Date: October 16, 2008, Thursday
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Altintag & Sertoz

Math 206 Complex Calculus — Midterm Exam I — Solutions

Q-1) Find all the roots of (%)4—1-8—#8\/5 t = 0. Write the resulting numbers
z

in rectangular form, i.e. of the form a+:b with a and b being real numbers.

Answer: Call « = —%-. Then o* = —8 — 8V/3i.

z+1"

0[4 — 24 (_% . ? Z) — 24 6(47r/3+27’l7l’)i.

Then every 4-th root of « is of the form 2e(™/3+77/2)i for n =0, 1,2, 3.
This gives the numbers #(1 + i1/3) and £(—v/3 + 7).
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Q-2) Find a complex differentiable function f(z) = u + iv, whose imaginary
part is v(x,y) = 2* — 3zy* — 2y and satisfies f(0) = 1. Write f(z) as a
function of z and not as a function of x and y.

Answer: We impose the Cauchy-Riemann equations u, = v, and u, = —v,.
Solving for v we find u = —3z%y + y* — 22 + C. Imposing the condition
f(0) =1 gives f(z,y) = (—32%y + y> — 2z + 1) + i(2® — 3zy* — 2y). From
the uniqueness of analytic functions, this is the only function generalizing
f(x,0) = =2z + 1 +ia. But clearly —2z + 1 + 42 is such a function. So
f(z)=—2z+1+1iz%




Q-3) In the z plane two sets are given by

A:Imz>0
B:|z+ 3| > 2|z — 3]

a) Sketch AN B (intersection of A and B).
b) State whether AN B is open, closed or neither.

Answer: The points in the set B satisfy (z + 3)* + y* > 4[(z — 3)* + ).
Simple algebra yields 22 +4? — 102 + 9 < 0 . Recombining the terms, we get
(x —5)? 4+ y? < 16. This yields inside an open disk around z = 5 with radius
4. The set A is a closed set containing the upper half space of the complex
plane including the real axis. The intersection is the set containing the upper
half of the open disk together with its diameter. The diameter points are
part of the boundary points of AN B and are included in AN B. So AN B
cannot be open. But on the other hand, the boundary points of the disk, i.e.
the points lying on the circle (z — 5)% + y* = 16 are not included in AN B,
so AN B cannot be closed. Hence AN B is neither open nor closed.

Q-4) Calculate the principal value of AZ, where A = 1 —i and B = 2¢"/6,
Give your answer in rectangular form.

Answer: A=1—i=+2e""" logA=Inv2—ir/4, and B = 2"/ =
V3 4.

Then AB = e(Blogd) — clV3+illlnv2=in/4] 41 this gives in rectangular form

e\/gln\/i+7r/4 cOS (hl\/_ - \/57.‘_/4) + ,l'e\/gln\/i+7r/4 sin (11,1 \/_ . \/§W/4> )
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