In this booklet you will find solutions to the

¢ Fill in the boxes to make the following a true statement. No explanation is required.

type of questions which pop up from time to time in Math 101 exams.

To solve such problems in the exam you are expected to make wild and lucky guesses. With quick
trial and error you can find some of these constants.

Here you will find complete solutions with explanations.
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Fall 2017 Midterm-1 Question-1

[17+8 points] 1
1. A function f that is defined and continuous for = 5 0 satisfies the following conditions:

@ f2-vD = {1-1/VE, £(2/3)=0, f(2) = V2, f2+V2) = {1 +1/v2

@ liran_ flz) = —co, li?_f(x) =00, lim f(x)=0, lim flz)=0

@ flr)=0for z<2/3and o#0,andfor x> 2 fz) >0 for /3 <2 <2
Tinx P . ' =
:c—){ﬂ,.‘IS}— F(=) = :-,]EP}»:}— flz) =00
® fz)<0for < 0,andfor2 —v2<2<2+v/Zand 2 £2/3; flz)>0for D<z<2—+/2
and for = > 242
a. Sketch the graph of y = f(z) making sure that all important features are clearly shown.

" .

b. Fill in the boxes to make the following & true statement. No explanation is required.

The function f{r) = (az + b)°r? satisfies the conditions TG if o, b, ¢ and d are chosen as

a = 3 . b= —’2, , o= —-% and d:l—v}'




Solution of Fall 2017 Midterm-1 Question-1-b:

First observe that we cannot have ab = 0 since then f’(x) would not change sign at x = 2/3. So
a # 0,and b # 0.

From f(2/3) = 0 we get (2a/3 + b)°(2/3)? = 0. This then implies that 2a + 3b = 0, and ¢ > 0,

We have f'(z) = ac(az + b)* 'z + d(azx + b)°z*~'. From lim,_,2/3)+ f'(z) = 400 we conclude
thata > 0and 0 < c < 1.

Since f’(z) is continuous at x = 2/3 and changes sign there we must have f'(2/3) = 0. Writing
f'(z) = (az+b)*tx?(ac+ ad)x + bd], and recalling that 2a + b # 0, from f/(2) = 0 we get, after
substituting b = —2a/3, that 3¢ + 2d = 0.

Substituting b = —2a/3 and ¢ = —2d/3, we get f"(2 + v/2) = (279)a%d(d + 1). But f’(x) is
continuous at 2+ /2 and changes sign there, so e+ \/5) = 0. This forces|d = —1|and |c = 2/3|.

Now we have f(z) = (a/3)2/3(i:v — 2)2/3. From here we have f(2) = (a/3)%32'/3. But f(2) =

2173 Equating these and keeping in mind that a > 0, we get , which then gives .



Fall 2018 Midterm-2 Question-1

(1748 prints] 1

1. A function f that is twice-clifferentiable on the entire real line satisfies the following conditions
0 f(0)=0. f(V2) =331, f(2) =8, f(J20)=0
@ fz) <0 for x <0 andfor #>2; fr) =0 for D<oz <?

© [Mx) >0 for = < J2; f(z) <0 for x> 32
a. Sketch the graph of y = f(&) making sure that all important features are clearly shown.

) (J-:::F[x]

2V

b. T'ill in the boxes to make the following a true statement, No explanation is required.

The function f(x) = ax® + cx” satisfies the conditions 0-@ if a, b, ¢ and d are chosen as

: _5— |'_U and  d = _2,

a=|-— |, b=




Solution of: Fall 2018 Midterm-2 Question-1-b:

We have f(z) = ax® + cx?, f'(z) = aba® ! + cdx?™1, and f"(x) = ab(b — 1)z~ % + cd(d — 1)z¢2.
If both of b and d are larger than 2, then f”(0) would be zero. Since f”(0) > 0, we must have either
b=2ord= 2. Letus take . (The case for b = 2 is similar.)

Now we have f(z) = az?(z"> + 2) Since f(20'/%) = 0, we have

1/3vb—2 €
(201/9)07% = - (1)

2
We also have f'(z) = abx(x"2 + —Z) Since f'(2) = 0, we have
a

2c
ab’

Dividing equation (1) by equation (2), and simplifying, we get

2572 —

2)

b—2

5 3
) (5) 0 3)

By inspection we see that b = 2 and b = 5 are two solutions. Since y = 2(5/2)@~2/3 is concave
up, and y = =z is a straight line, these two graphs can intersect at most at two points and we have just
found all solutions. Here is the graph of these two functions:

Since b is assumed to be larger than 2, we must have .

Now equation (1) becomes
&

20 = ——, orequivalently, 20a+c=0. (3)
a
On the other hand f(2) = 8 gives
8a+c=2. “4)
Solving equations (3) and (4) together we get
1 10
a spand o=

If at the beginning, instead of d = 2, we had chosen b = 2, then we would find d = 5, a = 10/3 and
c=—1/6.



Fall 2019 Midterm-1 Question-1

[5+5+5+5+5 points] 1

1. Suppose that 11I£l+ flz) = A, lirgl f(z) =B, f(0) = C, where A, B, C are distinct real numbers.
z— z—0~

In each of the following, fill in the corresponding box by:
e [xpressing the limit in terms of A, B, C if it is possible to do so using the given information;

e Writing DNE if it is possible to conclude that the limit does not exist using the given information;

or

e Putting a X, otherwise.

No explanation is required. No partial points will be given.  [The box should contain nothing except your answer!]

a. lim f(z —+z) = B

z—0+

b lim f(zsin’(l/2) =| DN

z—0t

c. lim f(z —2?sin(1/2)) = A

z—0t

d. lim f(z —sin(z)) = A

z—0t

e. lim f(z —tan(z)) = g

z—0+




Solution of Fall 2019 Midterm-1 Question-1-b:

Q-1-a) When 0 < = < 1, we have x — /z < 0. If we lett = = — /z, then t goes to zero from the left
while x is going to zero from the right. Hence
lim f(z—+/z) = lim f(t)=|B]
z—0t t—0~
Q-1-b) When 0 < z < 1, we have zsin*(1/x) > 0. In fact when z,, = 1/(7 + 2n7) forn = 1,2,3,.. .,
we have f(z, sin*(1/x,) = f(0) = C. This means that in any neighborhood (0, §) with § > 0,

we have infinitely many points where f(zsin?(1/x)) = C. When z — 0% but z # z,,, then
xsin®(1/x) — 0F. Hence

lim f(zsin®*(1/x)) = A, and lim f(xsin®(1/x)) = lim f(x,sin?*(1/z,)) = C.
on pati A

Since A # C, we have lim f (zsin®(1/x)) does not exist. Hence
z—0

lim+ f(zsin®(1/z)) =
z—0
Q-1-¢) When 0 < z < 1, we have t = x — 2%sin(1/x) = x(1 — xsin(1/z)) > 0. This shows that as =
goes to zero from the right, ¢ also goes to zero from the right. Hence
lim f(z — 2?sin(1/x)) = lim f(¢) = .
xz—07F t—0+
Q-1-d) Putting ¢ = x — sin z, we see that for 0 < = we have ¢t > 0, and as = goes to zero from the right, ¢
also goes to zero from the right. Hence

lim f(x —sinx) = tl_i}r(g ) =Al

z—0t

Q-1-e) Putting ¢t = = — tan x, we see that for 0 < = < m/2, we have ¢ < 0. [ This can be seen as follows:
Let ¢(x) = x — tanx for 0 < x < 7/2. Then ¢(0) = 0 but ¢/(z) = 1 — sec’z < 0, so ¢(z) is
decreasing starting from ¢(0) = 0 and is negative on 0 < x < 7/2.] Also note as before that as
goes to zero from the right, then ¢ also goes to zero but from the left. Hence

lim f(x —tanz) = tlirgl_ f(t) =[B].

z—0t



Fall 2019 Midterm-2 Question-1-b

[19+6 points] 1
1. A continnous function [ on [—oc, oo satisfies the following conditions;

® f(0)=6, f(3)=0
@ flr)>0for x<0andfor 3<o; ffa)<0for O=o<d
® Mzl =0for z<Dandfor 0=z <d; MMe)l<0for 3z
9 lim flz)=4, lim flz)=4

T =0 frfy Iv =]
@ lim f(z)=1, lim f{z)=—5; lim Fle)=—4/53, lim f(z)=4/5

x=0" z—04 x—d- x—it

a. Sketch the graph of ¥ = f{x) making sure that all important features are clearly show.

14

b. Fill in the boxes to make the following a true statement. No explanation is required.

|z —al . . .
- zatisfies the conditions @-@ if o, b and ¢ are chosen as

The function f{) = T
xr e

a= 3 , b= 7,{'— and ©= _F.'g_l:,




Solution of Fall 2019 Midterm-2 Question-1-b

f(3) =0 gives[a = 3]

3 3 1
Now f(0) = — but f(0) is given as 6. So from — = 6 we get |c = o1
c c
At this point we have, for z > 3, f(x) vo9
is point we have, forx > 3, f(z) = ————.
P bz + (1/2)
: 1 o 1
lim f(x) = b But this limit is given as 4. So we must have | b = it
T—00




Fall 2020 Midterm-1 Question-5

[f6+4 points] 5

5. A function f, which is defined and continuous for all 2 # 2, satisfies the following conditions:

@ flo)=2, f(+v6—2)=(22+8/6)/25

(@ lim flz) =00, I_l}l]+ flr) = —oc, jrli_rt_u:6 flx)=0, Ill'f:}c flz)y =0

f =

@ f{z) =0 for @ <0, and for = = VE—2 and o #2;and fla) <0 for 0 <z <62

@ 1'1111]1 fix) =4, ]_il£1+ fllz)=-2

G floy=0for x<2and o7 0, fz) <0 for x> 2

a. Sketch the graph of y = fi2) making sure that all important features are clearly shown.

b. Fill in the boxes to make the following a true statement. No explanation is reguired.

The function flx) = m

if @, b, ¢ and d are chosen as

4= -—"l s b= ~—2¥ . = —':'2"'

10

and

i=

ax 4+l L o ) o 3
satisfies the conditions @-@ at all points in its domain

= |




Solution of Fall 2020 Midterm-1 Question-5-b

f£(0) = 2 gives b = 2d.

When z = 2, the denominator 22 + c|z| + d = z* + cz + d vanishes which gives
d=—4—2c, sowealsoget b=—-8—4c.

_ ar—4c—8
224 cz| -4 —2¢

Now we have f(z)

For 0 < z < 2 we have

ax — 4c — 8 ar’* +4a+2ac—8cr —4c¢* —16x — 8¢
f(2) = - ,and f/(z) = - :
2 +cr—4—2c (22 4+cx—4—2c¢)
) , 2c—a )
From here we have lim f'(x) = . But we also have lim = —2. Thus we get
z—0t+ 44 2c¢ z—0t

a =8+ 6c.

Putting this too into f we get for x < 0,

(84 6¢)r —4c—8

Jx) = x2—cx—26—4’$<0’
and ) ) )
f’(m):—24x —4cx+16+24c+3cx 2—}—80 —8x7 2 <0
(22 —cx—4—2c¢)
Then 4(c+1)(c+2)
) —4(c c
xlﬂ%l— fiw) = (c+2)? '

Since this limit exists we must have ¢ # —2, so we can cancel (¢ 4 2) to get

lim ) = 5

But this limit is given as 4. Solving for ¢ from

—4(c+1)
(c+2) 7

we get c——§
g - 2'

Then substituting this value of ¢ into the previous findings for a, b and d we get \ a=-—1,|b=-2 ‘

and[d =1

>

11



Fall 2021 Midterm-1 Question-5

[17+5 points] 5

5. A awice-differentiable function f on {(—oc, 0o) satisfies the following con.itions:
@ f(-8) =0, f(-3) =4, f0) =B, f(3) = C, where A, B, ¢ are real numbers such that
2<A<
i Tl=— i =i
@ lim flo)=-2, lim f(z) =2
3 fllz)=00forz<0, fle)<0for =0
@ =0, Mz)>0for x <—3 andfor 2 >3, f(z) <0 for -3 <z =<0 andfor Dz <3

a. Sketch the graph of y = f(x) making sure that all important features are clearly shown,

b. Fill in the boxes to make the following a true statement. No explanation is required.

3
ax” + b : .
The function f{z) = B satisfies the conditions (T)-(3) if o, b and ¢ are chosen as
P +e

0= :Z . b= 2;0 and o= 5_21(

12

ERSR)



Solution of Fall 2021 Midterm-1 Question-5-b

Since f(—5) = 0, we must have —125a + b = 0.

Since lim f(z) = a and this limit is given as 2, we have and hence |b = 250 |.

Xr—r 00
We now have
f(a) 223 + 250
)= —r-—-.
|z3] + ¢
Since this function is defined everywhere, the denominator never vanishes. Hence we must have
c> 0.

Note that for z > 0 we have

62%(c — 125)
! =—> <0.
(@) (23 4 ¢)?
Hence ¢ < 125. Thus 0 < ¢ < 125.
We also note that for x > 0,
12
f(x) = ﬁ[(%o —2¢)a” + ¢(c — 125)].

Since the denominator does not vanish for > 0, this rational function is continuous and changes
sign at x = 3. Setting f”(3) = 0 we end up with the equation

[c? — 179¢ + 6750] = [(c — 125)(c — 54)] = 0.

Therefore ¢ is either 54 or 125. Since 0 < ¢ < 125, we conclude that [¢ = 54]

13



Fall 2022 Midterm-1 Question-4

[F8+16 points] 4

4. A funetion f, which is continuous on [0), 0o) and twice-differentiable on (0, oo), satisfies the following
conditions:

@ fl0)=2, f(3-V5)=1+V3, f(2)=3

3 _li_%n\f{;t) =1

@ Fle)>0fn 0<e<3—+5,and f(2) <0 for ¢ >3- 5
@ 11131+ fx)=m

& fz)<0for 0<a <2, and fx) >0 for 7= 2

a. Sketch the graph of y = f{z) making sure that all important features are clearly shown.

d
I +J/¢

b. Fill in the boxes to make the following a true statement. No explanation is required,
T+ b

T+

The function f{z) =

if @, b and © are chosen as

satisfies the conditions (I-(5) at all points in its domain

o= -,{}U'ri . b= 4 and o= Z

14



Solution of Fall 2022 Midterm-1 Question-4-b

f£(0) = 2 gives b = 2c.

) 6+ c
2) =3 gives a = .
f(2)=3¢ 7
Then our function becomes
f) = V2(6 + ¢)y/7 + 4c
B 2(x +¢) '

Next we put z = 3 — /5 to get

—2\/3—1—2—1-0\/5—0_0

F(3—=v5) = (1++5) = 2E 30

Equating the numerator to 0 we see that[c = 2|,

Then from the previous equations about a and b we get | a = 4v/2|, |b =

15



Fall 2023 Final Question-4

(5+5+5+5+5 points] 4

4. In each of the following, if the given statement is true for all f, then mark the 0 to the left of True
with a X ; otherwise, mark the [J to the left of FaLse with a X and give a counterexample.

a. If f has a derivative on (—c0, ), then f has an antiderivative on (—00, 00).

EjTRUE

[ Favse, because it does not hold for f(z) =

b. If f has an antiderivative on (—00,0), then f has a derivative on (—o0, 00).

[0 TruE

Bf FaLse, because it does not hold for f (z)= \7( \

c. If f'(z +2r) = f'(x) for all z, then flz+2m) = f(z) for all z.

O True

(X Farse, because it does not hold for fl)y=1]%

d. If f(n) > n for all positive integers n, then lim f(z) = 0.

T—ro0

O True

%FALSE, because it does not hold for f(z) = | X CoJ ( 1 x)

e. If f is continuous on (—o0,c0), then 5_17/ f(zt)dt = f(2?) for all z.
0

O True
%fFALSE7 because it does not hold for f(z) = | X

16



Solution of Fall 2023 Final Question-4:

4a. If f has a derivative, then f is continuous. Every continuous function has an antiderivative by
the Fundamental Theorem of Calculus. In fact g(z) = / f(t) dt is an antiderivative of f when f is
0

continuous.

Hence the answer here is TRUE

4b. This sounds too god to be true! So we look for a counterexample. For example, we know that
every continuous function has an antiderivative (see 4a. above) but not every continuous function is
differentiable. Any example of a non-differentiable continuous function will serve as a counterexam-
ple.

So the answer here is FALSE

And a counterexample is ||

4c. This again looks suspicious. For example if you integrate both sides of f'(x + 27) = f’(x), then
an arbitrary additive constant will come into play which will definitely change the way f behaves. For
example if f'(z) = 1, then clearly f’(x) is periodic but none of its antiderivatives, x + C, is periodic.

So the answer here is FALSE

And a counterexample is x

4d. Since no continuity condition is imposed on f we can construct an easy function as follows:
f(z) = x when x is an integer, and f(z) = 0 otherwise. Then clearly f(z) has no limit as x goes to
infinity.

So the answer here is FALSE

Another counterexample is given as x cos(2mx)

4e. We met this before in question 4b of this year’s second midterm exam! In fact after substituting

u = xt we find ,
X 1 X
/O Flat)dt = /0 F(u) du.

= [ rata == [ dus2se) L s

Clearly not every continuous function will satisfy such an elaborate identity.

So the answer here is FALSE

Hence we get

?

And a counterexample is x

17



The notorious Problem 40 of Homework-2 in Fall 2022

40. [2.5/2.5 Points] DETAILS PREVIOUS ANSWERS SCALC9M 2.PP.023. [ 4799233 ]

Find the two points on the curve y = x* — 2x% — x that have a common tangent line.

smaller x-value (x, ¥} = ( _1:0 —-1.10 )

larger x-value (x,¥) = ( l, -2 1 -2 )

Solution: Let a # b be the two points where the tangent lines coincide. Let y = L(x) be an
equation for the tangent line to the curve f(x) = x* — 22? — x at the point x = a. We need to solve
simultaneously the following two non-linear equations in the two unknowns a and b.

f(a) = f'(b) (1)
L(b) = f(b). (2)

The first equation says that the slopes of the tangents at the points a and b are the same. The second
equation says that the tangent line at © = a passes through the point (b, f(b) and having slope equal
to f/(b) is tangent to the curve also at that point.

The first equation simplifies to
(a—b)(a®+ab+b* —1) = 0.
Since a # b we must have the second factor equal to zero, which gives

—a £+ /4 — 3a?
5 .

b:

Using the + sign for b and putting it into equation (2) above we obtain
3a*(2 — 3a®) + V4 — 3a2(3a® — 4a) + 2 = 0.

Solving this we get

V3

=—1 d a=—.
a and a 5

Substituting these into the formula for b above we get

3
b=1and b= %, respectively.

Since we need a # b, we have only
a=—1landb=1.

Using the minus sign for b we get a = 1 and b = —1. Hence {a, b} = {—1, 1} is the only solution.

18



You can also argue as follows.

The slope of the line joining the points (a, f(a) and (b, f(b) must be equal to f'(a), or to f’(b) which
is the same. Thus we can write

(b)) =2 W) —(a=b) .y,
(@=1) =4 4 1

(a® 4 a®b+ ab® + b*) — 2(a + b) = 4a(a — 1)(a + 1).
After multiplying both sides by a — b # 0, we get

(a* —b*) — 2(a* — b*) = 4a(a — 1)(a + 1)(a — b).
The right hand side vanishes when a = —1, 0, 1. In that case

(a* —b*) —2(a* - b*) =0
=2

<a4 . b4) (CL2 o b2)
(a® — b*)(a® + %) = 2(a* — b?)
a+ b2 =2
b =2—d>

Then

- +1 if a = +£1,
]l £v2, ifa=0.
‘We now check that

f1(0) = f(£1) = -1, and f'(£V2)=TFV2—-1+#—1.
Hence the only solution is {a, b} = {—1,1}
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