/: F(0)do = 2 /Oﬂ F(0)do = 2il,.

Hence the answer is
I, =m.




