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Q-1) Let f : Rn → Rm be a function.
(a): Define what it means for f to be differentiable at p ∈ Rn.

(b): Mark each of the following statements as TRUE or FALSE.
Grading: Each correct answer is 2 points, each wrong answer is -3 points. No answer is 0 points.

(i) If f is differentiable at p, then f is continuous at p.

(ii) If f is differentiable at p, then all first order partial derivatives of f exist at p.

(iii) If all first order partial derivatives of f exist at p, then f is differentiable at p.

(iv) If all second order partial derivatives of f exist at p, then f is differentiable at p.

(v) If f is differentiable at p, then all first order partial derivatives of f exist and are continuous at p.

(vi) If all directional derivatives of f exist at p, then f is continuous at p.

Solution:

(a): f is differentiable at p if there is a linear map T : Rn → Rm such that

lim
h→0

f(p+ h)− f(p)− T (h)

|h|
= 0,

where h ∈ Rn.

(b) T-T-F-T-F-F
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Q-2) (a): State the implicit function theorem for a function f : Rn+m → Rn at a point (a, b) ∈ Rn+m,
where a ∈ Rn and b ∈ Rm.
(b): Show that the system of equations

u2 + v2 + xyz = 33
u

x
+

v

y
+

4

z2
= 7

can be solved for u and v in terms of x, y and z around the point (x, y, z) = (2, 1, 2) such that
u(2, 1, 2) = 2 and v(2, 1, 2) = 5.

Solution:

(a): Let f = (f1, . . . , fn) and let the coordinates of Rn+m be given by (x1, . . . , xn, y1, . . . , ym).

Assume that f(a, b) = 0. If det
(
∂fi
∂xi

(a, b)

)
1≤i,j≤n

̸= 0, then around b ∈ Rm there exists a unique

differentiable function g such that g(b) = a and f(g(t), t) = 0 for all t in some neighbourhood of b
in Rm.

(b): Let f : R5 → R2 be defined by

f(u, v, x, y, z) = (f1, f2) = (u2 + v2 + xyz − 33,
u

x
+

v

y
+

4

z2
− 7).

Then

det

(
∂fi
∂xi

(2, 5, 2, 1, 2)

)
= det

(
4 10
1/2 1

)
= −1 ̸= 0.

So u and v can be solved in terms of x, y and z around (2, 1, 2).
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Q-3) (a): State the inverse function theorem around the origin for a function f : Rn → Rn.
(b): Let f : R2 → R2 be defined as

f(x, y) =
(
1 + x+ 3y + x3 + y4, cos x+ 2 sin y + tan(x2 + y3)

)
.

Show that f is invertible around (0, 0) and find D(f−1)(1, 1), where D denotes the total derivative.

Solution:

(a): If detDf(0) ̸= 0, then f is invertible on some neighbourhood of the origin. Moreover,
[Df−1(f(0))] = [Df(0)]−1.

(b):

Df(0, 0) =

(
1 3
0 2

)
.

This matrix is invertible, so f is locally invertible and since f(0, 0) = (1, 1), we have

D(f−1)(1, 1) =

(
1 3
0 2

)−1

=

(
1 −3/2
0 1/2

)
.
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Q-4) Prove or disprove that the following function is differentiable at the origin.

f(x, y) =


x3 − xy2

x2 + y2
if (x, y) ̸= (0, 0),

0 if (x, y) = (0, 0).

Solution:

∂f

∂x
(0, 0) = lim

h→0

f(h, 0)− f(0, 0)

h
= 1.

∂f

∂y
(0, 0) = lim

h→0

f(0, h)− f(0, 0)

h
= 0.

If f is differentiable at the origin, then its total derivative there must be (1, 0).

Now we check the definition of differentiability of f at the origin.

f(x, y)− f(0, 0)− (1, 0) · (x, y)
(x2 + y2)1/2

=
−2xy2

(x2 + y2)3/2
= ϕ(x, y).

Since ϕ(x, λx) =
−2λ2

(1 + λ2)3/2
, its limit as (x, y) goes to (0, 0) does not exist. Hence f is not differ-

entiable at the origin.
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Q-5) Let f : Rn → Rm be a function.

(a): Let p be a point in Rn and u be a unit vector in Rn. Define the directional derivative of f in
the direction of the vector u at the point p.

(b): Prove or disprove that if f is differentiable at p, then its directional derivatives in all directions
exist at p.

Solution:

(a): Duf(p) := lim
t→0

f(p+ tu)− f(p)

t
when the derivative exists.

(b): Assume that f is differentiable at p. Take h = tu. By definition we have

0 = lim
t→0

∣∣∣∣f(p+ tu)− f(p)− T (tu)

t

∣∣∣∣ = lim
t→0

∣∣∣∣f(p+ tu)− f(p)

t
− T (u)

∣∣∣∣ .
Hence Duf(p) exists and is equal to T (u).


