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This study is concerned with sensitivity analysis on perturbations of the right-hand
side and the cost parameters in linear programming (LP) and semidefinite program-
ming (SDP). Motivated by the desirable theoretical and practical properties of the
interior-point methods, we investigate the possibility of performing sensitivity anal-
ysis relying entirely on interior-point methods and with very modest computational
effort.

In Chapter 1, we discuss the advantages of the recent optimal partition approach
over the traditional optimal basis approach to sensitivity analysis.

In Chapter 2, we start the theoretical development of our interior-point approach
to sensitivity analysis. We seek tight bounds (interior-point bounds) on perturba-
tions of the right-hand side and cost vectors which allow interior-point methods to
recover a feasible and near-optimal solution in a single interior-point iteration from
a near-optimal solution for the original problem. For LP, under a nondegeneracy

assumption, we prove that the interior-point bounds evaluated at any near-optimal



strictly feasible iterates asymptotically coincide with the (symmetrized) optimal
partition bounds. We also formulate explicit bounds for SDP using the Monteiro-
Zhang (MZ) family of search directions.

We investigate the quality of the interior-point bounds for degenerate linear pro-
grams in Chapter 3. For a specific kind of degeneracy, we show that the asymptotic
results of Chapter 2 continue to hold. For the remaining degeneracy situations,
we show that the interior-point bounds still provide provably useful information in
comparison with the symmetrized partition bounds.

Chapter 4 deals with the asymptotic behavior of the interior-point bounds for
SDP. Under appropriate assumptions on nondegeneracy and on the convergence
behavior of the central path, we prove that the interior-point bounds evaluated on
the central path using the MZ family of search directions asymptotically coincide
with the symmetrized optimal partition bounds. We extend these results to iterates
lying in an appropriate (very narrow) central path neighborhood if the Nesterov-
Todd direction is used to evaluate the interior-point bounds.

Computational results illustrating the behavior of the interior-point bounds on

random LP and SDP instances are reported in Chapter 5.
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Chapter 1

Introduction

1.1 Introduction and Brief History of Interior-
Point Methods

Linear programming (LP) is the study of optimizing a linear functional (objective
function) over the set of solutions to finitely many linear equalities and/or inequal-
ities (constraints), which is called a polyhedron. Since its “first” formulation by
Kantorovich in 1939 [33], LP has found applications in a wide variety of areas —
including manufacturing, telecommunications, scheduling, finance, economics, and

transportation.



Formally, an LP is formulated in its standard form as

(P) min, clx
subject to
Axr = b,
z > 0,

where A € R™*" b € R™ and ¢ € R" constitute the data and x € R is the decision
variable. Here, R™ and R™*" denote m-dimensional Euclidean space and the space
of m x n real matrices, respectively. The matrix A is called the coefficient matrix.
A closely related problem to (P) is given by
(D) max, by
subject to
ATy + s = ¢
s > 0,
where y € R™ and s € R™ are the decision variables. Typically, (P) is called the
primal problem and (D) the associated dual problem. There is a very nice duality
theory for LP. The objective function value evaluated at any point satisfying the
constraints of (P) — such a point is called a feasible point — provides an upper bound
for the objective function value evaluated at any feasible point of (D). This is known
as weak duality. Moreover, if the optimal solution is attained in (P), then (D) also
has an optimal solution and the objective function values agree. This is the strong
duality theorem for LP.
Inarguably, LP owes its significance to the existence of efficient and practical

solution methods. The earliest efficient solution method was the simplex method



developed by Dantzig [8, 9]. Geometrically, the simplex method moves from one
vertex of the feasible polyhedron to an adjacent one while improving on the objective
function value. In practice, the simplex method has been very successful. On the
theoretical side, Klee and Minty [38] gave instances of LPs where the simplex method
had to go through exponentially many vertices.

The question of polynomial-time solvability of LP was answered affirmatively
by Khachiyan’s ellipsoid algorithm [35, 36] in 1979. However, the implementations
of this algorithm were far away from fulfilling the expectations of a practical and
efficient solution method.

Karmarkar’s discovery of interior-point methods [34] for solving LPs in 1984
was probably the most significant achievement in mathematical programming since
the development of the simplex method. In addition to the worst-case polynomial
complexity, Karmarkar claimed that his algorithm enjoyed excellent practical per-
formance on large LPs. Since then, interior-point methods have received intense
consideration from researchers — turning into a new field itself. The field has be-
come much more interesting after Nesterov and Nemirovski [47] unified the theory
of interior-point methods in an elegant framework and extended it to general convex
programming without sacrificing polynomial complexity. This seminal work made
it possible to develop interior-point methods for a much larger class of optimiza-
tion problems — including convex quadratic programming, convex programming,
second-order cone programming and semidefinite programming.

In particular, semidefinite programming (SDP) has received considerable atten-

tion in the last decade. SDP is the study of optimizing a linear functional defined



on the space of symmetric matrices over the intersection of an affine set with the
cone of symmetric and positive semidefinite matrices. Formally, SDP in its standard

form is given by

(SP) miny CeX
subject to
Ao X = b, i=1,...,m,
X = 0,
where all A; € S, b € R™, C' € 8™ are given, and X € §8". Here, " denotes the
space of n xn symmetric matrices, and X > 0 indicates that X is symmetric positive
semidefinite. P e (@ represents the trace inner product Trace (PTQ) =3, i Pii Qi

on n x n matrices. The dual problem associated with (SP) is given by

(SD) max, s by
subject to

Z?ll vA; + S = C,

S = 0,
where y € R™ and S € 8" Due to the fundamental differences between the
geometric structures of LP and SDP, the duality theory for SDP is not as strong
as that for LP. The weak duality theorem carries over. However, strong duality
might fail even when both (SP) and (SD) attain their optimal solutions. Under

some regularity assumptions, however, SDP also enjoys strong duality.

SDP is a generalization of LP in the sense that n-dimensional Euclidean space
is replaced by the space of n x n symmetric matrices and the nonnegative orthant

by the cone of symmetric and positive semidefinite matrices. Furthermore, if all A;



and C' are restricted to be diagonal, then S is also diagonal and X can be replaced
by its diagonal restriction. Therefore, we recover an LP, where A; is the diagonal
matrix whose entries on the diagonal are given by the ith row of A in (P), and C', X
and S are the diagonal matrices obtained from ¢, x and s, respectively, in a similar
manner. Consequently, LP is a special case of SDP.

SDP also enjoys applications in areas such as eigenvalue optimization, control
theory, statistics, robust convex programming and approximation of combinatorial
optimization problems. The reader is referred to [64] and to [56] for an extensive
treatment of the theory and applications of SDP.

Unlike the simplex method, interior-point methods make progress by moving
through the interior of the feasible region. The idea goes back to 1950s when
Frisch [14] first suggested the use of a logarithmic barrier function. Fiacco and
McCormick [13] developed barrier and penalty methods for nonlinear programming.
The affine-scaling method was discovered and analyzed by Dikin [10, 11].

The survey paper by Todd [61] contains a more detailed treatment of the history
of LP and the alternative solution techniques.

Currently, the most popular (and efficient) interior-point methods are the primal-
dual path-following interior-point methods, the origins of which can be traced back
to Renegar’s primal path-following algorithm [53] that introduced the use of New-
ton’s method. In fact, Renegar’s algorithm achieves still the best known complexity
bound. Path-following methods are motivated by perturbing the objective func-
tion of (P) by adding a logarithmic barrier function to ensure that the iterates stay

away from the boundary of the feasible region — hence the term interior-point. More



precisely, they are based on the barrier problem

(BP) min, Ar—pd Inwx
subject to
Ar = b,
(x > 0),

where p is a positive parameter. Assuming that (BP) has a feasible solution, the

optimality conditions are given by

ATy + s = ¢
Ax = b, (1.1)

XSe = e,

with x > 0 and s > 0. Here, X and S denote the diagonal matrices whose entries
are given by x and s, respectively, and e denotes the vector of ones. As p | 0,
the nonlinear system (1.1) precisely converges to the optimality conditions for (P)
and (D). The set of solutions (x(u),y(u),s(p)) of (1.1) is called the central path.
Under some regularity assumptions, Adler and Monteiro [1] show that the system
(1.1) indeed defines a continuous and differentiable path converging to the so-called
analytic center of the primal-dual optimal solution set as p | 0. Roughly, interior-
point methods work as follows: One uses Newton’s method to approximately solve
(1.1), decreases u towards 0 appropriately, and iterates. Ironically, transforming
a linear problem into a nonlinear one leads to a polynomial-time algorithm. A
good reference for primal-dual path-following interior-point methods is the book by

Wright [67]. The book by Ye [68] is another good reference for the interior-point



theory. The general theory of interior-point methods for convex optimization is
treated in a form that is rather easy to digest in the book by Renegar [54].

Interior-point methods for SDP mimic those for LP. Certainly, the difference in
the problem structures of LP and SDP necessitates the definition of an appropriate
logarithmic barrier function. It turns out that the function f : 8™ — R defined as
f(X) = —Indet(X) possesses the necessary properties.

The field of interior-point methods changes quite rapidly. Fortunately, there
are excellent web sites that maintain links to the most recent technical reports.
These web sites are extremely helpful to keep abreast of the developments in the
area. Interior-Point Methods Online [66] is maintained by Wright and contains an
archive of papers on interior-point methods and relevant links. A similar web site
that maintains more general papers on optimization is Optimization Online [23],
developed by Goux. For SDP, the web pages run by Alizadeh [3] and Helmberg [28]

are invaluable resources.

1.2 Sensitivity Analysis

Sensitivity analysis (or post-optimality analysis) is the study of the behavior of the
optimal solution of an optimization problem with respect to changes in the data of
the original problem. Apart from being an interesting theoretical question in itself,
sensitivity analysis is often very important in practice. Typically, the numerical data
arising from real-life problems might not be precise due to measurement errors or

inadequate estimates. Consequently, one might be interested in obtaining optimal



solutions under different scenarios resulting from small perturbations of the data.
Even if the data is precise, one might be concerned with the behavior of the optimal
solution with respect to specific perturbations. This might arise, for instance, in
the context of capacity expansion. A company might want to determine the most
critical resource whose per-unit increase would yield the most significant increase
in production or profit.

In this dissertation, we study sensitivity analysis in LP and SDP and we restrict
ourselves to perturbations in the right-hand side and cost parameters.

Next, we describe two different ways to perform sensitivity analysis in LP. We
only discuss perturbations in the right-hand side vector in (P) due to the fact that
perturbations in the cost vector is equivalent to perturbations of the right-hand side

vector in (D).

1.2.1 Optimal Basis Approach

In (P), the coefficient matrix A can be assumed to have full row rank without loss
of generality. Otherwise, a row reduction will either lead to an infeasible problem
(i.e., a problem with no feasible points) or to the identification of redundant rows
which can be eliminated from the problem. After a possible rearrangement of the

columns of A, let A =[B N|, where B € R™™ is nonsingular. The solution

x B~
N 0

is called a basic solution. If, furthermore, xp > 0, then z is called a basic feasible

solution. Here B is called the basic matrix (or simply the basis). The components



of zp are called basic variables and those of z are called nonbasic variables. If
xp > 0, then z is called a nondegenerate basic feasible solution and if at least one
component of xg is 0, then z is called a degenerate basic feasible solution.

It is well-known that if (P) has an optimal solution, then it has a basic optimal
solution. The simplex method, in fact, terminates with such an optimal solution
(if any). At termination, the (primal) simplex method also produces an optimal
solution for (D) as a byproduct. More precisely, if z is the resulting basic optimal
solution given by (1.2), then y = B~ Tcp, sg = 0, sy = ey — NT'B Teg > 0,
where the subscripts denote the appropriate partitions with respect to the columns
of B and N, is a basic optimal solution for (D). The matrix B satisfying these
properties simultaneously (primal and dual optimality) is called the optimal basic
matrix or simply the optimal basis. Then one way to perform sensitivity analysis on
perturbations of the right-hand side vector is to determine the range of perturbations
for which the optimal basis remains unchanged for the resulting set of problems.
More precisely, if b is replaced by b + tAb, where t € R and Ab € R™, then the

range of ¢ is given by the set of values for which
B7Yb+tAb) = x5 +tB'Ab > 0. (1.3)

We will call the bounds arising from this approach the optimal basis bounds (see

e.g. [9]).
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1.2.2 Optimal Partition Approach

Feasible points = and (y, s) are respectively optimal for (P) and (D) if they satisfy

the complementary slackness property, i.e.,
Ar=0b, Aly+s=c¢, x5=0,i=1,...,n, (1.4)

where z; and s; denote the ith components of x and s, respectively. Let us denote
the set of optimal solutions for (P) and (D) by Qp and Qp, respectively. We define

two index sets as

B = {je{l,....,n}:x; >0 for some z € Qp},

N = {je{l,...,n}:s; >0 for some (y,s) € Qp}. (1.5)

It is easy to see that BN AN = () by the complementary slackness property. Moreover,
Goldman and Tucker [19] has shown that BUN = {1,...,n}, i.e., Band N actually
partition the index set {1,...,n}. Therefore, (B, N) is called the optimal partition.

The optimal partition approach to sensitivity analysis on perturbations of the
right-hand side vector [2, 32] can then be defined as determining the range of per-
turbations for which the optimal partition remains unchanged for the resulting set
of problems. If b is replaced by b+ tAb, then the range of ¢ is given by the optimal

values of the two LPs given by

(AUX) min,,; (max,,) t
subject to

Bxp = b+ tAb,

Vv
o

TB



11

where B is the submatrix of A consisting only of those columns corresponding to
the indices in B. In contrast to the case for an optimal basis, B need not be a
square matrix by the preceding arguments.

We will call the bounds arising from this approach the optimal partition bounds.

1.2.3 Comparison

There are various differences between the concepts of an optimal basis and the
optimal partition. First, an LP might have multiple basic optimal solutions and
each such solution has a different optimal basis. However, the optimal partition
is unique for a given LP instance. Secondly, if an optimal basis is regarded as a
partition of indices of the optimal solution x into two sets corresponding to those
in xp and those in x5, then the cardinalities of the two sets will always be m and
n —m, respectively. On the other hand, the cardinalities of B and A as in (1.5) can
be anywhere between 0 and n.

As we mentioned before, the (primal) simplex method also produces an optimal
solution (y, s) given by y = B Tcp, s =0, sy = cy — NI B Teg > 0, for (D) as
a byproduct. Note that perturbations of the right-hand side vector does not affect
the constraints of (D). The optimal basis approach can alternatively be defined as
finding the range of perturbations for which (y, s) as above remains basic optimal
for the resulting set of dual problems. The optimal partition approach, on the other
hand, aims to determine the range of perturbations of b for which the whole dual
optimal set as opposed to a single optimal solution remains invariant. Consequently,

generally speaking, the optimal partition approach takes into account much more
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information than the optimal basis approach. Clearly, if there is a unique optimal
solution for (P) and (D), then the two approaches coincide.

Despite the fact that the optimal partition approach uses more information
about (P) and (D), its computational cost generally outweighs that of the optimal
basis approach since two LPs need to be solved. The optimal basis bound is simply
given by the single vector inequality (1.3).

The optimal partition has close connections with interior-point methods. First
of all, note that any optimal solution (x,y, s) in the relative interior of the primal-
dual optimal set will suffice to determine the indices in B and A. This is due to
the fact that any such solution can be written as a strict convex combination of
all the basic optimal solutions. Furthermore, primal-dual interior-point methods
converge to an optimal solution in the relative interior of the primal-dual optimal
set, thereby readily identifying the two index sets B and N. The simplex method,
however, has to go through all the alternate basic optimal solutions before it can
identify the indices in B and N accurately.

In spite of its computational advantage over the optimal partition approach,
the optimal basis approach might yield misleading and inconsistent information on
sensitivity analysis if there are multiple basic optimal solutions. Jansen, de Jong,
Roos and Terlaky [32] present and solve LP instances using different solvers that
provide information about post-optimality analysis and report strikingly different
results for the same LP instance. The following small example will be useful to
illustrate what might go wrong with the optimal basis approach if there are multiple

basic optimal solutions.
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Figure 1.1: Feasible region of Example 1.2.1

Figure 1.2: Optimal value function of Example 1.2.1

Example 1.2.1 Consider the following LP instance with m =1 and n = 2:
minz; + xo subject to x1+x2=1, x >0.

Since this is an LP in two variables, we can draw the graph of the feasible region (see
Figure 1.1). Clearly, any feasible solution (indicated by the solid line in Figure 1.1)
is optimal since the objective vector ¢ = [1,1]7 is orthogonal to the affine space
defined by the linear equality.

Assume that the cost coefficient of x; is replaced by 1+t. Figure 1.1 includes the
affect of such a change on the objective vector c¢. Let us consider the optimal basis
bound. As illustrated in Figure 1.1, there are two basic optimal solutions given by
z' = [0,1]7 and 2? := [1,0]7. If the simplex method terminates at x!, then the
optimal basis bound is [0, +00) since z! will remain optimal for all values of ¢ in
that range. A similar argument reveals that the optimal basis bound is given by

(—00, 0] if 22 is the final optimal solution. 0

As Example 1.2.1 illustrates, the optimal basis approach might yield totally in-
consistent information on sensitivity analysis if there are multiple optimal solutions.
Let us take a closer look at Example 1.2.1. Figure 1.2 depicts the optimal value as
a function of ¢, which we denote by v(¢). The original problem instance as given by
Example 1.2.1 corresponds to t = 0. The graph illustrates that ¢ = 0 is actually a

breakpoint of the optimal value function. v(¢) remains constant at value 1 for ¢ > 0,
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whereas it decreases to —oo as t decreases from 0 to —oo. In fact, the optimal
partition for the original instance (¢ = 0) is given by B = {1,2} and N = 0 since
x = [1/2,1/2]T, for instance, is an optimal solution. However, if ¢ > 0, then 2! is the
unique optimal solution, in which case B = {2} and N' = {1}, and if t < 0, then z*
is the unique optimal solution with B = {1} and N' = {2}. Therefore, the optimal
partition changes as soon as t moves from 0 in either direction. Consequently, as
shown by Adler and Monteiro [2] and Jansen, de Jong, Roos and Terlaky [32], the
breakpoints of the optimal value function are precisely those points where the op-
timal partition changes. In Example 1.2.1, the optimal partition bound is therefore
{0}.

We conclude then that the optimal partition bounds uniquely and unambigu-
ously identify the breakpoints of the optimal value function. Despite its compu-
tational disadvantage, the optimal partition approach is a more reliable way of
performing sensitivity analysis than the optimal basis approach. As we mentioned
before, the two approaches coincide only if both (P) and (D) have a unique optimal

solution.

1.2.4 Sensitivity in SDP

The feasible regions defined by the constraints of LP and SDP can geometrically
be quite different. The feasible region of an LP is always a polyhedron whereas an
SDP feasible region is often nonpolyhedral. In fact, the representation of the 2 x 2
symmetric positive semidefinite matrices in 3-dimensional space is a right circular

cone. There have been some attempts to generalize the concept of basic solution
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from LP to a larger class of optimization problems (see Anderson and Nash [6]
for infinite-dimensional LPs over general cones and Pataki [52] for SDP). Yet, an
optimal solution for SDP does not typically resemble a basic feasible solution for
LP. Consequently, the optimal basis approach to sensitivity analysis in LP cannot
directly and practically be generalized to perform sensitivity analysis in SDP.

The optimal partition approach, on the other hand, can be extended to SDP as
shown by Goldfarb and Scheinberg [18]. In order to do this, one needs an appropriate
definition of the optimal partition in the context of SDP. Let (X, y,S) be a primal-
dual optimal solution for (SP) and (SD) such that X and (y, S) are in the respective
relative interiors of the primal and dual optimal sets. Denote the range spaces of X
and S by Rp and Rp, respectively. It turns out that the range space of any other
primal optimal solution X is a subset of ®p [7]. A similar relation holds between
the range space of the S-component of any other dual optimal solution (g, S ) and
$Rp. The optimality conditions for SDP (under some regularity assumptions) imply
that XS = 0. Consequently, p and Rp are mutually orthogonal subspaces. Let
us define Ry to be the orthogonal complement of Rp & Rp. Therefore, R™ can
be decomposed into three mutually orthogonal subspaces given by (Rp, Ry, Rp),
which is called the optimal partition.

Similarly to the LP case, one way to perform sensitivity analysis on perturbations
of the right-hand side vector is to determine the range of perturbations for which
the optimal partition remains unchanged for the resulting set of problems.

Let @ = [@Qp Qn Qp] be an orthogonal matrix such that the columns of each

component of @) respectively form a basis for the optimal partition (Rp, Ry, Rp).
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If the right-hand side vector b is replaced by b+ tAb, where t € R and Ab € R™,

then the range of ¢ is given by the optimal values of the two SDPs

(AUX-SDP)  min; y(maxs ) t
A; 0 QpUQL = b+tAb, i=1,...,m,

U = 0,

where the size of U is determined by the dimension of Rp. Goldfarb and Schein-
berg [18] prove that the optimal values of (AUX-SDP) do indeed give the range of ¢
for which the optimal partition remains invariant for the resulting set of problems.

With some abuse of language, we will also call the bounds arising from this
approach the optimal partition bounds. Whether the term refers to LP or SDP will

always be clear from the context.

1.3 Motivation and Overview

Interior-point methods possess very attractive theoretical properties such as
polynomial-time worst-case complexity. Furthermore, in practice, the algorithms
tend to perform much better than their predicted worst-case behavior. Although
the competition for a better algorithm between the simplex method and interior-
point methods is not yet over, the latter tends to be the algorithm of choice especially
for large-scale LPs and problems having certain structures. In addition, the work
of Nesterov and Nemirovski [47] extends the interior-point theory to a much larger
class of optimization problems and most of the desirable theoretical properties carry

over.
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Despite their generality and favorable theoretical and practical properties,
interior-point methods have been considered unsuitable for the purposes of sen-
sitivity analysis.

The fact that interior-point methods converge to the relative interior of the
primal-dual optimal set in the presence of multiple optimal solutions has been
viewed as a drawback. This perception is presumably a consequence of the way
sensitivity analysis has been traditionally done, i.e., the optimal basis approach
outlined in Section 1.2.1. In spite of its shortcomings as shown in [32] or by Ex-
ample 1.2.1, the optimal basis approach, for which the simplex method is perfectly
suited, is still explained as the only way to perform sensitivity analysis in linear
programming textbooks. In the context of sensitivity analysis, possible advantages
of using optimal solutions in the relative interior of the optimal set over a basic
optimal solution have only recently been investigated [24]. The optimal partition
approach [2, 32] has been shown to yield consistent and unambiguous information
on sensitivity analysis. Moreover, the close relation between the optimal partition
and interior-point methods points to possible advantages over the use of the simplex
method.

Another possible reason for the aforementioned perception arises from the way
interior-point methods work. As their name suggests, such methods generate iter-
ates which lie in the relative interior of the underlying cone (positive orthant for LP
and cone of symmetric positive definite matrices for SDP). In most cases, however,
an optimal solution lies on the boundary of the cone. Consequently, in contrast to

the situation with the simplex method, an optimal solution generally cannot directly
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be used in the context of interior-point methods.

Some researchers suggested ways of recovering a basic optimal solution from
a nonbasic optimal solution (such as one in the relative interior of the optimal
set) so that the optimal basis approach can be used for the purposes of sensitivity
analysis [65]. However, such a procedure requires extra computational effort and
the resulting basic optimal solution might still suffer from the shortcomings of the
optimal basis approach.

On the other hand, the optimal partition approach involves solving two LPs,
each of which can be as large as the original LP. Therefore, the computational cost
associated with it could be prohibitively high.

The motivation for this dissertation originated from investigating the possibility
of performing sensitivity analysis relying entirely on interior-point methods and with
very modest computational effort. In other words, assuming that an LP is solved
using an interior-point method, we aimed to retrieve information about sensitivity
analysis from the iterates resulting from the algorithm without ever switching to a
basic optimal solution and using only techniques arising from the interior-point the-
ory. Clearly, an affirmative answer to such a question would enhance the usefulness
of interior-point methods.

However, the nature of the interior-point methods as described above necessi-
tates the proper formulation of how to conduct sensitivity analysis using interior-
point ideas. In this dissertation, we have formulated a proper approach, henceforth
the interior-point approach. Briefly, assuming that an interior-point method is ter-

minated at a near-optimal solution for the original LP, our approach is motivated
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by determining the range of perturbations for which a single interior-point itera-
tion at this near-optimal solution would recover a feasible and near-optimal solution
for the perturbed problem. This question alone requires further formulation of an
appropriate interior-point iteration among many other choices. In Chapter 2, we
propose an interior-point iteration for LP and SDP. We first analyze the LP case.
For perturbations of the right-hand side and the cost vectors, we obtain tight bounds
(interior-point bounds) on the perturbations that allow interior-point methods to
recover a feasible and near-optimal solution in a single interior-point iteration. We
then study the asymptotic behavior of these interior-point bounds. Under a nonde-
generacy assumption, we show that the interior-point bounds asymptotically coin-
cide with the symmetrized version of the optimal basis (or equivalently, the optimal
partition) bounds. We then generalize our interior-point perspective to SDP using
the Monteiro-Zhang family of search directions and specialize the bounds to the
AHO [5], H..K.M [29, 39, 42] and NT [48, 49] directions.

In Chapter 3, we study the asymptotic behavior of the interior-point bounds for
degenerate LPs in comparison with the optimal partition bounds for perturbations
of the right-hand side and the cost vectors. We prove that the same asymptotic
coincidence as in Chapter 2 continues to hold for a specific class of degenerate LPs.
For general degenerate LPs, we can still prove a weaker asymptotic relationship
between the two bounds.

We consider the interior-point bounds for SDP in Chapter 4. We study the
asymptotic behavior of the interior-point bounds for SDP in comparison with the

optimal partition bounds for perturbations of the right-hand side vector and the cost
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matrix. Under appropriate nondegeneracy assumptions, we prove that our interior-
point bounds using the Monteiro-Zhang family of search directions evaluated on
the central path asymptotically coincide with the symmetrized optimal partition
bounds. We then extend the same asymptotic result to a very narrow central path
neighborhood using the Nesterov-Todd direction.

Chapters 2, 3, and 4 are based on the papers [71, 70, 69], each of which is
self-contained with its own introduction and conclusion.

Finally, we report some computational results in Chapter 5 to shed some light on
the behavior of the interior-point bounds in practice. We apply our interior-point
bounds for perturbations of the right-hand side and cost parameters on randomly
generated LP and SDP instances. The computational results are in agreement with
the theoretical findings of Chapters 2, 3 and 4. Some concluding remarks are also

included in this chapter.



Chapter 2

Sensitivity Analysis in Linear
Programming and Semidefinite

Programming Using Interior-Point

Methods™®

2.1 Introduction

This paper is concerned with sensitivity analysis for linear programming (LP) and
semidefinite programming (SDP) problems using interior-point methods. Sensitivity
analysis (also called post-optimality analysis) is the study of the behavior of the

optimal solution with respect to changes in the input parameters of the original

*Joint paper with Michael J. Todd. Appeared in Mathematical Programming 90
(2), pp. 229-261 (2001). Published by Springer-Verlag,.
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optimization problem. It is often as important as solving the original problem
itself, partly because in real life applications, the parameters are not always precise
and are subject to some source of error.

For the LP case, sensitivity analysis based on the optimal basis matrix has been
well-studied. Recently, an interior-point method approach using the analytic cen-
tral optimal solution as opposed to an optimal basic solution has been analyzed by
several researchers. Greenberg [24], Jansen, de Jong, Roos and Terlaky [32] and S.
Zhang [73] discuss the advantages of the central optimal solution over a basic solu-
tion. Adler and Monteiro [2] show that it is possible to perform parametric analysis
using the optimal partition (i.e., for each index, knowing whether the corresponding
component of an optimal primal solution or of an optimal dual slack vector can be
positive). Roos, Terlaky, and Vial [55] develop a parametric analysis of the opti-
mal value from the central optimal solution perspective. Nunez and Freund [50]
and Holder, Sturm and S. Zhang [31] study the behavior of the central path under
perturbations of the input data.

For the SDP case, Goldfarb and Scheinberg [18] investigate the properties of the
optimal value function under perturbations of the input parameters. Sturm and S.
Zhang [59] study the properties of the central path with respect to perturbations of
the right-hand side vector.

Our study in this paper is different from the above studies in the sense that
it is motivated by asking how the interior-point method from a near-optimal pair
of strictly feasible solutions for a problem and its dual compares with the results

obtained from a nondegenerate optimal basic solution under perturbations of the
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right-hand side and the cost parameters for the LP case. We focus on obtaining
explicit bounds on the perturbations of the input parameters so that a single itera-
tion of the interior-point method (with very modest cost) regains feasibility for the
perturbed problem and its dual. Further, the new iterates have duality gap smaller
than that of the original iterates. We show that under the unique, nondegenerate
solution assumption, the interior-point approach yields asymptotically exactly the
same bounds as those that keep the current basis optimal (after symmetrization
with respect to the origin); since these are the bounds natural when using the sim-
plex method, we call these the bounds from the simplex approach. We also extend
our analysis to the SDP case and obtain bounds on perturbations of the right-hand
side and the cost parameters using the AHO [5], H..K..M [29, 39, 42] and NT [48, 49]
directions.

Let us note that the question of using a small number of interior-point itera-
tions to regain feasibility when the problem data change also arises in cutting-plane
methods for convex feasibility problems (see, e.g., Goffin, Haurie, and Vial [15]
and Goffin and S.-Mokhtarian [16] and the references therein). However, in our
case the dimensions of the problems do not change, we apply the iterations from a
near-optimal pair of points rather than an analytic center, and we explicitly limit
ourselves to a single iteration rather than a small number.

We stress that the bounds we obtain are valid in the presence of degeneracy,
which appears in most practical LP models; it is only the comparison with the
simplex approach that makes nondegeneracy assumptions. We give an example to

show the difficulties when there is degeneracy; however, a follow-up paper (Chap-
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ter 3) will show that even in this case our bounds achieve a certain fraction of some
natural bounds that depend only on the problem, not on an algorithmic approach.

After this paper was written (and revised), we became aware of a related paper
by Kim, Park, and Park [37], henceforth KPP. The authors also consider changes
in the right-hand side or the cost parameters and investigate when a single interior-
point-like step from a near-optimal pair of strictly feasible solutions for a problem
and its dual can regain feasibility and maintain near-optimality. However, KPP
only change either the primal or dual solution: if the right-hand side (cost vector)
changes, they change only the primal (dual) solution. Their step cannot be moti-
vated by a slight change in the usual Newton step in a primal-dual interior-point
iteration, but their change to the primal (dual) solution coincides with ours. KPP
show that, in the nondegenerate case, the condition on the change in the data that
allows feasibility to be regained is asymptotically exactly that keeping the optimal
basis the same. However, to show that the new pair of solutions remains near-
optimal requires another condition, which they show holds asymptotically; but it
may be the case that the duality gap of the new pair exceeds that of the original pair
by a considerable amount. This contrasts with our result, which requires a more
stringent condition (the symmetrization of KPP’s) to assure feasibility, but which
then guarantees a reduction in the duality gap. We also believe that our analysis
of the asymptotic behavior of the projection matrices is more complete than theirs.

Our paper is organized as follows. In the next section, we investigate the LP
case. We present bounds on perturbations of the right-hand side and the cost vectors

using the interior-point approach and the simplex approach and then compare the
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bounds resulting from the two approaches. The analysis of perturbations of the
right-hand side vector and the cost matrix for the SDP case in the general form as
well as using the three specific search directions is given in Section 3. We conclude

the paper with a discussion in Section 4.

2.2 Linear Programming

We consider the LP given in the following standard form:
(LPP) min, 'z
s.t.
Ar = b,
z > 0,
where ¢ and x € R", b € R™, and A € R™*". Throughout this section, the

coefficient matrix A will be fixed; thus we parametrize the above LP by b and ¢,

and we denote it by LPP(b,c). The associated dual LP is given by the following:

(LPD) max,, by
s.t.
ATy + s = ¢,
s > 0,
where y € R™ and s € R”. Similarly, the dual LP will be denoted by LPD(b,c).
Without loss of generality, we assume that A has full row rank.
We say the triple (z,y, s) is a (strictly) feasible point for LPD(b, ¢) and LPD(b, ¢)

if © and (y,s) are (strictly) feasible for these two problems respectively. (Here a
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feasible solution is called strictly feasible if all inequalities are satisfied strictly.)

2.2.1 Interior-Point Approach

We assume that there exists a strictly feasible point (z,y,s) for LPP(b,c) and
LPD(b,c). It is well known that the duality gap corresponding to such a point
is given by ¢’z — bTy = 27s > 0. X and S will denote the diagonal matrices
corresponding to x and s, respectively, and e will denote the vector of ones in the
appropriate dimension.

First, we will briefly review the concept of the central path in LP. The central
path is a path of strictly feasible points (z(u), y(u), s(i)) parametrized by a positive

scalar u. FEach point on the central path satisfies the following system for some

w>0:
ATy + s = ¢

Ax = b, (2.1)
XSe = e,
with x > 0 and s > 0. Under the assumption above, such a solution exists for each
positive .
An interior-point iteration is usually a Newton step for this nonlinear system
of equations for some p, possibly with different right-hand sides. Suppose (z,y, )
is the current iterate, and we seek an approximation to the point on the central

path corresponding to parameter u (say equal to y2%s/n). Then the Newton step



27

(Az, Ay, As) is given by the solution of the following system:

ATAy +  As = rg,
AAx = T, (2.2)

SAzx + XAs = Tzs,

where r, =b— Az, rg =c— ATy — s, and r,, = pe — X Se. Here, Tp, Tq and 75 are
simply the primal, dual and complementary slackness residuals, respectively.
However, we might want to use different right-hand sides. If the right-hand side
b or cost vector ¢ is changed to b’ or ¢/, we may wish to use this instead of b or ¢
to compute 7, or r4. Similarly, we may want to strive for a different product of the
primal and dual variables than pe, as in target-following methods. We will say that
the Newton step from (z,y, s) targeting the feasible point (2’,y,s") of LPP(V, ()
and LPD(V', ) that satisfies X'S’e = v is the triple (Az, Ay, As) solving (2.2) for
rp =0 — Az, rg = ¢ — ATy — s, and 7, = v — X Se. (This is a slight abuse of
language, since such a point might not exist, but the Newton step is still defined.)

If A has full row rank, then the system (2.2) has a unique solution given by:

Ay = (AD?*AT)"Y(r,+ AD*ry — AS™r,y),
As = rs— ATAy, (2.3)

Ar = S Hrm — XAs),

where D = §~2X2. The key observation here is that if A has full row rank, then
AD?AT will be symmetric positive definite, and hence invertible.
To avoid extra computation, we note that the results below need not be applied

to the final iterate generated by a primal-dual interior-point method. If we backtrack
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to the previous iterate, a factorization of the matrix AD?A” necessary to compute
the Newton step will already be available. Then an iteration simply reduces to
solving two triangular systems followed by a few matrix-vector products. Hence in
practice we may choose to let (x,y, s) be the penultimate iterate of the method used
to solve the original problems.

Next, we present our results about perturbations of b and c.

Proposition 2.2.1 Assume that (z,y,s) is a strictly feasible point for LPP(b,c)
and LPD(b,c) and the right-hand side vector b is replaced by b/ := b+ Ab, where
Ab € R™. Suppose a Newton step is taken from (x,y, s) targeting the feasible point

(«',y',s") of LPP(V,c) and LPD(V,c) that satisfies X'S’e = X Se. If, and only if,
|STEAT(AD?*AT) L Abl|o < 1, (2.4)

where D = X%S’%, then a full Newton step can be taken and the resulting iterate
will be feasible for the new problems. Moreover, in this case the new iterate will

have duality gap at most x”s.

Proof: Using the above notation in (2.2) and by the hypothesis, we find r, = Ab,

rqg =0, and r,s = 0. Let’s consider the third equation in (2.2):
SAz + XAs = 0. (2.5)

Rewriting this equality component-wise, we have:

Ax;  As; .
YL 2% g i=1,....n, (2.6)
ZT; S;

s$;Ax; + x;As; =0 so
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where x; denotes the ith component of x. However, the next iterate will be feasible
iff ©; + Az; > 0 and s; + As; > 0, ¢ = 1,...,n, since the equality constraints
will automatically be satisfied if a full Newton step is taken. Combining these
inequalities with (2.6), we have that the new iterate will satisfy nonnegativity for

both z and s if and only if |AS—8

<1,i=1,...n. Thus, it is necessary and sufficient

to have [|[S7'As]||, < 1. But using (2.3), we have:
Ay = (AD?*AT)'Ab and As=—ATAy. (2.7)

Hence

|57 As|| = ||STTAT(AD*AT) T Ap||

and this proves the first part of the proposition.

The duality gap of the new iterate will be given by:
(x+Ax) (s + As) = 27s + 2T As + sT Az + AzT As. (2.8)

Multiplying (2.5) by e’ from the left, we have 27 As + sT Az = 0. From (2.6), Az;

and As; have opposite signs, and so Az As < 0. Thus, we have:
(z+ Az)" (s + As) < z2'"s (2.9)

as claimed.

We note that the simple bound

1
|Ab]loo <

= s TAT(ADZAT) ], 210
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implies that Ab satisfies the condition (2.4); moreover (2.10) defines the largest L.-
box around the origin guaranteeing this condition. The proof is straightforward. A

similar statement holds for the next result on perturbations of the cost vector c.

Proposition 2.2.2 Assume that (z,y,s) is a strictly feasible point for LPP(b,c)
and LPD(b,c) and the cost vector c is replaced by ¢ = ¢+ Ac, where Ac € R".
Suppose a Newton step is taken from (z,y,s) targeting the feasible point (z',y', ')

of LPP(b,c) and LPD(b,c) that satisfies X'S’e = X Se. If, and only if,
1S~HI — AT(AD?AT) P AD?*)Ac|o < 1, (2.11)
where D = X%S’%, then a full Newton step can be taken and the resulting iterate

will be feasible for the new problems. Moreover, in this case the new iterate will

have duality gap at most x”s.

Proof: Once again using (2.2), we have r, = 0, ry = Ac and r,s = 0. By the
argument used in the proof of Proposition 2.2.1, it is necessary and sufficient that

|S7'As|l < 1. Note that (2.3) implies
Ay = (AD*AT)TAD?*Ac and As = (I — AT(AD*AT)"'AD?*)Ac.
Therefore,
ST AS||0o = |S7HI — AT(AD*AT) ' AD?) Ac]| o,

and this proves the first part of the proposition. Essentially the same arguments as

in the previous proposition hold to prove the decrease in the duality gap. 0

The proposed Newton system to regain feasibility for the new problems uses

rzs = 0 in (2.2). This choice can be motivated in the following way. If (z,y,s) is
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near-optimal to start with, the pairwise products x;s; then are very small. Therefore,
by targeting a point for the new problems with the same pairwise products, we hope
to be able to maintain near-optimality while regaining feasibility. For reoptimization
after a data perturbation, the simplex method always maintains complementarity
(x;s; = 0) while working towards primal or dual feasibility. Consequently, the
proposed Newton system seems to be a natural analogue of the simplex method in
this respect. Moreover, since the primal and dual steps are not orthogonal when
the right-hand side or cost vector are changed, we need to control the second-order
term in the change of the duality gap, and our choice does this nicely, guaranteeing
that the new duality gap for the perturbed problem will be at least as small as the
original one. Finally, our choice of right-hand side implies that the proportional
changes X 'Ax and S~'As are negatives of one another, so our conditions become
simply L., bounds on a single vector.

Goffin and Sharifi-Mokhtarian [16] also use a similar choice for the Newton step
in a different setting: they study the analytic center cutting plane method for solv-
ing convex feasibility problems which approximates analytic centers of polyhedra
containing the convex set generated via cutting planes. After adding a cut (which
possibly makes the current approximate center infeasible) the center is updated
based on an infeasible primal-dual Newton’s method to restore primal-dual feasibil-
ity, where a similar choice to ours is used for the old variables to keep the analysis
manageable. However, the motivation and the analysis are very different from ours.

Finally, we give the version of the two propositions above for directional pertur-

bations, i.e., the right-hand side vector b is replaced by b+ (3d,, and the cost vector
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c is replaced by ¢ + 3d., where g € R, d, € R™ and d. € R".

Proposition 2.2.3 Assume that (z,y,s) is a strictly feasible point for LPP(b,c)
and LPD(b, c) and the right-hand side vector b and the cost vector ¢ are replaced by
b :=0b+ Bd, and ¢ := ¢+ (d., respectively, where 3 € R, d, € R™, and d. € R™.
Suppose a Newton step is taken from (z,y,s) targeting the feasible point (2',y',s')
of LPP(V,c) and LPD(V, () that satisfies X'S'e = X Se. Then a full Newton step
will yield a feasible iterate for the new problem with duality gap at most s if and
only if

1
[S—1(I — AT(AD2AT)~TAD?)d, — S—'AT(AD*AT)1d,||.°

18] < (2.12)
where D = X387,

Proof: Using (2.3), we have r, = 8dy, rq = (d., and r,; = 0 by the hypothesis.

Therefore,
ST As|s = 8]]SI — AT(AD?*ATY ' AD*)d, — ST AT(AD?*A") ' dy|| o, (2.13)

from which the result follows immediately. 0

2.2.2 Simplex Approach

Here we give the bounds derived from the optimal basis. Since the simplex method
yields an optimal basic solution, as noted above we call this the simplex approach.

First, we consider changes in the right-hand side vector . It is clear that as long
as Ab satisfies certain conditions, the optimal basis for the original LP will remain

optimal for the new LP.
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Let x* be an optimal solution for the original LP, and assume that it is parti-
tioned as x; and x, corresponding to the basic and nonbasic variables, respectively.
Similarly, assume that the columns of the coefficient matrix A are partitioned into
B and N accordingly. Let the right-hand side vector b be replaced by b+ Ab, where
Ab € R™. Then the optimal basis will remain optimal for the new problem if and

only if primal feasibility is retained:
B (b+Ab)>0 or B 'Ab>-B'b=—ai,. (2.14)

Clearly, the simplex approach yields “one-sided” bounds as opposed to the “two-
sided” bounds we have in the interior-point approach.

Next, we consider changes in the cost vector c. Assume that c is replaced by
¢+ Ac, where Ac € R™. Once again, partition ¢ as cg and cy, and Ac as Acg and
Acy, corresponding to the basic and nonbasic variables, respectively. The optimal
basis will remain optimal if and only if dual feasibility is retained (i.e., the dual

slack variable s* remains nonnegative):
cn + Ak —cEBT'N —AckB™'N >0 or Acy — N'B TAcg > —sy, (2.15)

where s} and sj partition the dual optimal slack s*. Hence, as long as Ac satis-
fies the above inequality, the same optimal basis will remain optimal for the new
problem.

In the next subsection, we compare the two approaches under the assumption of
a unique, nondegenerate optimal solution. Before doing that, we illustrate with a
small example what can go wrong with the interior-point bounds (2.4) and (2.11) in

the degenerate case. Let (P) be given by min{zo—z1 : 1—29 =0, xo+x3 =1, v >
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0}. Then (P) has multiple optimal solutions given by (z1,x2,23) = (5,8,1 — )
where € [0,1] with an optimal value of 0. The dual problem in this case has a
unique but degenerate optimal solution. Let the right hand side be perturbed to
(0,7 +¢ (2,1)T. Tt has been shown by Adler and Monteiro [2] and Jansen, de
Jong, Roos, and Terlaky [32] that maintaining the optimal partition rather than an
optimal basis gives more accurate information about the range of t. The optimal
partition-based bounds for ¢ in this example are (—1/3,4+00). Fixing a near-optimal
dual strictly feasible point at y = (=1 — ¢, —2¢)T, s = (¢, ¢,2¢)T for small € > 0,
we evaluate the interior-point bound (2.4) at various primal strictly feasible points
as a function of . The interior-point bound yields £3/(23 + 1) as the limits for
t; the upper bound increases from 0 to the desired symmetrized value of 1/3 as 3
goes from 0 to 1. One can come up with a similar example for perturbations of c.
This shows that the interior-point bounds depend on the near-optimal solution at
which they are evaluated in the presence of degeneracy, contrary to the situation
under nondegeneracy as we show in the next subsection. However, in a follow-up
paper (Chapter 3), we will show that we can still say something about the quality

of the interior-point bounds even under degeneracy.

2.2.3 Comparison of the Simplex and Interior-Point Ap-

proaches

Recall that Propositions 2.2.1 through 2.2.3 hold for any strictly feasible pair of

solutions for LPP(b,c) and LPD(b,c). Clearly, they cannot be applied directly
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to the optimal solution pair since strict feasibility is violated. Hence, we need to
obtain a “good” strictly feasible point for LPP(b,c) and LPD(b,c) so that we can
compare the conditions and bounds from the simplex approach with those arising
from the interior-point approach. Throughout this subsection, we will assume that
the original LP has a unique, nondegenerate solution, with basic and nonbasic
variables indicated by the subscripts B and N as above. Thus the optimal primal
solution is z* = (x%; 2% ) and the optimal dual solution (y*, s*) = (y*, (s}; sk)) with
xp >0, 2y =0, s =0, and sy > 0.

We will first compare the conditions and bounds where those for the interior-
point approach are generated from a strictly feasible point that is close to optimal
and also close to the central path. We show that asymptotically the same conditions
and bounds are generated by the two approaches, as long as the simplex (or basis)
conditions are “symmetrized” to make them two-sided like those from the interior-
point approach. Then we will consider any strictly feasible point that is close to
optimal and show that similar results continue to hold.

The basis condition (2.14) on Ab can be written as (X5) 'B71Ab > —e. We
will call the symmetrized condition the strengthening where this vector must lie
between —e and e, or

I(X5) "B Ao < 1. (2.16)

If we follow a similar treatment on Ac, the basis condition (2.15) on Ac can be
written as (Sy) ' (Acy — NTB™TAcp) > —e; as above, the symmetrized condition
is then

1(S%) H(Acy — NTB™TAcg)|ls < 1. (2.17)
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Recall that the central path is the set of solutions for positive p of the system

ATy + s = ¢
Az = b, (2.18)
XSe = e,
with z > 0 and s > 0. Adler and Monteiro [1] show that the above system indeed
defines a continuous and differentiable path of solutions parametrized by p, and that
as i approaches 0, the points on the central path converge to the analytic center of
the optimal face. They also analyze the limiting behavior of the central path and
show that the derivative of the path as a function of y has a limit as p tends to 0.
Here is their result, which holds regardless of degeneracy if x and s are partitioned

with respect to the optimal partition.

Theorem 2.2.1 Let (z*,y*,s*) = lim,_o(x(p),y(u),s(n)). Let x and s be parti-

*

tioned as xp, TN, sp and sy. Then lim, o@n(p) = (sy)~" and lim, o $p(p) =

Here, (s%)~! denotes the vector of inverses of the components of s} and similarly
for (z%)~!. We refer the reader to the proofs of Theorems 5.1 and 5.3 in [1]. Note
that our assumption of a unique, nondegenerate solution implies that the optimal
partition coincides with the basis partition. Hence, we immediately get a closed
form expression for the derivative of z5(u1): note that Bxp(u)+ Nay (i) = b implies
Bip(p) + Niy(n) = 0 or 25(u) = —B 'Niyn(u). Hence, by Theorem 2.2.1, we
have:

limip(p) = —B 'N(sy) ™t (2.19)

pu—0
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Similarly, we also get a closed form expression for the derivative of sy (u) as follows:
we have BTy (1) +sp(p) = cp or y(u) = B~ (cp—sp(p)) and so NTy(p) +sn(p) =
ey gives sy(p) = ey — NTB™T(cg — sp(p)). Differentiating this last equation with

respect to u, taking the limit as p tends to 0 and using Theorem 2.2.1, we have:

lim §x () = NTB~ (%)~ (2.20)

p—0

The strictly feasible point we will initially use in our analysis of the interior-
point approach is obtained by taking a first-order Taylor approximation from the
optimal solution (z*,y*, s*) using the above theorem. Clearly, for small enough u,
the point will be a good approximation to (z(u), y(u), s(1)). Consequently, we have

the following strictly feasible point:

rp = ap—puBTIN(sy)™t =~ wp(p),
oy = plsy)™ ~ zn(p),

N (2.21)
sp = plrp)”! ~ sph),

(1)
sy = sy+uNTBT(z5)™ ~ sn(p).
With y = y* — uB T(2%)™ = BT (cp — pu(ay)™) ~ y(u), it is easy to verify that
the resulting points (z,y, s) will be strictly feasible for small enough 1; moreover,
it is easy to check that the duality gap of (z,y,s) is un, the same as that of the
corresponding point on the central path. Therefore, in the case of a unique non-
degenerate solution to LPP(b,c), we have a strictly feasible point to use in our
analysis for the interior-point approach.

From Proposition 2.2.1, we need to compute the following matrix:

STTAT(AD* AT (2.22)
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Instead, it is easier to work with its row permutation:

Syt BT Sp! Xp BT
B N =
Sy NT Sy Xy NT
Sz'BT 1
(BSE'XpB" + NSy XyNT) . (2.23)
Sy'NT

Next, we substitute the values from (2.21). In order to simplify the computations,
we will frequently use the following formulae. Suppose M is a square matrix with
| M| < 1/2 (we can use any of several norms here, but let us suppose this is the
Lo-operator norm). Then the Neumann lemma [20] implies that I + M is invertible

with |[(I + M)~ < 2, and it is then easy to see that
I+ M)yt =1—MI+M)™"

Next suppose that U is invertible and ||[U~'V| < 1/2. Then applying the result
above to M = U~V we get U+V = U(I +U~'V) invertible, ||[(I+U'V)™| <2,
and

U+w)y'l=vu"'-v'vii+utv)yTluTh (2.24)

We will apply this result with U := BS;'XpBT and V := NSy' Xy NT. Note that
U™l = BTSp(Xp) B! and that U~! and V are O(u) (by this we mean each
entry is of the stated order).

Now we return to (2.23). We find that

Sa'BTUT = (Xp) BT = (X3) BT+ O(n), (2.25)



39

and from this the top part of the matrix is (X5)'B~! + O(p). Since (Sy)™' =
(S%)~ 1+ 0O(u) = O(1), the bottom part of the matrix is O(u) since U~! and V are.

Hence (2.23) is

(X5)™' B~ +O(n)

O(p)

This generates the necessary and sufficient condition

(X5)"'B~1 +O(p)
O(n)

which is asymptotically the same as the symmetrized basis condition (2.16).

Ab|| <1, (2.26)

o0

Next, we consider a change in the cost vector ¢. From Proposition 2.2.2, we need

to evaluate the following:
STHI — AT(AD?*AT)"'AD?). (2.27)

Permuting both the rows and the columns yields the following:

Syt BT »
I— (U+V) | BXpSz' NXySy' | |-
S;[l NT
where U and V are as defined before.
Let us examine each block of this 2 x 2 block matrix. The top left block is
(Sg)™' = (Sp) 'BT(U+V)'BXp(Sg)™". Using our expressions for (U +V)~! and

for (Sp)™'BTU! in (2.24) and (2.25), we find that this equals
(Sp)™' = (Sp) '+ (Xp) ' BT'VI+U V)BT, (2.28)

which is O(p) since V' is. Similarly, the top right block can be written as

—(SB)'BT(U + V)"'NXx(Sy)~!, which simplifies using the same two equations
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to

(Xp) ' B I =V{I+UV)'UT )NXn(Sy) ™,
and this is again O(u) because Xy is.

The bottom left block is —(Sy) *NT(U + V)" 'BXp(Sp)~'. Once again us-
ing these equations, we find that this simplifies to —(Sy) 'NT(I — U~V(I +
U='V)=1)B~T, which equals (since U~! and V are O(u))

—(Sy)T'NTBTT + O(p?) = —(Sx)T'NTBT + O(p).
Finally, the bottom right block is (Sy) ™' — (Sy) !NT(U+ V)" 'NXy(Sy)~!. Using
(2.24) we can approximate this (since U~! and Xy are O(u)) as
(Sv)™ +0(®) = (Sy) ™" + O(p).-
Our necessary and sufficient condition then reduces to

O(p) O(p) Acp
—(SN)TINTBTT+O0(n) (Sy)™H+0() | | Acy

<1, (2.29)

o0

and again this is asymptotically identical to the basis condition (2.17).

We conclude this section by generalizing our results (2.26) and (2.29). In deriving
these results, we used an approximation to the point on the central path based on
a first-order Taylor approximation from the optimal solution. In the next theorem,
we show that the same asymptotic result can be obtained using any strictly feasible
solution (z,y,s) with a small duality gap un := zTs, which makes our results
algorithmically more applicable. In the theorem (i.e., in the bounds (2.26) and

(2.29)) and in the rest of this section, we use O(u) to denote a scalar, vector, or
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matrix whose entries may depend on (z,y, s) but are bounded by a multiple of y;
this multiple can depend on B and N and on (z*,y*, s*), but does not depend on
the strictly feasible solution (z,y,s). This is the meaning of the term “uniformly”

in the statement.

Theorem 2.2.2 Under the assumption of a unique, nondegenerate solution, the
expressions (2.4) and (2.11) yield the asymptotic results (2.26) and (2.29), re-
spectively for all strictly feasible points (x,y,s) uniformly in p where p = x7s/n.
These bounds converge to the symmetrized simplex bounds (2.16) and (2.17) as u

approaches zero.

To prove Theorem 2.2.2, we use the following lemma. In fact, the lemma holds
for any feasible point (x,y, s) and even for a point where feasibility is violated by

O(p), but the statement below suffices for our needs.

Lemma 2.2.1 Under the assumption of a unique, nondegenerate solution, let
(x,y,s) be any strictly feasible solution with duality gap pn, let (z*,y*, s*) be the
optimal solution and let the coefficient matriz A be partitioned as B and N, corre-

sponding to the basic and nonbasic variables, respectively. Then x and s satisfy:

rp =%+ 0O(u), ry =0(p), xn >0,
B =123+ 0(n) N =0(pn), zn (2.30)
sp=0(un), sg >0, sy =sk+O0(n),

where the subscripts indicate the appropriate partitions with respect to B and N.

Proof: Note that z* is the unique solution to Az = b, (s*)72 < 0, 2 > 0. Since

x satisfies this system with the second right-hand side changed to un, the result
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for x follows from Hoffman’s lemma [30]. A similar argument applies to the dual

problem. l
Now we are ready to prove Theorem 2.2.2.

Proof of Theorem 2.2.2: Let (x,y, s) be any strictly feasible solution with duality
gap pun. By Lemma 2.2.1, x and s have the form (2.30). Let us re-examine how
we obtained (2.26) from (2.22). The only use we made of the form of (z,y, s) was
that it satisfied (2.30). The major difference is that now we cannot bound Sz'
by O(u™'); but in our derivation, all occurrences of Sgl cancel, and no bound is
necessary. In particular, see (2.25) which shows how the S3' terms disappear.

Next we reconsider the derivation of (2.29) from (2.27). Once again, all we
required is (2.30), and the S;' terms vanish; see, e.g., (2.28), where two such terms
cancel.

We conclude that our earlier proof goes through unchanged, and this establishes

the theorem. 0

We find it remarkable that the same bounds are produced asymptotically by
any strictly feasible point, whereas it seems that solutions close to the boundary of
the feasible region would generate much worse bounds, since perturbations appear
much more likely to lead to infeasibility. However, we have shown that this is not
the case. This analysis may shed some light on how well interior-point methods
work even when their iterates lie very close to the boundary of the feasible region.

We conclude this section with a brief note on what the O(u) terms depend on in

the asymptotic results (2.26) and (2.29). The analysis reveals that those terms are
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determined by the condition number of B and the minimum components of z}; and
sy, which act as a condition measure for LPs. As B or the LP gets ill-conditioned,

the convergence would require increasingly smaller duality gaps.

2.3 Semidefinite Programming

We consider the SDP given in the following standard form:

(SDP) miny CeX
AjeX = b, i=1,...,m,
X = 0,
where all A; € 8", b € R™, C € 8" are given, and X € S§™. Here 8" denotes the
space of n xn symmetric matrices, and X > 0 indicates that X is symmetric positive
semidefinite. Similarly, X > 0 will indicate that X is symmetric positive definite.
The notation P e () represents the usual inner product Trace (PTQ) =Y, i PijQij
on n X n matrices, and the Frobenius norm ||P||r := (P e P)'/? is the associated

norm. We assume that the set {A4;} is linearly independent. The dual problem

associated with (SDP) is:

(SDD) max, g by
YL ud + S = C,
S = 0,
where y € R™ and S € §". Once again, we will parametrize SDP and SDD by b

and C, and the matrices A; will be fixed. Note that LP is a special case of SDP
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where all the matrices A; and C' are diagonal; then S is automatically diagonal, and
any X can be replaced by its diagonal restriction without loss of generality.

The concept of the central path can be extended to SDP. If we assume that both
SDP(b,C) and SDD(b,C) have strictly feasible solutions (i.e., with X and S pos-
itive definite), the central path is defined as the set of solutions (X (u),y(n), S(1))
for © > 0 to the following system together with the requirement that X and S are

symmetric positive definite:

YiriwA + S = C,
Aje X = b, fori=1,...,m, (2.31)

XS = ul.
A crucial observation is that Newton’s method cannot be directly applied to (2.31).
The reason is that the residual map takes an iterate (X,y,S) € " x R™ x 8" to
a point in R™ x 8™ x R™*" (since XS — pl is in general not symmetric), which
is a space of higher dimension. Many authors have suggested different ways of
symmetrizing the third equation in (2.31) so that the residual lies in S™. Todd [60]

analyzes twenty different search directions for SDP.

Next, we introduce some notation that we will use throughout this section.
Script letters will denote linear operators on symmetric matrices. In particular,
A: 8" — R™ is defined by

AU = (A; 0 U, (2.32)

with adjoint A* : R™ — S8"; then

Ay =y (2.33)
=1
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We use || - ||2 to denote the Ly-operator norm on matrices, and Apin(+) and Apax(+)
to denote the minimum and maximum eigenvalues of a symmetric matrix.
The directions we will examine will be Newton steps for nonlinear systems of

the form

A + S = ¢,

AX = b, (2.34)

0(X,5) = (X", 9,
where O(X, S) is some symmetrization of X S and where X’ and S’ are the targeted
points. (Once again, X’ and S’ typically form the point on the central path satisfying
X'S" = ul for some p > 0, and p is decreased at each iteration towards 0. We
assume that ©(X’,S") is known for such points even if X" and S” are not.) Therefore,

the Newton direction will be given by the solution of the following system:

A* Ay + AS = Ry,

AAX = 7 (2.35)

EAX + FAS = Rgp,
where r, = b — AX is the primal residual, Ry = C' — A*y — S is the dual residual,
the operators £ = £(X, S) and F = F(X, S) are the derivatives of © with respect
to X and S respectively, evaluated at (X, S), and Rgp = Rpp(X,S) = O(X’',5") —
O(X,S). We will also use the following notation introduced by Alizadeh, Haeberly,
and Overton [5]:

(POQ)K = %(PKQT + QK PT), (2.36)

where P, () € R™" and K € §", and we will regard it as an operator from S™ to

S". The adjoint operator is defined as usual by £E*U eV = U e EV for all U, V', and
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it is easy to see that
QOP=P6Q, (PoQ)=P o, (2.37)

so that P ® @ is self-adjoint if P and () are symmetric. If moreover P and () are

positive definite, then
(P ®Q)U o U = Trace (PUQU) = Trace (PV2UQYV2QV2UPY?) = | PY2UQY? |2,
so that P ® (@ is also positive definite. If P is nonsingular,

(PoP) =P loP,

but there is no simple expression for (P ® Q)~! in general. Note that I ® I is the
identity operator. Very occasionally, we will extend the domain of the operator

P ©® Q to all of R™*™; for possibly nonsymmetric matrices K, we define it by
1
(POQ)K = §(PKQT +QKTPT). (2.38)

Assume that £ is nonsingular. Then the operator AE1FA* takes R™ into
itself, so is represented by an m x m matrix, called the Schur complement. (It is
unnecessary to represent the operators £ and F as matrices to define or evaluate
the Schur complement.) We find that (2.35) has a unique solution iff the Schur

complement matrix is nonsingular, and in this case the solution can be found from
(AgflfA*)Ay = Tp— Agil(REF — JTRd),
AS = Ry— A*Ay, (2.39)
AX = 5_1(REF—.FAS)
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In this paper, we will analyze the AHO, H..K..M, and the NT directions, as well as
the general family of Monteiro-Y. Zhang search directions [42, 74, 46]. The AHO
direction was suggested by Alizadeh, Haeberly and Overton [5]. The H..K..M direc-
tion was independently introduced by Helmberg, Rendl, Vanderbei and Wolkowicz
[29] and Kojima, Shindoh and Hara [39], and later rediscovered by Monteiro [42].
Finally, Nesterov and Todd [48, 49] introduced the NT direction.

The reason for considering the above three directions is twofold. Firstly, the
H..K..M and NT directions give a unique search direction for every symmetric posi-
tive definite X and S and surjective operator .A. The AHO direction also enjoys this
property if XS+ SX is symmetric positive semidefinite [57, 62] or if (X, y, .S) lies in
a suitable neighborhood of the central path [45]. Moreover, the first two directions
possess the property that £ 1F is positive definite, which will lead to a reduction
in the duality gap for the new problem arising from perturbations of b and C' as in
the LP case; moreover, £71F is self-adjoint, so that the Schur complement matrix
is symmetric in these cases. (Note that an operator G from S™ to 8" is positive
definite if U e GU > 0 for every nonzero U € 8"; it is self-adjoint if Ue GV =V e GU
for every U,V € 8".) Again, the AHO direction enjoys the positive-definiteness
property (but not self-adjointness in general) if XS 4+ SX is symmetric positive
semidefinite. Our second reason for analyzing these three directions is that they
are among the search directions used most frequently in practice. In the next sub-
section, we will present our general results for the Monteiro-Zhang family of search
directions for the SDP. Then we will turn our attention to the three specific search

directions stated above. Finally, we will show that for these three cases, if the SDP
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under consideration is derived from an LP problem, then the bounds reduce to those
we obtained above for the LP case.

Since the derivation is somewhat technical, and the results cannot be stated
precisely without some initial analysis, the reader may wish to skip Subsections

2.3.2-2.3.4 on a first reading.

2.3.1 General Results

We assume that there is a strictly feasible point (X,y,S) for SDP(b,C) and
SDD(b,C) defined in the obvious way. We also assume that A is a surjective
operator, which follows if the A;s are linearly independent. Clearly, the duality gap
corresponding to this point will be given by C ¢ X — by = X @ S > 0, since both
X and S are symmetric positive definite. We further assume that the operators £

and F are in the following form:
E=S0OM, F=MX0OI, (2.40)

where M is a symmetric positive definite matrix; this defines precisely the Monteiro-
Zhang family of search directions. As is known and will also be seen shortly, this
assumption holds for the AHO, H..K..M and NT directions. From (2.37), the adjoint

operators are given by
E'=S6oM, Fr=XMol. (2.41)

Under the assumption (2.40), £ is nonsingular. Moreover, £1F is positive definite

for the H..K..M and NT directions, and this also holds for the AHO direction if
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XS + SX is symmetric positive semidefinite. Note that since A is surjective, the
Schur complement matrix AE~1FA* will then be nonsingular. Finally, Vi wil
denote the unique symmetric positive definite square root of the symmetric positive
definite matrix V.

First, we consider a change in the right-hand side vector b.

Proposition 2.3.1 Assume that (X,y,S) is a strictly feasible point for SDP(b,C)
and SDD(b,C) and let £ and F as in (2.35) be given by (2.40). Assume that
AETFA* is nonsingular. Let the right-hand side vector b be replaced by V' :=
b+ Ab, where Ab € R™, and suppose a Newton step for the system (2.34) is taken
from (X,y,S) targeting the feasible point (X', y',S") of SDP(V',C) and SDD(V,C)
that satisfies ©(X',S") = ©(X,S). Then a full Newton step can be taken and the
resulting iterate will be feasible for the new problems if, and only if, Ab satisfies the
following inequalities:
Anin (X3 (£ FA [(AETFA)IAY) X3) = -1, (2.42)
A (873 (A" [(AETIFAY) 1 AB]) 574) < 1. (2.43)
Moreover, the duality gap of the new iterate will be at most X @S if E~LF is positive
definite.
Proof: Note that by the hypothesis, we have r, = Ab, Ry = 0 and Rgr = 0. Then,
from (2.39), the Newton step (AX, Ay, AS) is given by:
Ay = (AETFA*)LAD,
AS = —A[(AETFA?)AD], (2.44)
AX = E'FA[(AETFA)TAD.
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Then, clearly, the next iterate will be feasible for the new problem if and only if

X+AX =0and S+ AS = 0. But,
X+AX =0 holdsiff I+ X 2AX X"z 0. (2.45)

(2.45) implies that all the eigenvalues of the symmetric matrix X ~3AX X2 should
be greater than or equal to -1. With this observation and combining (2.44) with
(2.45), we have exactly (2.42) as a necessary and sufficient condition for the new X

iterate to be feasible. Similarly,
S+AS>=0 holdsiff [+ S 2ASS 2> 0; (2.46)

combining (2.44) with (2.46), and using the same argument, we have exactly (2.43)
as a necessary and sufficient condition for the new S iterate to be feasible.
Next, we will show that the duality gap of the new iterate is at most the original

duality gap given by X e S, assuming £ 1F is positive definite. Note that
(X+AX)o(S+AS)=XeS+XeAS+SeAX +AX e AS. (2.47)

By our hypothesis, £ and F are given by (2.40). Therefore, if we use (2.41), it is
easy to verify that

EM' =5 FM'=X. (2.48)
Then, using (2.48), we have:
AXeS=AXeEM ' =EAX e M. (2.49)

Similarly,

ASeX =ASeF M ' =FASeM " (2.50)



51

However, (2.35) and our hypothesis imply EAX + FAS = 0. Combining this with

(2.49) and (2.50), we obtain
AX eS+XeAS=0, (2.51)
Finally,
AX e AS=—-ASeETFAS <O, (2.52)
since £71F is positive definite. Hence, (2.47), (2.51), and (2.52) imply:
(X+AX)o(S+AS)<XeS. (2.53)
This completes the proof. 0
Next, we consider perturbations of the cost matrix C'.
Proposition 2.3.2 Assume that (X,y,S) is a strictly feasible point for SDP(b, C)
and SDD(b,C) and let £ and F as in (2.35) be given by (2.40). Assume that
AETFA* is nonsingular. Let the cost matriz C be replaced by C' := C+AC, where
AC € 8", and suppose a Newton step for the system (2.34) is taken from (X, y,S)
targeting the feasible point (X' y',S") of SDP(b,C") and SDD(b,C") that satisfies
O(X',S") = ©(X,S). Then a full Newton step can be taken and the resulting
iterate will be feasible for the new problems if, and only if, AC satisfies the following
mequalities:
Aomae (X—% [ FAC — £ FA (AET FA") T AET FAC] X—%) <1, (2.54)
Anin (874 [AC = A (AL FA) TAETFAC S7H) 2 -1, (2.55)
Moreover, the duality gap of the new iterate will be at most X oS if E~L1F is positive

definite.
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Proof: Once again, using the hypothesis and the notation in (2.39), we have r, = 0,

R; = AC, and Rgr = 0. Then the Newton step (AX, Ay, AS) is given by:

Ay = (AETFA)LAE-IFAC,

AS AC — A*(AEVFAY)TAE L FAC, (2.56)

AX = —E'FAC+ETITFA(AETTFA)TTAETLFAC.
Then, proceeding as in the proof of Proposition 2.3.1, we see that the next iterate
will be feasible for the new problem if and only if X + AX > 0 and S+ AS > 0.
Using a similar argument as in the previous proof, these conditions become that
the minimum eigenvalues of X 2AX X2 and S"2AS S~ be at least —1. Then,
using (2.56), we obtain exactly the bounds (2.54) and (2.55) we seek. Essentially
the same argument as in Proposition 2.3.1 shows that, if £71F is positive definite,

the duality gap is bounded above by X e S. This completes the proof. 0

Next, as in the LP case, we present our result for directional perturbations.

Proposition 2.3.3 Assume that (X,y,S) is a strictly feasible point for SDP(b,C)
and SDD(b,C) and let £ and F as in (2.35) be given by (2.40). Assume that
AELFA* is nonsingular. Let the right-hand side vector b and the cost matriz C
be replaced by V' := b+ Bd,, C' := C + BD¢, respectively, where 5 € R, d, € R™,
and D¢ € 8™. Suppose a Newton step for the system (2.34) is taken from (X, y,S)
targeting the feasible point (X', y',S") of SDP(V,C") and SDD(V',C") that satisfies
O(X',S") =0O(X,S). Then a full Newton step can be taken and the resulting iterate

will be feasible for the new problems if, and only if, (B satisfies the following:

|8 < min{a, b}, (2.57)
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where a s the reciprocal of

1

Ao (X3 (€71 F [Do— A (AT FAY) L AE T FDo— A (AET FA) 1 d3]) X4
(or +oo if this quantity is negative) and b that of
Aunin (s—% [De — A(AEFA) " AE FDo — AT (AET FAT)dy] s—%)

(again, +o0 if this quantity is negative). Moreover, the duality gap of the new iterate

will be at most X o S if E7LF is positive definite.

Proof: As in Propositions 2.3.1 and 2.3.2, the result follows simply by observing
that r, = Bdy, Rp = D¢ and Rxs = 0 in (2.39), and imposing the conditions
Amin(S72AS S72) > —1 and Apin (X 2AX X2) > —1. 0
Before analyzing the three search directions, we would like to discuss the concept
of scale-invariance. Given SDP(b,C) and SDD(b,C), if we apply a change of
variable in SDP(b,C) such that X is replaced by X = PXPT where P is a
nonsingular matrix in R"*", SDP(b,C) transforms to
(S/D\P) ming CeX
AX = b,
X = 0,
where C' ;== P~TCP~', and A and A* are defined from {A4; := P~T4;P~'} as in
(2.32) and (2.33). The dual of this problem is

(@) max, g by

W
Y
o
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which is exactly the transformation of SDD(b,C') with (y,S) replaced by (7 :=
y,S = PTSPY). If (X,y,S) is a strictly feasible point for SDP(b,C) and
SDD(b,C), then (X,7,5) = (PXPT,y, P~TSP~1) is a strictly feasible point for
SDP and SDD.

Now, we are in a position to discuss P-scale-invariance and Q-scale-invariance
introduced by Todd [60]. A method for defining a search direction for semidefinite
programming is called P-scale-invariant if the direction at any iterate is the same
as would result from scaling the problem and iterate by an arbitrary nonsingular
matrix P, using the method to determine the direction for the scaled problem, and
then scaling back. It is called @)-scale-invariant if this is true when P is restricted to
the set of orthogonal matrices. Todd shows that the H..K..M and N'T directions are
P-scale invariant, whereas all three directions we will analyze are ()-scale invariant
(see Propositions 6.6 and 6.7 in [60]).

Furthermore, the Schur complement matrix given by AE~!F.A* is invariant un-
der scaling, i.e., AETLFA* = AE-'FA*. To see this, consider the ith column of

the unscaled Schur complement matrix:
u=(AET'FA e, = AETVFA,;, (2.58)

where e; is the ith unit vector. Let K = £ 'FA;. Then we have EK = FA,.
Using the fact that £ =S ® M and F = M X ® I for our directions where M is a

symmetric positive definite matrix (2.40), we have:

1 1
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Then u in (2.58) is given by
Al e K
u= : : (2.60)
A, K
As will be seen in the following analysis, the matrix M scales like S, i.e., M =
P~TMP!, for the H..K..M and NT directions. Then & = SOM and F = MX & 1.

Therefore, the ith column of the scaled Schur complement matrix is given by:
U = (AETVFAY)e; = AETVFA,. (2.61)

Let K = E'FA;,. Then EK = FA,. Using the definitions of € and ]:", and

substituting the values for the scaled matrices, we have:

1,44 ~ SN 1, oo PRNPNEIN
1 . .
5(P-TSP-lKP—TJWD-l +P TMP'KPTTSPT) =
1
5(P*TMP*PXPTP*TAiP*1 + P TAPPXPTPTMPT. (2.62)
Multiplying (2.62) by PT from the left and P from the right, we get:

%(SPlf(PTM + MP'KPTS) = %(MXAi + A X M). (2.63)

Comparing (2.59) with (2.63), we have the same symmetric matrix on the right-
hand side. Since S and M are symmetric positive definite, both systems have the
same unique solution, so that K = PKPT. Hence,
Ao K Trace (P~TA,P~'PK PT) Ao K
u = : = : = : . (2.64)

S

me KK Trace (P~TA,P~'PKPT) Ane K
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From (2.60) and (2.64), we conclude that the Schur complement matrix is invariant
under scaling. With this observation, either the original iterate or the scaled one
can be used to compute this matrix. We will make use of this observation in our
analysis.

For the AHO direction, M = I, thus M = M = [ = PTp-liff p = pT.
This is the reason why, unlike the other directions, the AHO direction only enjoys

(-scale invariance.

2.3.2 The AHO Direction

The AHO direction [5] is the Newton step for the following symmetrization of the
third equation in (2.34):
1

~ ~ =~ 1

It corresponds to taking
1 1
E=S0I, F=X0oI, Rgr= §(X’S’ +5'X") — §(XS+ SX). (2.66)

Therefore, M = I for the AHO direction. Recall from Section 2.3.1 that we need
the operator £7! for our analysis. For the AHO direction, £ is given by (2.66),
and £~ does not have a nice closed form expression. However, using the Q-scale
invariance property, assuming that (X, y,.S) is our current strictly feasible point for
SDP(b,C) and SDD(b,C), we let S = QDQT be the eigenvalue decomposition of

S, where D is a diagonal matrix with strictly positive eigenvalues of S, and () is an
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orthogonal matrix. Then, using P = Q! as a scaling matrix, we have:
X = Q'XQ7" = QX0
S QTSQ = D, (2.67)

A = QTAQ.

With this transformation, € = S ® I = D ® I. Therefore, £~! has a closed form
by

expression: U := £71R is given

EU=R iff DU+UD=2R iff Uj=-—2 (2.68)

where U;; denotes the (i, j) entry of the matrix U, and d; the ith diagonal element
of D.
Now we compute the Schur complement matrix for the current iterate (X, y,.S)

using the scaled iterate. Let N = AE-1FA*. Then the ith column of N is given

by:
Ne; = (A8 FA)e; = AETVFA; = AE71 |L(AX + XA)| = AK,,  (2.69)
where
. (AiX 4+ XA
K)u = 2.70
(K i d (2.70)
from (2.68). Let us also write K; for QK;QT. Therefore,
Al ° f(l Ao K;
Ne; = : = : ) (2.71)
Am L] KZ Am ° KZ

(2.71) implies that the Schur complement matrix /N is not symmetric in general (see

also Proposition 6.4 in [60]).
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As mentioned previously, the AHO direction does not satisfy the well-defined
direction property, that is, the AHO direction may fail to exist at a strictly feasi-
ble iterate. Therefore, we assume that (X, S) is such that the Schur complement
AELFA* is nonsingular in this subsection.

First, we consider a change in the right-hand side vector b. If we use the scaled
iterate (X,g), S*) and the fact that Ab = Ab, Proposition 2.3.1 implies that the

following bounds on Ab are necessary and sufficient:

(] ) 2
A <S—% [/l*(N‘lAb)] S—%) <1
The first inequality in (2.72) yields the following:
1=1
Amin (Zm: N7'Ab),; ( XK X™ 5)) > 1, (2.73)
1=1

where K; is as in (2.70) and (N~'Ab); denotes the ith component of the vector
N~LAb. In this bound, we can also replace X 2K, X2 by X‘%KiX_%, since the

two are related by an orthogonal similarity. Similarly, the second inequality in (2.72)

)

A (i(N‘lAb)i <D‘5/LD‘§>) <1 (2.74)

=1

yields the following:

N
»

Amax (D [i(NlAb)ifli

i=1

Again, D=2A;D"% can be replaced by S=24;57 % if desired. Summarizing, we have
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Proposition 2.3.4 Let (X,y,S) be a strictly feasible point for SDP(b,C) and
SDD(b,C) such that AE~'FA* is nonsingular. Assume that the right-hand side
vector b is replaced by b’ := b+ Ab, where Ab € R™. Suppose a Newton step
is taken from (X,y,S) targeting the feasible point (X', y',S") of SDP(,C) and
SDD(V,C) that satisfies (X'S"+ S'X")/2 = (XS + SX)/2. Then, if we use the
AHO direction, a full Newton step can be taken and the resulting iterate will be fea-
sible for the new problems iff Ab satisfies (2.73) and (2.74). Moreover, the duality

gap of the new iterate will be at most X & S if E7LF is positive definite.

Next, we consider a change in the cost matrix C. If we use the scaled iterate
(X, 7, S) again and the fact that AC = QTACQ, Proposition 2.3.2 implies that the
following bounds on AC are necessary and sufficient:

1

Ao (X3 [E1FAC - £V FANTAEFAC] X 1)

IN

b (2.75)
Amin (S—% [ZZ* —~ A*N-lflé-lﬁ@} S—%) > 1.

Let I = E-1FAC = £ <%(Z(\3X —i—X@)) Then, using (2.68), we get L;; =

(ACX+XAC)y Hence, the first inequality in (2.75) simplifies to

414,
A (X8 (£ = E7FA(N10)) X4 =
o (3 (2= [ S0 (s x4)) ) 1) -

Amax (X—% (i - Z(N‘lv)if(i) X—%> <1, (2.76)
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where K; is again given by (2.70) and

Similarly, the second inequality in (2.75) yields:

Awin (D73 [AC = A (N1 AE1FAC) | D7F) =

)\min (Dé

(As before, we can express these bounds in terms of unscaled quantities using K

[ SIS

D) > 1. (2.77)

@ - Z(Nﬁl’l})iAi
i=1

as above and L := @) L QT.) Hence, we obtain

Proposition 2.3.5 Let (X,y,S) be a strictly feasible point for SDP(b,C) and
SDD(b,C) such that AE~*FA* is nonsingular. Assume that the cost matriz C
is replaced by C' := C+ AC, where AC € §™. Suppose a Newton step is taken from
(X,y,S) targeting the feasible point (X', y',S") of SDP(b,C") and SDD(b,C") that
satisfies (X'S" + 5'X")/2 = (XS + SX)/2. Then, if we use the AHO direction, a
full Newton step can be taken and the resulting iterate will be feasible for the new
problems zﬁ@ = QTACQ satisfies (2.76) and (2.77). Moreover, the duality gap

of the new iterate will be at most X o S if E-1F is positive definite.
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2.3.3 The H..K..M Direction

The H..K..M direction [29, 39, 42] is the Newton step for the following symmetriza-

tion of the third equation in (2.34):

S R 1
O(X,5) := S (SXS + SXS) = 5(SX'S' + 5'X'S). (2.78)

Here, the operators £ and F are given by

£=5S0S, F=SXOI, Rgr= %(SX’S’ +5'X'S) — SXS. (2.79)

Therefore, M = S for the H..K..M direction. Alternatively, so that £ does not need

to be inverted, we have:
1
E=10I, F=X0S"' Rgr= §(X’S’S‘1 +S719'X") - X. (2.80)

Note that the H..K..M direction is P-scale invariant. Therefore, we apply the scaling

transformation using P = S 2. Then we have the following scaled matrices:

X = S:Xx9%,

S =1

) (2.81)
A = 5714573,

¢ = §7:CS7:

We also have E=E =T and F =X O I.

Now we compute the Schur complement matrix for the current iterate (X, y,.S)
using the scaled iterate. Let N = AE1FA*. Then the ith column of N is given
by:

Nei = (A6 FAn)e = Aé-1F A = A Emzx i XAi)] @8
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Therefore,

Ne; = = : = : : (2.83)
A, e (1211)2' + Xfll) Trace (Am)?flz)
In the above derivation, we used the obvious facts that Trace (A) = Trace (AT) and
Trace (PK) = Trace (K P), for any square matrices A, P, and K. (2.83) implies
that the Schur complement matrix N is always symmetric (see also Proposition 6.4
in [60]).

The H..K..M direction is a well-defined direction, i.e., it exists and is unique for
every symmetric positive definite X and S and every surjective A. Moreover, the
operator £71F is self-adjoint and positive definite (see Proposition 6.3 in [60]).

First, we consider a change in the right-hand side vector b. If we use the scaled
iterate (X,g), S) and the fact that Ab = Ab, Proposition 2.3.1 implies that the

following bounds on Ab are necessary and sufficient:

1

Aunin (X—a [é*lﬁA*(NflAb)} X—%)

Vv
|
\.H

(2.84)
Aumax (5*—% [A*(N”Ab)] S—%) < 1

)

Auin (% S (VA [X—%A,-X% + X%Aif(—%]) > 1. (2.85)

i=1

The first inequality in (2.84) yields the following:

m

Amin (X [1 SV ab), (A + XA)

M

2

=1

Similarly, the second inequality in (2.84) yields the following:

Amax <Zm:(N1Ab)i/L> <1. (2.86)

i=1
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Note that (2.86) bounds the maximum ecigenvalue of E := 3.7 (N~'Ab); A;, while
(2.85) bounds the minimum eigenvalue of (U~'EU + UEU)/2 for U = Xs.
By Lemma 3.3 of Monteiro [42], the former eigenvalue is always bounded by the

maximum eigenvalue of (U'EU + UEU')/2. Thus, we have

Proposition 2.3.6 Let (X,y,S) be a strictly feasible point for SDP(b,C) and
SDD(b,C). Assume that the right-hand side vector b is replaced by b' := b+ Ab,
where Ab € R™ and a Newton step is taken from (X, y, S) targeting the feasible point
(X", y,S") of SDP(V',C) and SDD(V,C) that satisfies %(SX’S’ +5'X'S) = XS.
Then, if we use the H..K..M direction, a full Newton step can be taken and the re-
sulting iterate will be feasible for the new problems iff Ab satisfies (2.85) and (2.86).

A sufficient condition is that

i=1

H% So(van, [X A+ XEAX]

2

Moreover, the duality gap of the new iterate will be at most X o S.

a
(It is easy to see that the sufficient condition in the theorem is in fact necessary and

sufficient for both perturbations Ab and —Ab to yield feasible full Newton steps.)

Next, we consider a change in the cost matrix C. If we use the scaled iterate
(X, 7, S) again and the fact that AC = S_%ACS_%, Proposition 2.3.2 implies that

the following bounds on AC are necessary and sufficient:

A (X—% [é’-lﬁ@ - é-lﬁA*N—lAé—lﬁZE] X—%) <1, -
Ao (574 [AC — ANTAETFAC] §4) > 1. '
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The first inequality in (2.87) yields the following:

NI P M — o
)\max (X_2 |:§(ACX+XAC) _FA* (N_lA |:§(ACX+XAC):|):| X_2> =

Amax (X—%

1 ~ 1—=un1 A1 1 ik ~ 1 ~ ~1 A1 A 1
s <X2ACX2 + XBACK 2 - S (N ), <X’5AiX§ + X2AiX2)) <1,

m

1~ oo 1 N
S(ACX + XAC) — > (NT)i(AiX + X A))

=1

where v; = /L e ACX.

Similarly, the second inequality in (2.87) yields:
Aunin (KZ* — A (N—ljlﬁfc)) — Ain (@ - Z(N‘lv)ifli> > 1, (2.89)
i=1

where v is the same as above. Note that (2.89) bounds the minimum eigenvalue
of E = AC — S (N~'0);A;, while (2.88) bounds the maximum eigenvalue of
(UTYEU + UEUY)/2 for U := X 2. Again, the results of Monteiro [42] show that
the former is at most the minimum eigenvalue of (U"'EU + UEU ') /2. Thus, we

have shown

Proposition 2.3.7 Let (X,y,S) be a strictly feasible point for SDP(b,C) and
SDD(b,C). Assume that the cost matriz C' is replaced by C' := C + AC, where
AC € 8" and a Newton step is taken from (X,y,S) targeting the feasible point
(X", 9, S") of SDP(b,C") and SDD(b,C") that satisfies X'S" = XS. Then, if we
use the H..K..M direction, a full Newton step can be taken and the resulting iter-

ate will be feasible for the new problems zﬁ@ = S 2ACS 2 satisfies (2.88) and
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(2.89). A sufficient condition is that

1 P SN Al A 1 e A1 oA oA Al oA A
5 (X—mc B4 X%Acx-%) -5 > (Vo) <X‘§AZX% + X?AiX‘%> <1
i=1 2
Moreover, the duality gap of the new iterate will be at most X o S.
U

2.3.4 The NT Direction

The NT direction [48, 49| is the Newton step for the following symmetrization of

the third equation in (2.34):
o oo 1 Sa s 1
0(X,S) = §(W’1XS +SXWH = §(W*1X’S’ +S'X'W, (2.90)

where W is the scaling matrix defined by W = X2(X2SX2)"2X2 so that WSW =

X. Here, the operators £ and F are given by
E=SoW™ F=w'lXol,

(WHX'S"+ SX'W) = (W'XS+SXW)) . (2.91)

DO | —

REF =

Therefore, M = W~ for the NT direction. It has been shown [62] that if the
targeted point satisfies X'S’ = vI for some v > 0, then the NT direction can
alternatively be defined in the following convenient way, in which case £ does not

need to be inverted:

E=I10I, F=WoW, Rgr=vS"'-X. (2.92)
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We claim that the representation (2.92) can be generalized to the case when X'

and S’ are arbitrary matrices if Rpp is appropriately chosen. First of all, note that

(2.91) implies that the third equation of (2.35) is given by

(SAX+ASX)W T+ W HAXS+ XAS) =W HX'S — XS)+(S'X' - SX)W™ .
(2.93)

Postmultiplying (2.93) by W, we obtain

SAX +ASX +WHAXS+XAS)W = W H(X'S' = XS)W +S'X' — SX. (2.94)

Now we will show that there exists a unique symmetric matrix Rgpr such that the
following system

AX + WASW = Rgp, (2.95)
which is related to (2.92) is equivalent to (2.94) for arbitrary X’ and S’. Proceeding
as in [62], we see that (2.95) is equivalent to each of the following two equations:

WIAXSW +ASX = W 'RgpSW, (2.96)
SAX + W 'XASW = SRgr. (2.97)
The first equality follows from premultiplying (2.95) by W~ and postmultiplying
by W=1X, together with SW = W~1X, and the second equality is a consequence

of premultiplying (2.95) by S. Adding up (2.96) and (2.97), we obtain the same

expression on the left hand side of (2.94). Hence, it follows that Rgp should satisfy
W 'R SW + SRgr = W H(X'S — XS)W + §'X' — SX. (2.98)
Postmultiplying (2.98) by W', we obtain

W 'RErS + SRepW ™ =W HX'S" — XS) + (9'X' — SX)W ™, (2.99)
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Using the notations in (2.36) and (2.38), (2.99) is equivalent to
W teS)Repr =W o )X'S - XS (2.100)

On the left, W= ® S is viewed as an operator from S™ to itself, while on the right
W=t ® I takes R™" to S™. However, note that W~! ® S is positive definite, and
therefore (2.100) has a unique solution Rgp. This shows that the solution to (2.95)
will also satisfy (2.93) if Rgp is given by (2.100). However, the solutions to the
two Newton systems (2.35) where the third equations are given by (2.93) and (2.95)
respectively exist and are unique, and hence must agree. Therefore, we conclude

that an alternative representation of the N'T direction is given by
E=101, F=WoW, Rgp, (2.101)

where Rgp is defined as the solution to (2.100). Observe that computation of Rpp
involves solving a Lyapunov system. However, for our purposes, the right hand side
of (2.100) is exactly equal to ©(X’,S") —O(X,.S), and in our case this is 0; therefore
Rpp = 0.

Note that the NT direction is also P-scale invariant. Therefore, we apply the

scaling transformation using P = W 2. Then we have the following scaled matrices:

X = Wi3XW-s,

S = WiSWs,
i (2.102)
A, = WiA W3,
C = WiCWa.

Hence X = S and so W = I. Thuswehaveé’zﬁz[@[.
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Now we compute the Schur complement matrix for the current iterate (X,y, 5)
using the scaled iterate. Let N = AELFA*. Then the ith column of N is given

by:

(2.103)

A, e A
Thus the Schur complement matrix N is always symmetric (see also Proposition 6.4
in [60]).

The NT direction is a well-defined direction, i.e., it exists and is unique for every
symmetric positive definite X and S and every surjective A. Moreover, the operator
ELF is self-adjoint and positive definite (see Proposition 6.3 in [60]).

First we consider a change in the right-hand side vector b. If we use the scaled
iterate (X,yj, Q) and the fact that Ab = Ab, Proposition 2.3.1 implies that the

following bounds on Ab are necessary and sufficient:

Auin (X3 [EFA (N AD)] X73) > -1,
L . (2.104)
A (57% [A*(N—lAb)} S*%> <1
The first inequality in (2.104) yields the following:
Amin <Z(N‘1Ab)if(—%fli)2—5> > 1. (2.105)
i=1

Similarly, since X=9 , the second inequality in (2.104) requires that the maximum
eigenvalue of the same matrix be at most 1. Therefore, unlike the situation for the

other directions, both bounds relate to the same matrix, and our necessary and
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sufficient condition simplifies, becoming similar to the sufficient condition involv-
ing the 2-norm for the H..K..M direction or the necessary and sufficient condition
involving the L.-norm of a vector for LP. We state this nice result about the NT

direction as:

Proposition 2.3.8 Let (X,y,S) be a strictly feasible point for SDP(b,C) and
SDD(b,C). Assume that the right-hand side vector b is replaced by b' := b+ Ab,
where Ab € R™. Suppose a Newton step is taken from (X, y, S) targeting the feasible
point (X' y',S") of SDP(V',C) and SDD(V',C) that satisfies O(X',S") = O(X, 5).
Then, if we use the NT direction, a full Newton step can be taken and the resulting

iterate will be feasible for the new problems iff Ab satisfies

S (N TIAD)XTEAX

i=1

1
2

<1
2

Moreover, the duality gap of the new iterate will be at most X o S.

Next, we consider a change in the cost matrix C'. If we use the scaled iterate
(X, 7, S’) again and the fact that AC = W2ACW 2, Proposition 2.3.2 implies that
the following bounds on AC are necessary and sufficient:

Amax (X—% [é*lﬁ@ - é*lﬁfl*N*/lé*lﬁZZ‘] X—%> <1,

(2.106)
Amin (S*% [Z\O - A*N*IAS*ﬁZE} 5’*%> > 1.

The first inequality in (2.106) yields the following:

)\max <X_ %
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where v; = /L o AC.
Similarly, the second inequality in (2.106) requires that the minimum eigenvalue
of the same matrix be at most —1. Once again, the two bounds involve the same

matrix, and so can be written concisely as a bound on its 2-norm. We state this as:

Proposition 2.3.9 Let (X,y,S) be a strictly feasible point for SDP(b,C) and
SDD(b,C). Assume that the cost matriz C' is replaced by C' := C + AC, where
AC € 8™. Suppose that a Newton step is taken from (X,y,S) targeting the feasible
point (X' y',S") of SDP(b,C") and SDD(b,C") that satisfies O(X',S") = O(X, 5).
Then, if we use the NT direction, a full Newton step can be taken and the resulting

iterate will be feasible for the new problems zﬁ@ = W2ACW? satisfies

A1
X2 <1.
2

A1
HX_2

E - Z(N_IU)Z‘AZ‘
i=1

Moreover, the duality gap of the new iterate will be at most X @ 5.

2.3.5 Comparison with LP

As mentioned before, LP is a special case of SDP where all the matrices A;, C', and
hence X and S, are restricted to be diagonal. If the LP is given in the standard
form, then A; is the diagonal matrix corresponding to the ith row of the coefficient

matrix A in LP, C' is the diagonal matrix whose components are given by the cost
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vector ¢, and X and S are the diagonal matrices similarly obtained from x and s,
respectively.

In this section, given an LP, we analyze the relationship between the LP bounds
(2.4) and (2.11) and their counterparts resulting from the three directions for the
corresponding SDP. The analysis will not refer to any of the three directions specif-
ically, but we will only assume that the operators £ and F are given by (2.40) and
that the matrix M is also diagonal whenever X and S are diagonal. This property
holds for all three directions as well as the so-called dual H..K..M direction [39, 42],
which uses M := X1,

Since the matrices defining the operators £ and F are diagonal and since diagonal
matrices commute, some of the computations in the previous sections can be signif-
icantly simplified. In particular, if ¥ is diagonal, then £ = SMY, FY¥ = M XX,
Therefore, £71F Y = S71XX. By this observation, the ith column of the Schur

complement matrix N = AE~1FA* is then given by

Ne;, = AE'FA, = AST' XA, —

Trace (A1 ST X A;)

(2.108)
Nei =

Trace (A,,S™' X A;)

However, (2.108) implies that N = AD?AT, where D? = XS~!, which is exactly
the Schur complement matrix in LP.

Let us first focus on perturbations of b. The bounds (2.42) and (2.43) arising

from Proposition 2.3.1 can be simplified using the fact that all operations yield

diagonal matrices and that diagonal matrices commute. In particular, (2.42) is
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equivalent to

Awin (X3 (1 FA [(AEFA) AN X 1) =

(2.109)
Nuin (VAT [(AEFAT)IAY) > 1,
which can be combined with (2.43) to yield the following norm bound:
|STrA* [(AETTFA*) LAY, =
I, (AD?AT)71A) A7, = (2.110)

S AT(AD2AT) A < 1.
where the last equality follows from the fact that the Ly operator norm of a diagonal
matrix is the same as the L., norm of the vector of its diagonal entries. Therefore,
the SDP bounds for Ab reduce exactly to the bound given in Proposition 2.2.1.

We now consider perturbations of C. In a similar manner, the bounds (2.54)
and (2.55) arising from Proposition 2.3.2 can be combined into a single norm bound
given by

|57 (AC — A (AETTFA)TTAETFAC) |, < 1. (2.111)
Using our previous observations, AE"1FAC = AD?Ac, where Ac is the vector

obtained from the diagonal entries of AC. Therefore, (2.111) can be rewritten as

STIAC -5 ((AD?*ATY"'AD?Ac). A;S~1 =
|S7H(I — AT(AD*AT)PAD?)Ac|| . < 1,
which again is the same as the bound given in Proposition 2.2.2.

Therefore, we have proved the following proposition:

Proposition 2.3.10 Given an LP, the interior-point bounds for all three directions
for the corresponding SDP are exactly the same as those for the original LP for

perturbations of b and c.
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2.4 Discussion

In this paper, we have analyzed perturbations of the right-hand side and the cost
parameters in LP and SDP and presented tight bounds on the perturbations so that
the result of a single interior-point iteration would yield feasible solutions to the
perturbed problem and its dual. For the LP case where the solution is unique and
nondegenerate, we showed that the bounds arising from the interior-point method
asymptotically coincide with those from the optimal basis after symmetrizing with
respect to the origin. Moreover, as long as the perturbations are within the bounds,
one interior-point iteration at a strictly feasible point for the original problem and
its dual results in a feasible point for the perturbed problem and its dual with a
duality gap no greater than that of the original iterates.

Under the assumption of a unique and nondegenerate solution in LP, the optimal
partition coincides with the basis partition. This no longer holds under degeneracy,
however, since the optimal basis is not unique. Therefore, the bounds obtained
from the simplex approach depend on the basis being used and a direct analysis as
in the nondegenerate case is not very meaningful. In order to overcome this short-
coming of the basis approach, an optimal partition perspective has been developed
[2, 32] and shown to yield more accurate information on sensitivity. Consequently,
in the presence of degeneracy, the optimal partition-based bounds seem to be a
natural basis for comparison with the interior-point bounds. However, the analysis
is considerably more complex and uses different tools: it will be the subject of a

subsequent paper (Chapter 3). However, it is worthwhile to note that the bounds
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resulting from our interior-point approach still apply regardless of degeneracy as
long as both primal and dual LPs have strictly feasible solutions.

For the SDP case, the analysis gets harder and the conditions on the perturba-
tions for feasibility to be regained in one step more complicated to state, involving
eigenvalue bounds on two different matrices, except for the simpler NT case. How-
ever, all three of our search directions yield the same bounds (and the same as
given by the LP interior-point approach) in the case that an LP is cast as an SDP.
Since an optimal solution for an SDP does not typically resemble a basic feasible
solution, a comparison as in the LP case is not possible. However, in [18], Gold-
farb and Scheinberg extend the optimal partition approach to sensitivity analysis in
SDP. The resulting bounds can therefore be used for comparison with the interior-
point bounds. Furthermore, from the theoretical results, it is not clear as to how
the bounds resulting from the three search directions compare with one another in
practice. We intend to study such questions in future research (see Chapters 4 and

5).



Chapter 3

An Interior-Point Approach to
Sensitivity Analysis in Degenerate

Linear Programs

3.1 Introduction

Sensitivity analysis (or post-optimality analysis) is the study of how the optimal
solution of an optimization problem changes with respect to the changes in the
problem data. The possible presence of errors in the problem data often makes
sensitivity analysis as important as solving the original problem itself.

In the context of linear programming (LP), sensitivity analysis can be performed
using an optimal basis approach (as in the simplex method) or an optimal partition

approach, where the optimal partition refers to knowing, for each index, whether the
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corresponding component of an optimal primal solution or of an optimal dual slack
vector can be positive. The latter approach has close connections with interior-point
methods since such methods, when properly terminated, provide an optimal solution
in the relative interior of the optimal face, from which the optimal partition is
readily available. In fact, as will shortly be discussed in detail, the optimal partition
approach has been developed by Adler and Monteiro [2] and Jansen, de Jong, Roos
and Terlaky [32] as a promising alternative in order to circumvent the drawbacks of
the classical optimal basis approach in the presence of degeneracy. Later, Monteiro
and Mehrotra [44] extended this approach by relaxing the requirement that the
optimal partition be known. They also provided two methods to estimate the range
of perturbations, each of which can be performed at any optimal solution, regardless
of where it lies on the optimal face. More recently, Greenberg, Holder, Roos and
Terlaky [26] related the dimension of the optimal set to the dimension of the set
of objective perturbations for which the optimal partition is invariant. Greenberg
[25] considered the simultaneous perturbations of the right-hand side and the cost
vectors from an optimal partition perspective.

Recently, we studied perturbations of the right-hand side and the cost param-
eters in linear programming [71] (see Chapter 2), motivated by how interior-point
methods from a near-optimal pair of strictly feasible solutions for a problem and
its dual would compare with the optimal basis approach obtained from a nonde-
generate optimal basic solution for such perturbations. The proposed interior-point
perspective stems from the objectives of regaining feasibility and maintaining near-

optimality in a single iteration of the interior-point method. This requires the setup
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of the “right” Newton system among many possible choices in order to achieve both
objectives simultaneously. Such a perspective provides a basis for the comparison
of the interior-point and the simplex approaches to sensitivity analysis.

Under the assumption of a unique, nondegenerate optimal solution, the authors
showed that the Newton system proposed in [71] is the “right” one in the sense
that it yields asymptotically the same bounds on perturbations as those that keep
the current basis optimal (after symmetrization with respect to the origin). Similar
results, but changing only one of the primal or dual near-optimal solutions, were
obtained by Kim, Park and Park [37].

However, most LPs arising from real-life problems are degenerate. Our goal
in this paper is to investigate the quality of the bounds from the interior-point
perspective in the absence of the strong assumption of nondegeneracy. This will lead
to a complete analysis of the interior-point perspective proposed in [71] (Chapter 2).
In doing so, we need something to compare our interior-point bounds with. In
contrast to the nondegenerate case, the presence of multiple optimal bases makes
a simplex-based approach unsuitable, as will be explained shortly. We therefore
compare our bounds to those obtained from considering how much the right-hand
side or the cost vector can change while maintaining the same optimal partition.
Consequently, we use completely different tools for our analysis in this paper.

The next section is devoted to the preliminaries including the introduction of
the tools relevant for the analysis as well as the restatement of our interior-point
approach. Section 3.3 discusses the equivalence between the primal and dual for-

mulations and shows that it suffices to consider perturbations of the right-hand side
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only. We analyze the interior-point bounds under a special case of degeneracy in
Section 3.4 and extend the analysis to the general degenerate case in Section 3.5.

Section 3.6 concludes the paper with some remarks.

3.2 Preliminaries
We consider the LP in the following standard form:

mxin c'x, subject to Ar =b, z>0. (P)
The associated dual LP is given by

max b’y, subject to ATy +s=¢, s>0. (D)

y?s

Here, A € R™*" b € R™ and ¢ € R" constitute the data, and (x,y, s) € R"xR™xR"
are the decision variables. Throughout this paper, the coefficient matrix A will be
fixed and we will consider one-dimensional perturbations of the right-hand side
vector b and the cost vector ¢, i.e., b will be replaced by b+ tAb and ¢ by ¢ + tAc,
where Ab and Ac will be fixed in R™ and R", respectively, and ¢ € R will be the
parameter. This is also called parametric analysis in the literature.

We will make the following assumptions:
1. The coefficient matrix A has full row rank.

2. Both (P) and (D) have strictly feasible solutions, i.e., there exist x > 0, s > 0

and y such that Az = b and ATy + s = c.
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The classical approach to sensitivity analysis has been based on the simplex
method. Assuming that an optimal solution exists, the simplex method terminates
with a basic optimal solution along with a corresponding basis. A natural criterion
for the allowable perturbations in the data is then given by the following: how much
perturbation in the data can one allow so that the current basis remains optimal
for the perturbed LP?

Let us consider the parametric right-hand side (RHS) problem, i.e., let b be
replaced by b + tAb. Define v(t) = min{c’z : Ax = b+ tAb, x > 0}. It is well-
known that v is a convex, piecewise linear, continuous function of . The parametric
RHS problem includes finding out all the “breakpoints” of v(t).

Fixing a value of ¢, say at 0 for the purposes of this paper, the classical approach
to sensitivity analysis then provides the set of values of ¢ for which an optimal basis
for ¢ = 0 remains optimal for the resulting LLPs parametrized by ¢. This is called the
optimality interval associated with an optimal basis. Note that the optimal basis
approach indeed yields the breakpoints of v(¢) around 0 under primal and dual
nondegeneracy (which holds only if 0 itself is not a breakpoint of v(t)). However,
the presence of primal and/or dual degeneracies is a shortcoming for this approach
since, for example, multiple optimal bases might yield different optimality intervals.
This shortcoming has been observed by several researchers. Adler and Monteiro
2], and Jansen, de Jong, Roos and Terlaky [32] developed an optimal partition
approach to sensitivity analysis and showed that the optimality intervals associated
with the optimal partitions uniquely and unambiguously identify the breakpoints

of v(t) and the intervals between the consecutive breakpoints. By the symmetry
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between (P) and (D), which will be treated in more detail in Section 3.3, the same
conclusions also hold for the parametric analysis of the cost vector c.

The idea of the optimal partition is based on a well-known result of Goldman
and Tucker [19]. The optimality conditions for (P) and (D) are given by primal and
dual feasibility and complementary slackness, that is, a triple (z,y, s) is optimal for

P) and (D) if and only if it satisfies
( y
Ar=0b, ATy+s=c¢, x5=0,i=1,....,n, x>0, s>0, (3.1)

where x; and s; denote the ith components of x and s, respectively. Let Qp and
Qp denote the set of optimal solutions for (P) and (D), respectively. Then, we can

define two index sets as

B = {je{l,...,n}:z; >0 for some z € Qp},

N = {je{l,....,n}:s; >0 for some (y,s) € Qp}. (3.2)

The optimality conditions (3.1) imply that BN N = (). The Goldman-Tucker result
indicates that B and N actually partition the index set {1,...,n}, ie., BU N =
{1,...,n}. Therefore, there exist at least one primal solution z € 2p and one dual
solution (y,s) € Qp such that z + s > 0. Such a solution will be called strictly
complementary and (B, N') will be called the optimal partition. In contrast to the
possibility of multiple optimal bases, the optimal partition is unique for a given LP
instance.

We will denote by B and N the columns of A corresponding to the indices in

B and N, respectively, and we will also partition the cost vector ¢ as cp and cy,
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and the variables z and s as xp and xy, and sg and sy accordingly. Note that if
(x,y,s) is a strictly complementary solution, then we have x5 > 0, x5y =0, sg =0
and sy > 0.

Let us again restrict our attention to one-dimensional perturbations of the right-
hand side vector b. The optimal partition approach is based on maintaining the
whole dual optimal set invariant rather than an optimal basis as in the classical
simplex approach. Note that perturbations of b do not affect the dual feasible
region. Consequently, the range of ¢ is given by solving two auxiliary LPs. More
precisely, if b is replaced by b+ tAb, and if Qp denotes the dual optimal set for (D)

(i.e., t = 0), then the lower and upper bounds on ¢ are given by the optimal values

of
(AUX1) min, ) (max,)) A
subject to
Az = b+ NAD,
z > 0,

(s = 0, V(y*, s*) €Qp.
We will call the resulting bounds the optimal partition bounds. Note that both
problems are always feasible since A = 0 together with any x € Qp satisfy all the
constraints. Fixing the dual optimal set €1p is equivalent to fixing the optimal
partition (B,N) by the Goldman-Tucker result. Therefore, the (possibly infinite)
last constraint set in (AUX1) can be replaced by the equivalent single constraint
T

x's* =0, where s* is any point in the relative interior of Qp (hence sy > 0). This

condition, in turn, is the same as setting xy = 0. Consequently, (AUX1) can be
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written in the following simplified form:

(AUX1) min,, , (max,, ) A
subject to
Bxrg = b+ M\AD,

l’BZO

The analogous derivation for the one-dimensional perturbations of the cost vector
¢ leads to the following auxiliary problems, whose optimal values give the optimal

partition bounds for ¢ when c is replaced by ¢ + tAc:

(AUX2) min,,,» (max, ) A
subject to
BTy = cg + Mcg,
NTy + sy = v + Mey,
sy > 0.
Here, Acg and Acy constitute the corresponding partition of Ac.
Before getting into the symmetrized bounds we would like to recall an important
result about the dimensions of the optimal solution sets {2p and 2p. In what follows,
dim(+) denotes the dimension and | - | denotes the cardinality of a set. The reader

is referred to Lemma IV.44 in [55] for a proof.

Proposition 3.2.1 dim (2p) = |B| — rank (B) ; dim (2p) = m — rank (B).
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3.2.1 Symmetrized Bounds

The auxiliary problems (AUX1) and (AUX2) can be reformulated in the following
way. Let us consider (AUX1) and let z* € Qp. Then, the equality constraint can

be rewritten as
Bxp = Bry +AAb  or  B(xp—xjp) = AADb.

Therefore, by a change of variable, if we let u = x5 —x7;, then (AUX1) is equivalent

to
(AUX1) min, ) (max,,) A

subject to
Bu = MAb,
u > —Ip.
Next, we will tighten the constraints in the above formulation by putting upper
bounds on u as well, and our choice for the upper bound will be 27, which will give

the largest L..-box around the origin which is contained in the feasible region:

(SA1) min,, (max,») A
subject to

Bu = MAb,

—xp < u < 7%

We will call (SA1) the symmetrized LP and the resulting optimal solutions the
symmetrized bounds. The formulation of (SA1) reveals that if (u*, \*) solves the

maximization problem, then (—u*, —\*) solves the minimization problem. There-

fore, it suffices to solve one LP as opposed to solving two LPs to obtain the optimal
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partition bounds from (AUX1). A similar treatment of (AUX2) gives rise to the

following symmetrized LP:

(SA2) min, ., (Max, ) A
subject to
BTy = Mcg,
Ny + w = ey,
sy < w < s,

which is obtained by replacing y — y* by v and sy — s by w, where (y*, s*) € Qp.
Finally, a similar symmetrization has been applied to w.

Next, we would like to discuss the relationship between the auxiliary and the
symmetrized LPs. First of all, let us assume that both (P) and (D) have unique
and nondegenerate solutions. Then, Proposition 3.2.1 implies that B is actually a
square and nonsingular matrix, hence invertible. In fact, B is the optimal basis.
Consequently, (AUX1) and (AUX2) are trivial to solve and their optimal solutions
coincide with the optimal basis bounds arising from the simplex method. With this

observation, the constraints of (AUX1) reduce to
AB7IAD > —z% or AMXE) 'BTIAD > —e, (3.3)

where X7 is the diagonal matrix whose components are given by z7; and e denotes
the vector of ones in the appropriate dimension. Similarly, the constraints of (SA1)

can be rewritten as

—e < ANXp)'B'Ab<e or |A|(Xp)TBTIAY| <1, (3.4)
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where || - ||oo is the Lo-norm. A similar treatment reveals that the constraints of

(AUX2) are equivalent to
ASx) H(Aey — NTBTAcg) > —e, (3.5)
where S% is defined similarly, and that those of (SA2) to
A (Sh) " (Aey = NT"B T Acp)|| < 1. (3.6)

The derivations (3.3)—-(3.6) imply the following relationship between the auxil-
iary and the symmetrized LPs: let (A7, AT) denote the optimal partition bounds
given by the optimal solutions of the auxiliary LPs (including possibly +00). Then,

the symmetrized bounds for ¢ are (—A*, \*), where
A* = min (]A7[, A1). (3.7)

Therefore, the symmetrized bounds are indeed equal to the “symmetrization” of
the optimal partition bounds.

Next, let us assume that (P) has a unique but degenerate solution. Then, by
Proposition 3.2.1, B is nonsquare but it has full column rank. Therefore, (AUX1)
is still easy to solve. If Ab does not lie in the range space of B, then the optimal
solutions of (AUX1) and (SA1) are all zero (which implies that ¢ = 0 is a breakpoint
of v(t)). Otherwise, there exists a unique vector v such that Bv = Ab, and hence,

the constraints of (AUX1) are equivalent to
MXE) o> —e. (3.8)
Similarly, the constraints of (SA1) can be stated as

IA[[(X5) ]|, < 1 (3.9)
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Once again, we conclude that a similar symmetry as in (3.7) continues to hold
between (SA1) and (AUX1). In a similar manner, one can show that such a re-
lationship holds between (SA2) and (AUX2) if (D) has a unique but degenerate
solution.

The preceding discussion shows that the optimal solutions of the auxiliary and
the symmetrized LPs have the nice relationship (3.7) as long as there is a unique
optimal solution that one can use to symmetrize the constraints of the auxiliary LPs
to obtain the symmetrized LPs. An interesting question then is whether the same
nice relationship continues to hold between the auxiliary and the symmetrized LPs
if there are multiple optimal solutions, that is whether the symmetrized bounds are
independent of the choice of the optimal solution used to symmetrize the constraints.
Unfortunately, the answer is no as shown by the following example. Let (P) be given
by min{zy —x; : 1y — x5 =0, 9+ x3 =1, x > 0}. Then (P) has multiple optimal
solutions given by (x1,z9,23) = (6,03,1 — ) where 5 € [0,1], with an optimal
value of 0. If the right-hand side is perturbed to (0,1)T +¢ (2,1)7, then the reader
can easily verify that (AUX1) yields (—1/3,+00) as the optimal partition bounds,
whereas the symmetrized bounds are (—3,+/() if one uses the optimal solutions
with 5 < 1/3 to symmetrize the constraints, and (—1/3,1/3) if those with 3 > 1/3
are used. This example illustrates that in case of multiple optimal solutions, the
symmetrized bounds are dependent on the optimal solution used in the formulation
of the symmetrized LPs. Therefore, the relationship (3.7) no longer holds between
the symmetrized and the auxiliary LPs.

However, we will keep using the symmetrized LPs for two reasons. First of all,
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at least in the unique solution case, they bear a nice relationship to the auxiliary
LPs. For our analysis, we will always choose an optimal solution in the relative
interior of the optimal set; therefore the symmetrization will hopefully allow more
room for the decision variables of the symmetrized LPs. Secondly, the symmetrized
LPs are easier to deal with than the auxiliary LPs and the symmetrized bounds will
provide a good comparison basis for our interior-point approach proposed in [71]

(Chapter 2), as will be analyzed in the subsequent sections.

3.2.2 Interior-Point Approach and Central Path Neighbor-

hoods

We will start with a brief review of the primal-dual path-following interior-point
methods. The reader is referred to [67] for an extensive treatment. The central
path is a path of strictly feasible points (z(v),y(v), s(v)) parametrized by a positive

scalar v. Each point on the central path satisfies the following system for some

v > 0:
Ax = b,
ATy + s = ¢ (3.10)
XSe = ve,

with z > 0 and s > 0. Under the two assumptions in Section 3.2, such a solu-
tion exists and is unique for each positive v. Interior-point methods are iterative
algorithms that generate iterates which “follow” the central path in the direction of
decreasing v towards the primal-dual optimal set (2p x 2p. The iterates generated

typically lie in some neighborhood of the central path. For any given feasible iterate
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(z,9,s), the duality gap is given by ¢’z — bTy = 27s > 0 and we define the duality
measure p as i = p(z,s) = x’s/n. Let S and 8° denote the set of feasible and

strictly feasible primal-dual points respectively, that is,

S = {<xaya S) : Al':b7 ATy—}-qu (ZE,S) > 0}7 (311)

S = {(z,y,5) €S : (x,5) >0} (3.12)

One of the commonly used neighborhoods in interior-point methods is the so-called

wide neighborhood, denoted by N_ . (7):
N () ={(z,y,8) €S° : a8 >yu, Vi=1,2,....,n}, (3.13)

where v € (0, 1].

At each iteration, given (x,y,s) € N_.(7), the algorithm determines a search
direction (Az, Ay, As). This direction is usually obtained by seeking an approxi-
mation to the point on the central path corresponding to some parameter v < pu,
and then applying Newton’s method to the nonlinear system of equations (3.10).
Finally, a (damped) step is taken in this direction in such a way that the resulting
iterate still lies in N_ (7).

However, as in the context of target-following methods, one might seek an ap-
proximation to a point other than the one on the central path. We will say that
a Newton step from (z,y, s) targeting the feasible pair of points (z’,¢', s") that sat-

isfies X’S’e = v is the direction (Az, Ay, As) obtained from the Newton’s method
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applied to (3.10) with ve replaced by X'S’e:

ANz = b— Az,
AT Ay +  As = c— ATy, (3.14)

SAr + XAs = v— XSe.

Next, we describe the interior-point approach proposed by the authors in [71].
Given a primal-dual pair of LPs (P) and (D), let us assume that b or ¢ is perturbed
in some fixed direction. Assuming (x,y, s) is strictly primal-dual feasible for (P) and
(D), a full Newton step is taken from (z,y, s) targeting “a feasible point” (z’,y', s')
of the perturbed LPs which satisfies X'S’e = X Se. (It is possible that there is no
such feasible point for the perturbed LPs, however, the Newton step as given above
is still well-defined.) We state the results formally, referring the reader to [71] for
the proofs. Note, in particular, that the duality gap of the resulting feasible iterate

for the perturbed LPs is no greater than that of the original iterate.

Proposition 3.2.2 Assume that (z,y, s) is a strictly feasible point for (P) and (D)
and the right-hand side vector b is replaced by b+ tAb, where t € R and Ab € R™.
Suppose a Newton step is taken from (x,y,s) targeting the feasible pair of points
(2,9, 8') of the perturbed pair of LPs that satisfies X'S’e = X Se. Then a full

Newton step will yield a feasible iterate for the new problem if and only if

1
<
1S g aTapzan) AL

(3.15)

where D = X252, Moreover, in this case the new iterate will have duality gap at

most xTs.
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Proposition 3.2.3 Assume that (z,y, s) is a strictly feasible point for (P) and (D)
and the cost vector c is replaced by ¢ + tAc, where t € R and Ac € R™. Suppose a
Newton step is taken from (x,y,s) targeting the feasible pair of points (z',y',s") of
the perturbed pair of LPs that satisfies X'S'e = X Se. Then a full Newton step will

yield a feasible iterate for the new problem if and only if

1

< .
= s AT apEAT T AD ) Ad L (3.16)

where D = X252, Moreover, in this case the new iterate will have duality gap at

most x7s.

Under primal-dual nondegeneracy, the bounds arising from Propositions 3.2.2
and 3.2.3 computed at near-optimal solutions for (P) and (D) asymptotically equal
the symmetrized bounds arising from (SA1) and (SA2) [71]. The goal of this paper
is to investigate the quality of these bounds in the absence of the nondegeneracy
assumption.

We first present a nice characterization of the distance of the strictly feasible
primal-dual points (x,y, s) from strictly complementary optimal solutions in terms
of the duality gap pn. Using this characterization, we derive some bounds on the
components of such points. In what follows, x5, zn, sp and sy denote the partitions
of z and s according to the optimal partition (B8, N) as before. Furthermore, we will
use the bounds O(u), Q(u) and ©(u) interchangeably for scalars as well as vectors
and matrices by which we mean each entry satisfies the stated bounds. O(u) will
indicate that the quantity (in absolute value) is bounded above by some positive

multiple of y, where the multiple depends on the primal-dual instance (P) and (D)
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but does not depend on the particular strictly feasible point or on p. Similarly,
Q(p) will indicate a lower bound by some positive multiple of © and O(x) will mean
a lower and upper bound by some positive multiples of p.

The following proposition will be useful for the analysis that follows. Actually,
the proposition continues to hold for any feasible solutions and even for a point
where feasibility is violated by O(u). The statement below suffices for the purposes

of this paper.

Proposition 3.2.4 Let (x,y,s) be a strictly feasible point for (P) and (D) with du-
ality gap pn. Then, there exists a strictly complementary optimal solution (x*, y*, s*)

of (P) and (D) such that
(z,y,8) = (27,97, s") + O(p). (3.17)

Proof: Optimal solutions of (P) and (D) satisfy the linear system Ax = b, ATy+s =
¢, cfx — by =0, 2 >0, s > 0. Any strictly feasible point (x,v,s) satisfies the
same linear system with the third equality replaced by ¢’z — b’y = un. Hoffman’s
lemma [30] indicates that there exists a solution (Z,7, ) of the first system such
that (2,7, 5) = (z,y,s) + O(p). The result follows immediately if (Z,7, §) is strictly
complementary. If not, there exists an arbitrarily small perturbation of (Z,7, $)
which leads to a strictly complementary solution and (3.17) follows since © > 0. 0O

The following corollary immediately follows from Proposition 3.2.4 since 3 = 0

and s = 0 for any optimal solution of (P) and (D).
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Corollary 3.2.1 Let (z,y, s) be a strictly feasible point for (P) and (D) with duality
gap pn. Then,

ay =O0(n), sp=0(n). (3.18)

U
Note that both Proposition 3.2.4 and Corollary 3.2.1 hold for any primal-dual
strictly feasible (x,y,s). Next, we derive some more bounds by restricting the

iterates to lie in a wide neighborhood given by (3.13).

Proposition 3.2.5 Let (z,y,s) € N_w(y) with duality gap pn for (P) and (D).

Then,

XSe=0(n), sy =9Q(1), zp=21), XySy'e=0(u), SpXg'e=O0(u).

(3.19)

Proof: Since (z,y,s) € N_(7), we have z;5; > yu. Moreover, zT

s = un. There-
fore, x;8; < un since > 0 and s > 0. This proves XSe = O(u). By Corollary
3.2.1, zy = O(p). Then, X Se = O(p) implies sy = ©(1). A similar argument shows
rp = Q(1). Finally, zxy = O(u) together with sy = Q(1) imply XySy'e = O(u).

The proof of SpX5'e = O(p) is similar. 0

3.3 Equivalence

In this section, we show that the interior-point bounds are independent of the
problem formulation. It is well-known that although (P) and (D) do not look

symmetric, they can easily be reformulated so that (D) is in the form of (P) and
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vice versa. We briefly review this reformulation. Let (Z,7, $) be such that Az = b
and AT§+ 3 = c. Let us consider (D) first. The objective function can be rewritten
as

by =2TATy = 2Tc — 275, (3.20)

where we used Az = b and the fact that every feasible pair (y, s) for (D) satisfies
ATy + s = c. Note that the first term is a constant: therefore maximizing b’y is
the same as minimizing 27's. Let K € R™®~")*" be such that its rows form a basis
for the null space of A. Then, premultiplying the equality constraints in (D) by K
yields

Ks=Kc=:¢. (3.21)

Moreover, if s satisfies (3.21), then ¢ — s lies in the null space of K, for which the
columns of A” form a basis by definition of K. Therefore, there exists y such that

ATy = ¢ — s. Consequently, (D) is equivalent to

T

min &' s, subject to Ks=¢, s>0. (D)
S

Note in particular that K has full row rank by its definition. If we take the dual of

(D’), we obtain

max ¢ u, subject to K'u4+z =2, 2>0. (P)

uU,x

It is not hard to see that (P) and (P’) are also equivalent by a similar argument.
Therefore, the roles of (P) and (D) can be interchanged via this reformulation.
Let us now focus on perturbations of ¢, i.e., let ¢ be replaced by ¢ + tAc. By

the above reformulation, this is the same as replacing the right-hand side of (D’) by
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¢ + tKAc. Therefore, Proposition 3.2.2 can be used to evaluate the interior-point
bound at a strictly feasible primal-dual pair (s,z) (note that the roles of z and s

are interchanged). We need to compute
XK' (KSX'K') 'K Aec. (3.22)

On the other hand, one can also use Proposition 3.2.3 to compute the interior-point

bound directly at (z,s), which requires the evaluation of
S™HI — AT(AXSTTAT)TAX S Ac. (3.23)
A simple manipulation of (3.22) gives rise to another equivalent formula:
XV25 12y X281 A, (3.24)

where V¥ is the orthogonal projection matrix onto the range space of X~ 1/28%/2KT,

Similarly, (3.23) is equivalent to

XV2g-1RrEX g2 A, (3.25)

where = is the orthogonal projection matrix onto the null space of AX/25-1/2,

Therefore, in order to prove that (3.22) and (3.23) are equivalent, it suffices to show
that ¥ and = project onto the same subspace, or that the null space of AX1/25-1/2
equals the range space of X /2512 KT This is easily proven by an inclusion argu-
ment: if w satisfies AXY281/2w = 0, then X'/251/2w = KTu for some unique wu.
Thus, w is in the range space of X Y/2S8Y2KT  Conversely, if w = X~ /2812 KTy
for some u, then AX'/25712w = AK"u = 0. This proves the equivalence of the

interior-point bounds.
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We next argue that the range of ¢ resulting from the optimal partition bounds is
also independent of the formulation. If the two LPs are formulated in the form of (P)
and (D), then (AUX2) yields the range of ¢ for perturbations of ¢. Premultiplying

the equality constraints of (AUX2) by K = [Kp, Ky] leads to (AUX1’) given by

mi/{l (mag\x) Ast. Kyw=AKAc, w> —sy, (AUX1) (3.26)

which exactly yields the range of ¢t for perturbations of the right-hand side of (D’)

if one uses the form (D’) and (P’). Similarly, if (w, \) is feasible for (AUX1’), then

M\cpg
AMcey —w

lies in the null space of K. Then, by our previous observation, there exists v such
that BTv = Mcp, NTv +w = Mcy, which is exactly the constraints of (AUX2),
completing the proof of the claim.

Using this observation, we will carry out our analysis for perturbations of b only
in the subsequent sections, and state the corresponding results for changes in ¢ as
corollaries. We begin with a special case of degeneracy first and then consider the

most general case.

3.4 Unique Primal Solution

Throughout this section, we assume that (P) has a unique but degenerate optimal
solution z*. Note that by Proposition 3.2.1, we have |B| = rank (B), i.e., B has
linearly independent columns. In this particular case, Proposition 3.2.4 provides

another useful bound on zp for a strictly feasible primal-dual point (z,y, s).
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Corollary 3.4.1 Assume that (P) has a unique optimal solution x*. Let (x,y,s)

be primal-dual strictly feasible for (P) and (D) with duality gap un. Then,

rp =z + O(p). (3.27)

An analogous corollary follows if (D) has a unique solution.

Corollary 3.4.2 Assume that (D) has a unique optimal solution (y*,s*). Let

(x,y,s) be primal-dual strictly feasible for (P) and (D) with duality gap pun. Then,

sy = sy + O(u). (3.28)

Next, we will analyze one-dimensional perturbations of b.

3.4.1 Perturbations of b

In this subsection, we assume that the right-hand side vector b is replaced by b+tAb,
where Ab € R™ and t € R. We also assume that (z,y,s) € N_o(7) is a primal-
dual strictly feasible point for (P) and (D) for some v € (0,1]. We will compare
the interior-point bounds arising from Proposition 3.2.2 at (z, y, s) with the optimal
values of (SA1), i.e., the symmetrized bounds. The interior-point bounds are given
by the Ly-norm of

STEAT(AD*ATY Ab, (3.29)

where D? = X S—1.
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Let us now consider (SA1). Since B has full column rank, Ab either does not
lie in the range space of B, in which case the optimal values of (SA1) as well as
(AUXI1) are all 0, or there exists a unique v € R!8l such that Bv = Ab, in which
case the constraints of (SA1) reduce to (3.9), from which the symmetrized bounds
can be obtained easily. We will consider both situations in turn.

Let us start with the second case. Without loss of generality, we can assume

that Ab has unit Ls-norm, which implies a bound on v. Then, we need to compute
u= (AD?*A")'Ab = (AD*A") ' Bv (3.30)

in order to obtain (3.29). However, (3.30) is equivalent to
AD*A™w=Bv or BXpSyp'B'u+ NXySy'N'u = Bo, (3.31)

where B and N are the partitions of the coefficient matrix A with respect to B
and N as before. Since B has linearly independent columns, there exists a matrix
C € R™*(m=IB) guch that the augmented matrix [B ] is square and nonsingular:
let W be its inverse. Therefore, premultiplying the second equality in (3.31) by W,

we obtain

I N N I

XSt I 0la+ NXySy'NTa = v, (3.32)
0 0

where &t = W~Tu, N = WN and I is a |B| x |B| identity matrix. Therefore, if we

partition N and @ accordingly as

N =
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(3.32) can then be decomposed in the following way:

D% j— NlDNJQVNlT ]YlD]?V]\fQT Uy _ v | (3.33)
Ny D3 NT No D3 NT Us 0
where Dp and Dy are the corresponding partitions of D. By (3.29), we need to

compute

S
STTATy = STT(WA) 4 = : (3.34)
For notational convenience, let us define
F .= NlDN, G .= NQDN.

Note that G has full row rank since A does. The bottom equality in (3.33) can be

rewritten as
GF i, + GGTuy =0, so 1y = —(GGH)'GF . (3.35)
Substituting (3.35) in the top equality in (3.33) gives

(DR + FF' — FGT(GG")T'GF") @y =v, or (Dy+ F(I—Pg)F")a =v,
(3.36)
where P is the orthogonal projection matrix onto the range space of G*. Therefore,
I — Py is the orthogonal projection matrix onto the null space of G.
We briefly review the Neumann lemma now [20]. Let U be an invertible matrix
and let V satisfy |[U~V|| < 1/2. (The particular norm being used does not really

matter: we will always use || - || for the Euclidean norm or the operator norm arising



99

from it.) Then, I + U~V is invertible with ||I + U~'V|| < 2. Moreover U + V is

invertible and given by
U+ t=vt-vutvau+utv)ytu (3.37)

Now, we apply this result to (3.36) with U := D% and V := F(I — Pg)F”. Proposi-
tion 3.2.5 implies that both U~ and V are O(u) since I — Pg is a projection matrix

and has unit Euclidean norm. Therefore, assuming the duality gap un is small,
ﬂl = (D2B+F(I—PG)FT)71'U,
— D — DF*F(I — Po)FT (I + DZ*F(I — Po)FT) ™' D50, (3.38)

It then follows that

1

Sglin = Xg'v— X5'F(I — Po)F" (I + Dg*F(I — Po)F") " Dz’v.  (3.39)

However, by Proposition 3.2.5, F'is O(u'/?), D5* is O(u) and X 5' is O(1). Conse-
quently, the second term on the right hand side of (3.39) is O(?) since ||[I—Pg| < 1.

Finally, Corollary 3.4.1 implies X ;' = (X3)~* + O(u1). Therefore,
Szl = (X5) v+ O(p). (3.40)
We have thus obtained the top part of (3.34). For the lower part, we get
Sy (NTay + NTay) = Sy Dy (FTay 4+ GTay),
= (XnSy) Y3 — Po)F i, (3.41)

where we substituted (3.35) for @,. Proposition 3.2.5 implies (XySy)™1/2 =

O(u~?) and F = O(u'/?). By (3.40), 4, = O(u) since sg is. Combining these
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bounds with ||/ — Pg|| < 1 leads to
SNHNT @y + NEiy) = O(p). (3.42)

Using (3.34), we conclude that the L,-norm of the quantity (3.29) we need to

evaluate is given by

(st arapearyiay|_— ||| KETUTOW (3.43)

O(p)

[e.9]

The reciprocal of (3.43) gives the desired interior-point bound. Consequently, if
the duality gap pn is small, we conclude by comparing (3.43) with (3.9) that the
interior-point approach yields exactly the same bound as the optimal solution to
(SA1) asymptotically in pu.

Next, we address the situation where Ab does not lie in the range space of B.
In this case, the optimal values of both (AUX1) and (SA1) are clearly 0. Ab can

be uniquely written as

Ab = Buvg + Cve, (3.44)

where [B (] is nonsingular as before and v¢ is a nonzero vector. Once again, we
need to compute (3.29). We follow a similar treatment as before, and corresponding

to (3.33) we obtain:
NQD]QVN? NQD?VNZT 112 Vo

The bottom part can be expanded as

NoXn [Sy NTiy 4 Sy Nty | = ve. (3.46)
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However, (3.34) implies that the term in the brackets is exactly the bottom part of
the quantity (3.29) we seek. Let us denote that term by p and let Xy p = ¢. Then,
(3.46) is equivalent to Noq = ve. Since ve is nonzero, the norm of ¢ is bounded
below, that is, [|¢|| > a > 0 where « is the norm of the least squares solution.
Therefore, ||¢|lc > B with 8 := (a/\/n — |B]) (see e.g. [20]). (Note that |B| < n
since |B| = n can happen only if m = n, in which case Ab is always in the range of

B.) However, [|¢]lc < [|XN]|ool|?]|oo since Xy p = ¢. This implies

Il A 3.47

where the last equality follows from Corollary 3.2.1. Therefore, as p tends to 0, ||p||o
tends to oo, which implies that the interior-point bound given by its reciprocal tends
to 0 as desired.

We remark that if B = (), then 2* = 0 is the only optimal solution of (P), which
can happen only if b = 0. In this case, the top part of (3.34) disappears. The
interior-point bound is then given by the reciprocal of ||p||o, where p is as defined
after (3.46). By the preceding argument, the interior-point bound tends to 0 as p
approaches 0. This is still in agreement with the optimal partition bounds since
any nonzero perturbation of b leads to a change in the optimal partition and hence,
the optimal partition bounds in this case are also equal to 0. Therefore, we have

proved the following theorem:

Theorem 3.4.1 Let (z,y,s) € N_oo(y) be a primal-dual strictly feasible point for
(P) and (D). Assume that (P) has a unique but degenerate optimal solution and

that b is replaced by b+ tAb where t € R and Ab € R™. Then the interior-point
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bound evaluated at (x,y,s) yields exactly the same value as the optimal solution of

SA1) asymptotically in u, where = xLs/n.
( ymp y in i, 1

a
The following corollary of Theorem 3.4.1 is an immediate consequence of the
equivalence between (P) and (D) as discussed in Section 3.3. One uses Corollary

3.4.2 in place of Corollary 3.4.1 in the preceding analysis.

Corollary 3.4.3 Let (z,y,5) € N_oo(7y) be a primal-dual strictly feasible point for
(P) and (D). Assume that (D) has a unique but degenerate optimal solution and
that ¢ is replaced by ¢ + tAc where t € R and Ac € R™. Then the interior-point
bound evaluated at (x,y,s) yields exactly the same value as the optimal solution of

(SA2) asymptotically in p, where u = x%s/n.

a

It does not appear that we can obtain better results for perturbations of ¢ in the
case of a unique primal optimal solution (but not dual optimal solution) than those
arising from the analysis of the general case in the next section. A similar remark
holds for perturbations of b in the case of a unique dual optimal solution (but not

primal optimal solution).

3.5 General Case

In this section, we turn our attention to the most general case where both (P) and

(D) may have multiple optimal solutions. As the small example given at the end of



103

Section 3.2.1 reveals, some complications arise in the presence of multiple optimal
solutions. For instance, unlike the previous case, the symmetrized bounds become
dependent on the optimal solution of (P) used in the formulation of (SA1) if (P) has
multiple optimal solutions. Furthermore, they do not necessarily coincide with the
“symmetrizations” of the optimal partition bounds arising from (AUX1). Similar
remarks hold for the relationship between (SA2) and (AUX2) if (D) has multiple
optimal solutions.

Despite this complication arising from the presence of multiple optimal solutions,
we aim to be able to say something about the quality of the interior-point bounds
at least in comparison with the symmetrized bounds. In the next subsection, we

analyze perturbations of b in this general setting.

3.5.1 Perturbations of b

Let (P) have multiple optimal solutions and let b be replaced by b+tAb, where t € R
and Ab € R™. Suppose that (z,y,s) € N_o(7) is primal-dual strictly feasible where
v € (0, 1]. For such a point, Proposition 3.2.4 guarantees the existence of a strictly
complementary solution (z*,y*, s*) whose distance from (z,y, s) is bounded above
by the duality gap nu. We will compare the interior-point bounds evaluated at
(x,y,s) with the optimal values of (SA1). Among other optimal solutions of (P),
the * above will be the particular choice of the primal optimal solution to be used in
the formulation of (SA1). The use of such an optimal solution in the relative interior
of the primal optimal set is likely to leave more room for the decision variables of

(SA1) since z3; > 0.
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Let us first consider (SA1). The constraints of (SA1) are

Bu = MAb,
(3.48)
-5 < u < 7%
Let rank (B) = r and |B| = k. Clearly we have » < m and r < k since Proposition
3.2.1 implies dim (Q2p) = k — r, which is positive by our assumption. This, in turn,
implies that r > 0 since » = 0 if and only if B = ) (assuming no columns of A

are identically zero). A QR factorization of B yields B = QR, where () € R™*™ is

orthogonal and R € R™ ¥ is upper triangular with

Ry
R= : (3.49)

0

where Ry has r rows. Note that R; has full row rank.

Premultiplying the equality constraints in (3.48) by Q7 yields

R Ab,
u = A ,

0 Aby (3.50)

*

*
-1z < u < T3,

with Ab = QTAb. Clearly, (3.50) reveals that (SA1) has a nontrivial optimal
solution A* if and only if &)2 =0.

First, we consider the nontrivial case. (Since Ab is nonzero, this implies that
k > 0.) Let (A*,u*) be an optimal solution to the maximization problem with
A* # 0. Note that A\* is finite since u* is bounded (this follows since B # )). Then,

we have

Ab=Q"Ab= (1/\*)Ru". (3.51)
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The interior-point approach, on the other hand, requires the evaluation of (3.29)

at (x,y,s). By (3.51), we then need to evaluate the L,-norm of
(1/X)S AT (AD?*AT) ' QRu*. (3.52)
Let
w = (AD*AT)'QRu* or AD?*ATw = QRu*. (3.53)
Premultiplying the second equality in (3.53) by QT gives

R N, D% 0 RT 0 i R
i b ~1 i = u”, (3.54)
0 N, 0 D% NI NI Wo 0
where @; and @, are the appropriate partitions of @ = Q7w and N; and N, are

those of N = QTN. Let us define
F:= N Dy, G:=RDp, H:=N,Dy. (3.55)

(3.54) can then be decomposed into two equations as

(GGT + FFT>’U~11 + FHT’LDQ = Rlu*,
(3.56)
HFT'%, + HHT™w, = 0.
Note, in particular, that both G and H have full row rank since R; and A do. From

the second equation in (3.56), we obtain
Wy = —(HH) " HF ;. (3.57)
Substituting (3.57) in the first equation of (3.56) leads to

(GGT + FF' — FHY(HH")'HF")w, = Ru*, or

(GGT + F(I — Py)F"w, = Ry, (3.58)



106

where I — Py is the orthogonal projection matrix onto the null space of H. Proposi-
tion 3.2.5 implies that the second term in parentheses in the second equation above

is O(u) since || — Py|| < 1. In order to apply Neumann’s lemma, we need to show

that (GGT)~! is bounded.
Lemma 3.5.1 (GGT)™' = O(p).

Proof: We use the “thin” QR factorization of GT = DyRT = Y Z, where Y has
orthonormal columns and Z is upper triangular and nonsingular. Then, (GGT)™! =

Z-tZ-T. Therefore, it suffices to find an upper bound on Z~!. We have
DpRT =YZ, or RR =RD;'YZ. (3.59)

Therefore, I = (R{RT)"'RiDZ'YZ, or Z7' = (RiRT)"'R,D;'Y. However, by
Proposition 3.2.5, Dg' = O(u'/?), which implies that Z=' = O(u'/?) completing
the proof. 0

We can now apply Neumann’s lemma to (3.58). Using the same notation as in
(3.37) we have U := GGT and V := F(I — Py)FT. Note that both U~! and V are

O(p). We obtain
= (GGT)'GDZ'w — (GG 'V (I + (GG V) MGG 'GDZ'v*, (3.60)

where we used R, = GDjp'.

By (3.52) and (3.53), we need

(1/X)S™ T ATw = (1/X%) : (3.61)
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Let us define

W =G"(GGH) ™ (3.62)
For the top part of (3.61) we need to evaluate
SHRTwy, = S5 DR Gy,
= (SpXp) Y?PsDglu*

—(SpXp)VPWVI + (GGT) W) 'WT DG, (3.63)

where we used (3.60), (3.62) and where Py is the orthogonal projection matrix onto
the range space of GT. Consider the second term in the right hand side of the
second equality. By Proposition 3.2.5, (SpXp)~1/2 is O(u~/2), V is O(u) and D3'
is O(p'/?). Lemma 3.5.1 implies that W = GT(GGT)™! = YZ~T = O(u'/?) since
|Y']] < 1. Therefore, the whole expression is O(u?). We conclude that the top part

of (3.61) is
(1/A)(SeXp) "2 Pa(SeXp) X 5tu" + (1/X)0(1?). (3.64)
Let us next consider the lower part of (3.61). We need to compute
S NIy + Sy N, (3.65)
By (3.60) the first term in (3.65) is given by
(SyXn)V2ET [WT — (GGT) V(I + (GGT)'V)'WT] D'’ (3.66)

Note that W = O(u'/?) by the preceding discussion. As for the second term in

brackets, we have both (GGT)™! and V are O(u), which implies the whole second
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term is O(p*?). Thus, the expression in brackets is O(u'/?). By Proposition 3.2.5,
(SyXn)"Y% is O(u~'/?), whereas both FT and D' are O(u'/?). We therefore
conclude that (3.66) is O(u).

For the second term in (3.65), we use (3.57) together with (3.60):
—(SyXn) V2PHT(HHTY *HF 0, = —(SyXn) V2 Py FTib,. (3.67)

Note that w; = O(p) by the preceding arguments. The fact that ||Pg|| < 1 together
with (SyXn)~Y2 being O(p~1/2) and FT being O(u!/?) implies (3.67) is O(u).
Therefore, we conclude that the lower part of (3.61) is O(u). Combining this

result with (3.64) yields the following:

~1/2 1/2 =1, 2
O B e

O(n)
Consequently, we need to evaluate the L.,-norm of (3.68) and take its reciprocal.
Observe that X' = (X%)~! + O(u) by Proposition 3.2.4. Using this, we derive an

upper bound on the L.,-norm of (3.68).

Irlloe < 1L/ (16S5XE) ™ llooll Pallool(SX5) 2 ool (X5) " [loo + Ol1)) -
(3.69)
Since (z,y, s) € N_w(7),
wisi = pn — Y wjs; < pm— p(n — 1)y = p(n — (n — 1)y). (3.70)
i
Thus, (2;5;)? < (u(n—(n—1)y)"? and (z;5;) /2 < 1/(yp)*/2. Furthermore, since

| Pg|| <1, we have || Pglloo < kY2 (see e.g. [20]), where |B| = k. Finally, since u* is
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optimal for (SA1), [[(X}) 'u*||e < 1. Therefore,

e < o (et = (= 1)+ 00 )

_ IAl*I <\/<” - (”7_ Dok 0(@) . (3.71)

We conclude that the interior-point bound, which is the reciprocal of (3.71), is then

bounded below by

1 G )
7 {loo = \/(n— (n — 1)7)k+0(ﬂ)|>\ E (3.72)

Note, in particular, that the lower bound tends to 1/ V'k, independent of n, as u — 0

if (x,y,s) is on the central path.

We next consider the case where Ab is not in the range space of B. Again, in
this case, the symmetrized bounds as well as the optimal partition bounds are all
0. The QR factorization of B can be rewritten as B = QR = [Q1 Q2]R = Q1 Ry,
where we use (3.49) and [ ()] is the appropriate partition of Q. Since @ is

orthogonal, Ab can uniquely be expressed as
Ab = Qqv1 + Qavy, (3.73)

where vy is nonzero. Arguing similarly to Section 3.4, we need to evaluate (3.29),

which in turn requires the computation of
w = (AD*AT) 1 (Qiv1 + Qava) or AD?*ATw = Qiv; + Qavs. (3.74)

Premultiplying (3.74) by QT leads to

R, N, D% 0 J:le o I | (375
0 N, 0 D% NI NI W Vg
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which looks like (3.45). Essentially the same arguments as in Section 3.4 reveal that
the interior-point bound tends to 0 as p approaches 0.

Therefore, we have proved the following theorem.

Theorem 3.5.1 Let (x,y,s) € N_o(7) be a primal-dual strictly feasible point for
(P) and (D) with duality gap pun. Assume that (P) has multiple optimal solutions
and that b is replaced by b+ tAb where t € R and Ab € R™. If the strictly feasible
solution given by Proposition 3.2.4 is used for symmetrization in (SA1), then the
ratio of the interior-point bound evaluated at (x,y,s) to the value of the optimal

solution of (SA1) is at least

NGl
V= (n—=1)7)k+0(u) (3.76)

where k = |B|.

U

Note that the presence of multiple primal optimal solutions implies k > 0, there-
fore, the expression (3.76) is well-defined. As in Section 3.4, Theorem 3.5.1 leads to
the following corollary by the discussion in Section 3.3. Due to the interchange of
the roles of the basic and nonbasic variables in the reformulation given in Section
3.3, k in the denominator of (3.76) is replaced by (n — k). Under the assumption
of multiple dual optimal solutions, Proposition 3.2.1 indicates that m > r, which

implies k£ < n since A has full row rank.

Corollary 3.5.1 Let (z,y,8) € N_oo(y) be a primal-dual strictly feasible point for

(P) and (D) with duality gap un. Assume that (D) has multiple optimal solutions
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and that ¢ is replaced by ¢ + tAc where t € R and Ac € R". If the strictly feasible
solution given by Proposition 3.2.4 is used for symmetrization in (SA2), then the
ratio of the interior-point bound evaluated at (x,y,s) to the value of the optimal
solution of (SA2) is at least

ﬁ 7
N DD e} (&-77)

where k = |B|.

3.6 Conclusion

In this paper, we have studied the quality of the bounds arising from the interior-
point perspective on sensitivity analysis developed by the authors in [71] (Chap-
ter 2). By relaxing the strong assumption of nondegeneracy, we have been able to
consider all possible degeneracy scenarios and to investigate how our bounds com-
pare with those arising from the optimal partition approach to sensitivity analysis.

If the primal problem has a degenerate but unique optimal solution, then our
approach yields the same bounds as the “symmetrized” optimal partition bounds for
perturbations of b. By the equivalence discussed in Section 3.3, the same relationship
holds for perturbations of ¢ if the dual problem has a degenerate but unique optimal
solution. This result directly extends the previous result proved in [71] under the
assumption of a unique and nondegenerate solution.

We then considered general degenerate LPs. In this case, we were able to show
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that our interior-point approach would yield bounds that are at least a certain frac-
tion of the symmetrized bounds, where the fraction depends on certain character-
istics of the problem instance and of the iterate at which the bounds are evaluated.
Our extensive computational tests suggest that the ratio in practice is much bet-
ter than the predicted worst-case ratio. Although this result is not as strong as the
aforementioned results, our interior-point bounds still yield some useful information
on the range of allowable perturbations. The fact that the cost of the evaluation of
our bounds is simply the same as that of an interior-point iteration makes it more
appealing given the cost of solving two LPs to obtain the range from the optimal

partition approach.



Chapter 4

An Interior-Point Perspective on
Sensitivity Analysis in

Semidefinite Programming

4.1 Introduction

Having solved an optimization problem, one is often concerned with how the opti-
mal solution would be affected by changes in the input parameters of the original
problem. This is called sensitivity analysis or post-optimality analysis, which is
precisely the subject of this paper.

For linear programming (LP), there is a vast amount of literature on sensitivity
analysis. Traditionally, the question has been studied from the perspective of an

optimal basis matrix, for which the simplex method is well-suited. This perspective

113
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and an alternative optimal partition approach to sensitivity analysis are described
in more detail in Section 4.2.1.

Motivated by the theoretical and practical efficiency of interior-point methods,
Yildirim and Todd [71] (Chapter 2) investigated the possibility of performing sen-
sitivity analysis relying entirely on interior-point methods. They developed and
analyzed an interior-point perspective on sensitivity analysis in LP and extended it
to semidefinite programming (SDP). More precisely, they propose bounds (hence-
forth interior-point bounds) which are functions of the original problem instance,
the perturbation and the feasible point at which they are evaluated, using only the
matrix factorizations necessary to carry out an interior-point iteration from this so-
lution. For LP, these bounds are shown to have a nice asymptotic relationship with
the optimal partition bounds under nondegeneracy and a specific kind of degener-
acy; they still provide useful information in the case of general degeneracy [71, 70|
(Chapters 2 and 3).

In contrast to the case for LP, sensitivity analysis in SDP is a relatively new
topic. Fundamental differences between the problem structures of LP and SDP
necessitate the development of an appropriate way to perform sensitivity analysis
in SDP. Goldfarb and Scheinberg [18] propose an optimal partition approach, which
has close connections with a related approach in LP. Sturm and S. Zhang [59] study
the sensitivity of the central path under perturbations of the right-hand side. Nunez
and Freund [51] study the properties of the central path and propose bounds on its
behavior under general data perturbations.

Our goal in this paper is to study the asymptotic behavior of the interior-point
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bounds of [71] for SDP in comparison with the optimal partition bounds of [18].
For perturbations of the right-hand side vector and the cost matrix, we show that
the interior-point bounds evaluated on the central path using the Monteiro-Zhang
family of search directions converge to the symmetrized version of the optimal par-
tition bounds (symmetrized partition bounds) under appropriate nondegeneracy
assumptions. Furthermore, under certain assumptions, this asymptotic coincidence
continues to hold even when strict complementarity fails — a phenomenon that does
not happen in LP. We also extend the same convergence results to iterates lying in
an appropriate (but very narrow) neighborhood of the central path if the Nesterov-
Todd direction is used to evaluate the interior-point bounds.

This paper is organized as follows. In Section 4.1.1, we define the notation
that will be used throughout the paper. Section 4.2 introduces SDP and some
preliminaries that will be relevant for the analysis. We also outline the optimal
partition approach of [18] to sensitivity analysis in SDP and review the interior-
point bounds of [71] in this section. The symmetry between the primal and dual
problems is discussed in Section 4.3, justifying our consideration of perturbations of
the right-hand side vector only. We analyze the asymptotic behavior of the interior-
point bounds on the central path using the Nesterov-Todd direction in comparison
with the symmetrized partition bounds and then extend the same results to the
Monteiro-Zhang family of search directions in Section 4.4. Section 4.5 discusses
the extension of the asymptotic results of Section 4.4 to an appropriate central path
neighborhood using the Nesterov-Todd direction. We conclude the paper with some

remarks in Section 4.6.
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4.1.1 Notation

We use the following notation throughout this paper. R™ will denote m-dimensional
Euclidean space and §™ will denote the set of n x n symmetric matrices. Upper-case
Roman letters will be reserved for matrices. Lower-case Greek letters will always
denote scalars. I will denote the identity matrix in the appropriate dimension and
@ will be reserved for orthogonal matrices. We will use the trace inner product on
REX7 defined as

UeV :=Trace (UTV) = Z Ui;Vij
i3

for U,V € R®" where U;; denotes the (i, j) entry of U. Associated with the trace
inner product is the Frobenius norm defined as ||P||r := (P e P)Y/2. For X € S",
A(X) denotes the spectrum, or the set of eigenvalues. X > 0 (X > 0) will indicate
that X is positive (semi)definite, i.e., all entries of A(X) are positive (nonnegative).
For X »= 0, X'/?2 € 8" will be the unique positive semidefinite square root of X.
Weuse Y = Zif Y — Z = 0. We will denote by || - || the Euclidean norm and the
operator norm induced by it. We use script letters to denote linear operators on

symmetric matrices. We also define

1
n? = §n(n +1).

Finally, we use the standard big O and related notation. If u(u) and w(u) are two
functions defined for p > 0 with w(u) > 0, then u(u) = O(w(w)) indicates that
u(p)/w(p) is bounded independent of p as p | 0. If u(p)/w(p) is bounded away
from 0 as g | 0, then we write u(p) = Q(w(w)). Finally, u(p) = O(w(w)) iff (if and

only if) u(p) = O(w(p)) and u(p) = Qw(p)). We will use O(w(p)) for a vector or
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matrix to indicate that each entry is O(w(pu)).

4.2 Semidefinite Programming

We consider the SDP given in the following standard form:
(P) miny CeX
Ao X = b, 1=1,...,m,
X = 0,
where all A; € 8", b € R™, C' € 8™ are given, and X € 8™ The dual problem
associated with (P) is:
(D) max, s by
Yo yidi + S = C,
S

Y
o

where y € R™ and S € §™.

For feasible (X, vy, 5), the duality gap is given by
CeX by = XeS = Trace (X S) = Trace (X /2512512 x1/2) — HX1/2SI/2H2F >0,

where we used the fact that Trace (AB) = Trace (BA) for A, B € R"*". We make
the following assumptions throughout this paper; these assumptions guarantee that
both (P) and (D) have bounded optimal solutions and that the duality gap is 0 at

any primal-dual optimal solution.

Assumption 4.2.1 The primal-dual Slater condition is satisfied, i.e., (P) and (D)
have feasible solutions X and (y,S) with X = 0 and S > 0. Such solutions will be

called strictly feasible.
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Assumption 4.2.2 The set {A;,i =1,...,m} is linearly independent.

Under Assumptions 4.2.1 and 4.2.2, the central path is defined as the set of
unique solutions (X (u), y(u), S(p)) for each > 0 to the following system together

with the requirement that X and S be symmetric positive definite:

A e X = b, fori=1,...,m,
>oimy Yidi + S = C, (4.1)
XS = pul.

As p | 0, Goldfarb and Scheinberg [17] claimed that the central path converges to
the so-called “analytic center” of the primal-dual optimal set. Recently, Halicka, de
Klerk and Roos [27] provided a counterexample in the absence of strict complemen-
tarity. However, the central path does converge to a point in the relative interior
of the primal-dual optimal set [17, 27], which we denote by (X* y*,5*). Let Op
(0p") and Op (0Op°) denote (the relative interiors of) the primal and dual optimal
sets, respectively. The following lemma, due to Barker and Carlson [7], shows that
any optimal solution in the relative interior of the optimal set will have maximal

range space.

Lemma 4.2.1 For any X € Op ((7,5) € Op) and any X € 0° ((,5) € Op°),

the range space of X (S) is a subset of the range space of X (5‘)

The analytic center lies in the relative interior of the primal and dual optimal
sets [17, Lemma 4.2]. By Lemma 4.2.1, both X* and S* then have respectively max-
imal ranks r and s among all the primal-dual optimal solutions. Since (X*,y*, S*)

satisfies X*S* = S*X* = 0, X* and S* then share a common set of eigenvectors
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and hence can be diagonalized simultaneously. By applying an orthogonal transfor-
mation to the problem data if necessary, we can assume that both X* and S* are

diagonal and given by

A* 0 0 0
X* = . S = : (4.2)
0 0 0 o

where A* € 8" and Q* € §° with A* and Q* positive definite. Clearly, r + s < n.
We will say that strict complementarity holds if » + s = n. Consequently, the two
partitions in (4.2) are identical iff strict complementarity holds. In contrast to the
case for linear programming, a strictly complementary optimal solution might not
exist for SDP.

Primal-dual path-following interior-point methods for SDP are iterative algo-
rithms which use a Newton-like method to generate search directions to find an ap-
proximate solution to the nonlinear system (4.1). Starting from an iterate (X, ¢, S)
with X = 0 and S > 0 (not necessarily feasible), a (damped) Newton-like step
is taken (to ensure that X and S components remain positive definite) to obtain
the next iterate. The same procedure is then repeated at this new iterate by ap-
propriately decreasing p towards 0. For SDP, however, unlike linear programming,
Newton’s method cannot directly be applied to (4.1) since the residual map takes
an iterate (X,y,S) € 8" x R™ x 8" to a point in R™ x 8™ x R™*™ (since XS — pl
is in general not symmetric), which is a space of higher dimension. Many authors
have suggested different ways of symmetrizing the third equation in (4.1) so that
the residual lies in 8. Todd [60] studies twenty different search directions for SDP.

Next, we introduce some notation that we will use throughout this paper. We
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will define A : S — R™ by

AU = (A; e U, (4.3)
with adjoint A* : R™ — S8"; then

Ay => yidi (4.4)
i=1
We will also use the following notation introduced by Alizadeh, Haeberly, and Over-
ton [5]:
1 T T
(POQ)K = §(PKQ +QKP"),

where P,QQ € R™™ and K € §", and we will regard it as an operator from S™
to itself. The adjoint operator is defined as usual by U ¢ V = U e £V for all

U,V € 8", and it is easy to see that
QOP=PoQ, (POQ)=P0Q"

so that P ® @ is self-adjoint if P and () are symmetric. If moreover P and () are

positive definite, then

(P ®Q)U o U = Trace (PUQU) = Trace (PV2UQYV2QV2UPY?) = | PY2UQY? ||,

so that P ® () is also positive definite. If P is nonsingular,
(PoP)'=pP'ltopPt,

but there is no simple expression for (P ® Q)~! in general. Note that I ® I is
the identity operator. Occasionally, we will extend the domain of P ® () to R™"*",
defining

(P®Q)Z = %(PZQT +QZTPT)
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for Z € R™".
In this paper, we will consider the Monteiro-Zhang family of search directions [42,
74, 46, 43] which uses the following symmetrization scheme. Let P € R™" be a

nonsingular matrix. In (4.1), replace XS = ul by
Hp(XS) = Hp(ul) = . (45)
where Hp := P ® P~T so that for U € R™",

Hp(U)= = (PUP'+ PTU"PT). (4.6)

| —

Pre- and post-multiplying (4.5) by PT and P yields

(MXS +SXM) = puM, (4.7)

N —

where M := PTP. Different choices of M give rise to different search directions
in the Monteiro-Zhang family. For example, M = I gives the AHO direction sug-
gested by Alizadeh, Haeberly and Overton [5]. The H..K..M direction, which was
independently introduced by Helmberg, Rendl, Vanderbei and Wolkowicz [29] and
Kojima, Shindoh and Hara [39], and rediscovered from this viewpoint by Mon-
teiro [42], uses M = S. The dual H..K..M direction [39, 42] is given by M = X!,
Finally, M = W1, where W is the unique positive definite scaling matrix satisfying
WSW = X, yields the NT direction proposed by Nesterov and Todd [48, 49].
With this symmetrization scheme, Newton’s method can now be applied to
approximately find a solution to the nonlinear system (4.1). The Newton direction

at a given point (X,y,S) with X > 0 and S > 0 will be given by the solution of
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the following system:

AAX = 7,
A Ay + AS = Ry, (4.8)
EAX + FAS = Rgp,
where 7, := b — AX is the primal residual, R4 := C' — A*y — S is the dual residual,
Rpr = Rpp(X,S) == uM — 1/2(MXS + SXM), and the operators £ and F are
given by

E=5SOM, F=MXO0oI (4.9)

Newton’s method, however, can also be used to approximate a different feasible
point (X’ ¢/, S") than the one on the central path, as in the context of target-

following methods. It suffices to redefine
Rer=1/2MX'S"+ S'X'M) —1/2(MXS + SXM).

In this case, it is enough to know the product X'S’ rather than X’ and S’ separately.

Assume that £ is nonsingular. The linear operator AE 1 F.A* maps R™ to itself.
Therefore, it can be represented by an m x m matrix, called the Schur complement.
We find that (4.8) has a unique solution iff the m x m Schur complement matrix

AELFA* is nonsingular, and in this case the solution is given by
(Ag_lfA*)Ay = Tp— Ag_l(REF — FRd),

AS = Ry— A*Ay, (4.10)
AX = 571(REF—:FAS)
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We will use the following convention for partitioning a matrix K € &™:

Kp K7
k=] " (4.11)
Ky Ky

where Kp € 8", Ky € 8" " and Ky € R,
We next discuss primal-dual nondegeneracy in SDP as introduced by Alizadeh,
Haeberly and Overton [4], which includes a detailed analysis of the subject. We

simply give the definitions here:

Definition 4.2.1 The primal optimal solution X* given by (4.2) is nondegenerate

if the matrices

B; = , t=1,....m (4.12)
are linearly independent in S™.

Definition 4.2.2 The dual optimal solution (y*,S*), where S* is given by (4.2), is
nondegenerate if the matrices given by the first n — s rows and columns of A;, i =

n—s
1,...,m, span 8™ %.

For the purposes of this paper, it turns out that we actually need a somewhat

weaker condition than dual nondegeneracy. It will be sufficient if the matrices
Yii=(A)p, i=1,....m (4.13)

span S8". Clearly, this condition will be satisfied if dual nondegeneracy condition

is satisfied at (y*, S*). We will call this condition weak dual nondegeneracy. Weak
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dual nondegeneracy coincides with dual nondegeneracy if strict complementarity
holds.

Similarly to weak dual nondegeneracy, we say that weak primal nondegeneracy
holds at X* if the matrices obtained from the A; by replacing the bottom right
s x s block by the zero matrix are linearly independent in S™. Again, weak primal
nondegeneracy is implied by primal nondegeneracy and it coincides with primal
nondegeneracy under strict complementarity.

The following SDP instance illustrates that weak primal nondegeneracy and
weak dual nondegeneracy are indeed weaker requirements than primal and dual

nondegeneracy.

Example 4.2.1 Consider the following SDP instance with m = 3, n = 3, b =

1 0 07
00 0 100 00 1 00 0
C=1l0001|,A=l000], =]010]|,A4=]001
00 1 00 0 100 01 1

This instance satisfies Assumptions 4.2.1 and 4.2.2 and has the unique optimal

solution
X* = diag(1,0,0), y*=[0 0 0], S*=diag(0,0,1),

where diag denotes a diagonal matrix with the corresponding entries on the di-

agonal. Strict complementarity does not hold. The dual optimal solution is not
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nondegenerate since the matrices

10 0 0 0 0

0 0 01 0 0

do not span S%. However, weak dual nondegeneracy is satisfied since the 1 x 1
matrices [1], [0], [0] clearly do span S'. Similarly, the primal optimal solution is

not nondegenerate since the matrices

100 0 01 000
00 0 00 0 0 00
000 1 00 000

include the zero matrix and hence are not linearly independent in S®. However,

weak primal nondegeneracy is satisfied since

100 0 01 000
00 0]: 010]: 0 01
000 1 00 010

are linearly independent in S3.

We make the following assumption throughout the rest of the paper when dealing

with perturbations of the right-hand side vector b:

Assumption 4.2.3 The optimal solution (X*,y*,S*) given by (4.2) satisfies pri-

mal nondegeneracy and weak dual nondegeneracy.

The corresponding assumption for perturbations of the cost matrix C' is given

by:
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Assumption 4.2.4 The optimal solution (X*,y*,S*) given by (4.2) satisfies weak

primal nondegeneracy and dual nondegeneracy.

By [4, Theorem 7], Assumption 4.2.3 implies that (y*,S*) is the unique dual
optimal solution. By Lemma 4.2.1, X* has the maximal range space. Consequently,
a similar argument as in [4, Theorem 10] reveals that X* is the only primal optimal
solution. It can be shown similarly that (X*, y*,S*) is the unique optimal solution
under Assumption 4.2.4. Therefore, Assumption 4.2.3 or 4.2.4 provides weaker
sufficient conditions than usual nondegeneracy for the existence of a unique primal-

dual optimal solution.

4.2.1 Sensitivity Analysis in SDP

Sensitivity analysis in linear programming has traditionally been associated with an
optimal basis. More specifically, the question has been studied from the perspective
of how much data perturbation can be introduced before an optimal basis for the
original problem is no longer optimal. The presence of multiple optimal bases poses
a problem with this approach since each basis might yield different information.
This shortcoming has been observed by several researchers. Adler and Mon-
teiro [2] and Jansen, de Jong, Roos and Terlaky [32] proposed an alternative ap-
proach to sensitivity analysis based on the concept of optimal partition in linear
programming. Here, optimal partition refers to the partition of the components of
the primal variable into two sets according to whether or not there exists an optimal

primal solution with the corresponding component strictly positive.
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The optimal basis approach cannot directly and practically be extended to SDP.
However, it is possible to extend the idea of the optimal partition to SDP, as shown
by Goldfarb and Scheinberg [18]. Let optimal X* and S* be given by (4.2). Let Rp
and Rp denote the range spaces of X* and S*, respectively. Let us denote by Ry the
orthogonal complement of Rp @ Rp. Note that Ry = {0} iff strict complementarity
holds. Furthermore, any two of the three subspaces are mutually orthogonal. Then,
(Rp, Ry, Rp) have R™ as their direct sum and will be called the optimal partition.

If we assume that the right-hand side vector b is replaced by b 4+ vAb, one
possible approach is to determine the range of v for which the optimal partition
remains constant. Since perturbation of b does not affect the dual feasible region,
the problem reduces to finding a new primal solution for the perturbed problem

whose range is ®p. However, such a solution should be given by

, (4.14)

where Xp > 0. Therefore, the problem above can be formulated as an SDP in the

following way:

(AUX) min, x,(max, x,) v
YieXp = b+yAb;, i=1,...,m,

XP t 07

where the Y; are given by (4.13). Since X* is feasible for (P), a change of variable
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reduces (AUX) to

(AUX) min, y(max, ;) ~y
YieU = ~Ab;, i=1,...,m,

= —A*

Goldfarb and Scheinberg [18, Lemma 4.1] prove that the optimal partition does
indeed remain the same for the values of v in the range given by the optimal values
of (AUX).

Since the Y; span &" by Assumption 4.2.3, it follows that the linear operator
defining the linear constraints of (AUX) is injective. Therefore, either there exists
a unique V € 8" such that Y; ¢ V = Ab;, i = 1,...,m, or the range of v given by
the optimal values of (AUX) is clearly {0}. In the former case, the constraints of

(AUX) can be further simplified to

AV = —A*. (4.15)

We will call the minimum and maximum values of 7 for which (4.15) is satisfied
the optimal partition bounds. Note that (4.15) can be reduced to an eigenvalue

inequality since it is equivalent to
YAV (A2 = T, (4.16)

which can be rewritten as Ayin (’y(A*)_l/?f/(A*)_lﬂ) > —1, where Apin(+) denotes
the minimum eigenvalue function.
We will next symmetrize the eigenvalue bound above by requiring also that

the maximum eigenvalue be at most 1. The symmetrized eigenvalue bound can
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conveniently be expressed as
HV(A*)‘WV/(A*)‘WH <1 (4.17)

The range of values of 7 for which (4.17) continues to hold will be called the sym-
metrized partition bounds. 1t is easy to verify that if the optimal partition bounds are
given by (77,~7), then the symmetrized partition bounds are given by (—v*, +v*),
where

" = min{]y7[,7"}.

Clearly, v* is precisely the reciprocal of

H(A*)—1/2V(A*)—1/2 . (4.18)

We finally comment on the differences between the optimal partition approaches
in LP and SDP. In LP, maintaining the optimal partition is equivalent to main-
taining the whole dual optimal set invariant under perturbations of . A similar
motivation continues to hold in SDP iff strict complementarity holds. However, if
Ry # {0}, then the equivalence no longer holds since, in this case, any matrix with
range space in 3tp @ Ry can be optimal for the perturbed problem without altering

the dual optimal set.

4.2.2 Interior-Point Approach

In [71], Yildirim and Todd developed an interior-point perspective on sensitivity
analysis for LP and extended it to SDP. We briefly review the approach in the SDP

case in this subsection.
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We assume that (X, y, S) is primal-dual strictly feasible and near-optimal (with
a small duality gap). After a perturbation in the right-hand side or in the cost
matrix is introduced, the goal is to retrieve a feasible and near-optimal point for
the perturbed problem by taking a full Newton step at (X, y,S). A target-following
approach is adopted and the Newton step proposed in [71] arises from trying to
approximate a feasible point (X' ¢/, S") of the perturbed problem for which X'S’ =
X S. By the discussion following (4.9), this is equivalent to setting Rpr = 0 in (4.8).
Basically, the motivation for this particular choice stems from the fact that X.S ~ 0.
Therefore, it is meaningful to approximate a point with the same product in order to
obtain a near-optimal solution. Furthermore, this choice guarantees a lower duality
gap than that of the original iterate if the search direction used satisfies a technical
property. The interior-point bound then is defined to be the range of perturbations
for which such a Newton step can successfully be taken.

We next present the general results obtained in [71] using the Monteiro-Zhang
family of search directions for perturbations of the right-hand side vector and the

cost matrix. The reader is referred to [71] for the corresponding proofs.

Proposition 4.2.1 Assume that (X,y,S) is a strictly feasible point for (P) and
(D) and let £ and F as in (4.8) be given by (4.9). Assume that AE~'FA* is
nonsingular. Let the right-hand side vector b be replaced by b+~vyAb, where v € R and
Ab € R™. Suppose that a Newton step is taken from (X,y,S) to regain feasibility
for the perturbed problem using Rpr = 0 in (4.8). Then a full Newton step can be

taken and the resulting iterate will be feasible for the new problem if, and only if,
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satisfies the following:

7] < min{a, b}, (4.19)

where a is the reciprocal of
i (X7F (€I F A [(AETFAY) T AD]) XF)
(or +oo if this quantity is negative) and b that of
Amas (574 (A7 [(A£71F A7) AD]) 572

(or, again, +o00 if this quantity is negative). Moreover, the duality gap of the new

iterate will be at most X o S if E7LF is positive definite.

Proposition 4.2.2 Assume that (X,y,S) is a strictly feasible pair of points for
(P) and (D) and let & and F as in (4.8) be given by (4.9). Assume that AE~*FA*
1s nonsingular. Let the cost matriz C be replaced by C + yAC, where v € R and
AC € S™. Suppose that a Newton step is taken from (X,y,S) to regain feasibility
for the perturbed problem using Rprp = 0 in (4.8). Then a full Newton step can be
taken and the resulting iterate will be feasible for the new problem if, and only if,
satisfies the following:

7| < minfa, b}, (4.20)

where a 1s the reciprocal of

[N

Amax (X—% (E'FAC — E ' FA(AE ' FA) "AE ' FAC) X~ )

(or +oo if this quantity is negative) and b that of

~Amin (S—% (AC — A" (AE~FA )L AETLFAC) S—%)
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(or, again, +o00 if this quantity is negative). Moreover, the duality gap of the new

iterate will be at most X o S if E7LF is positive definite.

The operator £ 1F is positive definite for the H..K..M, dual H..K..M, and NT
directions [60]. Shida, Shindoh and Kojima [57] and Todd, Toh and Tiitiinci [62]
show that the AHO direction enjoys this property if XS + SX is positive semidef-
inite, while Monteiro and Zanjacomo [45] show that the positive definiteness prop-
erty also holds for the AHO direction if the iterate lies in a suitable central path

neighborhood.

4.3 Primal-Dual Symmetry

Although (P) and (D) do not look symmetric, either one can actually be formulated
in the form of the other. We briefly review this reformulation in this section.

Let X satisfy the primal equality constraints. Then, (P) can be reformulated as
(P) minCeX, st Xe X+% X0, (4.21)

where X is the null space of A.

Let Gy,...,G, € 8" be a basis for X, where p = n2 — m. Thus, the constraint
of (P) involving X can be written as 37", w;G; + X = X, where w € RP. It follows
then that C ¢ X = C e X — Y P w;C e G; for feasible X. Therefore, defining
b; := C e G;, we obtain the following equivalent formulation of (P):

. .
t. G = > .
(P1)  max blw s.t Y wGi+X=X X=0 (4.22)

i=1
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which is exactly in the form of (D). The dual of (P1) is given by
(D1) msinf(.ss.t. GieS=0b,i=1,....p, S=0. (4.23)

It is not hard to verify that (D) is actually equivalent to (D1), which is exactly in
the same form as (P).

For a search direction, the dual direction is given by applying the search direction
to the alternative formulation given by (D1) and (P1), i.e., by interchanging the
roles of the primal and dual problems. We will say that a search direction is primal-
dual symmetric if the AX and AS components of the search direction computed at
(X,y,S) for (P) and (D) (assuming it exists) coincide with those of the dual search
direction computed at (S, w, X) for (D1) and (P1). Todd [60] shows that the AHO
and NT directions are primal-dual symmetric whereas the H..K..M and the dual
H..K..M are the dual directions of one another.

If (P) and (D) satisfy Assumptions 4.2.1 and 4.2.2, then (D1) and (P1) also
satisfy the same assumptions. Furthermore, the two formulations given above pos-
sess a nice symmetric nondegeneracy relationship. More precisely, if an optimal
solution (X*,y*, S*) of (P) and (D) satisfies weak primal nondegeneracy and dual
nondegeneracy (Assumption 4.2.4), then the optimal solution (S*, w*, X*) of (D1)
and (P1) satisfies primal nondegeneracy and weak dual nondegeneracy, which is
precisely Assumption 4.2.3. To see this, note that if weak primal nondegeneracy
holds for (P) and (D), then we need to show that the bottom right s x s blocks of

the G; span §°. Otherwise, there exists a nonzero P € §° such that P is orthogonal
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to the space spanned by the corresponding parts of the ;. Therefore,

Gi. :O, Zzl,,p

However, the space spanned by the Gj is precisely the null space of A by definition
of the ;. Therefore, the matrix above lies in the range space of A*, i.e., there exists

yi, @ =1,...,m, such that

The weak primal nondegeneracy of (P) and (D) implies that y = 0. Therefore,
P = 0, contradicting our assumption and proving weak dual nondegeneracy for
(D1) and (P1). The other relationship is proved similarly.

The arguments above, along with those corresponding to Section 3.3, reveal
that for any given search direction, a result concerning perturbations of the right-
hand side vector for a problem instance satisfying Assumptions 4.2.1-4.2.3 directly
carries over to perturbations of the cost matrix using the dual search direction if the
problem instance satisfies Assumptions 4.2.1, 4.2.2 and 4.2.4. Therefore, if a search
direction is primal-dual symmetric, any result for perturbations of the right-hand
side vector also holds for perturbations of the cost matrix under the corresponding
assumptions.

Based on this observation, we will consider only perturbations of the right-hand
side vector b and state the corresponding results for perturbations of the cost matrix

C' as corollaries.
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4.4 The Central Path

In this section, we start analyzing the interior-point bound outlined in Section 4.2.2
on the central path using the Nesterov-Todd (NT) direction [48, 49]. Our aim is to
compare this bound as points on the central path converge to the optimal solutions
to the symmetrized partition bound of Section 4.2.1. We then show the coincidence
of all search directions in the Monteiro-Zhang family on the central path, thereby
extending our analysis to the whole family of search directions.

The NT direction uses M = W' in (4.9), where W is the unique scaling matrix
given by

W =X37(X25X2)"2X> (4.24)

so that WSW = X. Therefore, the operators £ and F as in (4.9) are given by

E=SowW™? F=w'Xol (4.25)

An alternative formulation of the NT direction [62], in which case £ does not need

to be inverted, is given by
E=101, F=W~oW. (4.26)

Furthermore, Yildirim and Todd [71] showed that the target-following approach can

be generalized using this alternative formulation if Rgr as in (4.8) satisfies
(WO S)Rpp =W HX'S' — X9) + (S'X' — SX)W~L. (4.27)

At a given iterate (X, y,5), if we target the point with X’S" = XS, we again have
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Before we start the analysis of the N'T' direction, we introduce some tools that
will be useful. For a given matrix U € 8", we say that a k-dimensional subspace
Y. C R™ is an invariant subspace for U if UX C Y. Clearly, a subspace spanned by
one or more eigenvectors of U is an invariant subspace for U. We start with the
following theorem, where A(-) denotes the set of eigenvalues. We refer the reader to

[20] for a proof and further details.

Theorem 4.4.1 Let U € S™. Suppose QQ € R™™ is orthogonal and that it is

partitioned as
Q = [Ql QQ] )

where Q1 € R™" is such that the range of Q1 is an invariant subspace for U. Then

D,y 0
QT'UQ =D = , (4.28)
0 D,

where Dy € 8" and Dy € 8™ ". Moreover, N(U) = X\(Dy) U AX(Ds).

Although eigenvalues of a symmetric matrix vary continuously, it is well-known
that eigenvectors can be very sensitive to small perturbations if they are associated
with repeated eigenvalues, in which case eigenvectors are not necessarily unique.
However, if such eigenvalues are separated from the rest of the spectrum, then the
invariant subspace spanned by the corresponding eigenvectors varies continuously.
The appropriate measure of separation between the eigenvalues of U € S™ and
V € 8" is given by

UV):= i A — .
sep(U, V) AeA(lgr)l}una(v)l 1]

The following theorem is due to Stewart [58].



137

Theorem 4.4.2 Suppose U € " and E € §". Let Q = [Q1 Q3] be an orthogonal
matriz such that the range of Q1 € R™ " is an invariant subspace for U. Partition

the matrices QTUQ and QTEQ as follows:

D 0 E BT
QIUQ=D=| Q=
0 D, Ey Ey

If § := sep (Dy,Dy) > 0 and ||E|| < §/5, then there exists a matriz P € R()x7
with

4
1Pl < 5HE21H

such that the columns of Q1 = (Q1 + Q2P)(I + PTP)~/2 define an orthonormal

basis for a subspace that is invariant for U + E.

If @ € R is an orthogonal matrix, the following theorem shows that the
singular value decompositions of its submatrices are highly correlated. The reader

is again referred to [20] and the references therein for a proof and further details.

Theorem 4.4.3 (CS Decomposition) Let Q € R™" be an orthogonal matriz

partitioned as

Q: Qll Q12 ’
QQI Q22

where Q11 € R™". Assume that r < n —r. Then there exist orthogonal matrices

Uy 0 Vi 0
U= and V =

0 U, 0 W
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partitioned in accordance with Q) such that

C S 0
Q=U|s —c o |V,
0 0 I

where C' € R™" and S € R™" are diagonal matrices all of whose entries lie in [0, 1].

We now specialize the general bounds given by Proposition 4.2.1 for perturba-
tions of b to the NT direction. Suppose that b is replaced by b+ yAb. In this case,
Yildirim and Todd [71] showed that the interior-point bound evaluated at (X, y, S)

reduces to a convenient norm bound given by

D=

nyX‘% (FA" [(AFA AL X3 < 1, (4.29)

where F = W ® W. Therefore, we will call the reciprocal of

HX—% (FA* [(AF A7) AB]) X (4.30)

the NT bound and investigate its asymptotic relationship with the symmetrized
partition bound given by the reciprocal of (4.18).
If (X,y,5) = (X(u),y(p),S(p)) then W = pu~/2X by (4.24). Consequently,

(4.30) can further be simplified as

G"/2.A" [(AGA") " AD]

: (4.31)

where G := X © X.
We assume that X (we drop the dependence on u to simplify the notation) is

given by
A* Ep ET
X = | " (4.32)
0 Ey Ey
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where the following bounds are satisfied:

Ep =0, By = O(1?), Ey = O(p®), where x>0, 3>0, 0<a<1.

(4.33)
Note that X > 0 implies that we can assume
B> a2 (4.34)
since X7 < Xj; Xj; for i # j. Luo, Sturm and Zhang [40] show that
[X (1) = X7 = O(u),  [15() = 57| = O(w) (4.35)

if strict complementarity holds. Therefore, in this case, we can take a = =k =1
in (4.33). In contrast to the case for LP, the relationship (4.35) does not hold in the
absence of strict complementarity. In this case, Goldfarb and Scheinberg [17] argue
that both of the distances in (4.35) can be Q(u”), where v < 1.

Since sep (A*,0) = Apin(A*), we can apply Theorem 4.4.2 to X. By (4.32) and

(4.33), for p sufficiently small, X can then be decomposed as

Q Q D T T
X=qQpQ"=| " 7" 7 R (436)
Q21 Q22 DN {2 52

where Dp € 8", Dy € §™" and @ is orthogonal. By Theorem 4.4.2, we have

Q I _
n (I+P"P) 1/27
Q21 P
where P = O(||Ey||) = O(1°) by (4.33). Therefore, the eigenvalues of I + PTP are
1+ O(i??). Using the Taylor approximation given by

1
1+«

1
=1- 5T+ O(z?), (4.37)
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we find that the eigenvalues of (I + P P)~'/2 are also 1 + O(u?%) for p sufficiently
small. Therefore, Q11 = I + O(u?®) and Qy = O(p?). Furthermore, Q5 = O(1”)
since ||Q12]| = ||@21]] by Theorem 4.4.3. The following lemma will be useful for the

analysis later.
Lemma 4.4.1 IfQ is as in (4.36), then Qo is nonsingular for u sufficiently small.

Proof: By Theorem 4.4.3, C' = I + O(p?%) indicating that all the singular values

of (Y22 are bounded away from 0. 0

Note that (4.33) implies that X has r eigenvalues of order ©(1) for sufficiently

small . Moreover, by using the block equality in (4.36), it follows that

Dy = fg(/\* + Ep)Q12 + QzTgEUQm + Q{2E5Q22 + QQTQENQm = O(u"), (4.38)

by (4.33), (4.34) and the arguments following (4.37). By Theorem 4.4.1, n — r of
the eigenvalues of X then are of order O(u®) for p small enough. We stress that

this is actually a sharper bound than the usual eigenvalue bound given by
[A(A+ E) = A(A)] < [, (4.39)

where A\g(-) denotes the kth largest eigenvalue.

Similarly, we get the following expression for Dpg:
Dp = Q1i(A" + Ep)Qu + Q1 Ef Qo + Q5 EuQu + Q3 EnQar. (4.40)
By (4.33) and the arguments following (4.37), we then have

Dp = N+ O(u") + O(1*). (4.41)
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Since XS = ul, the product of the eigenvalues of X and S are exactly equal
to p. Since the eigenvalues of S are bounded, it follows that the remaining n — r

eigenvalues of X are Q(p). We then conclude that
the eigenvalues of Dp are ©(1) and those of Dy are O(u®) and Q(u).  (4.42)

We briefly discuss the concept of scale-invariance. Given (P) and (D), if we
apply a change of variable in (P) such that X is replaced by X = QT XQ, where Q
is an orthogonal matrix in R"*", (P) transforms to

A ~ ~

(P) ming CeX
AX = b,

~

X = 0,

where C':= QTCQ, and A and A* are defined from {A4; := QT 4,Q} as in (4.3) and
(4.4). The dual of this problem is

Ay + § = C

Y

S = 0,

which is exactly the transformation of (D) with (y, S) replaced by (y := y, S =

A~

QTSQ). If (X,y,S) is a strictly feasible point for (P) and (D), then (X,#,5) =
(QTXQ,y,QTSQ) is a strictly feasible point for (P) and (D).
A method for defining a search direction for SDP is said to be Q-scale-invariant

if the direction at any iterate is the same as would result from scaling the problem

and iterate by an arbitrary orthogonal matrix (), using the method to determine
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the direction for the scaled problem, and then scaling back. Todd [60] shows that
the AHO, H..K..M, dual H..K..M and NT directions are all ()-scale invariant.
Furthermore, Yildirim and Todd [71] show that the Schur complement matrix
given by AE"!FA* is invariant under scaling, i.e., AET1FA* = AE1FA*.
We now apply this transformation to (P) using @ as given by (4.36). Since the
NT direction is )-scale invariant and since the right-hand side vector b is invariant
under this transformation, we can evaluate the NT bound for (IS) instead of (P)

and get the same interior-point bound. With this transformation,

i - Q5 (A)p (A)] Qu Qi
{2 2TQ (Ai)U (Ai)N Q21 Q22

_ (A)p+& (A)5Qae + &3 | (4.43)

I QLA +& QL(A)NQ20 + &

where &, & and & are matrices of appropriate dimensions each of which is O(u?).
We claim that the matrices A; also satisfy Assumption 4.2.4 provided that s is
sufficiently small. Indeed, it follows from (4.43) that the submatrices (A;)p span
S”. For primal nondegeneracy, we use Lemma 4.4.1 to show that the relevant parts
of the A; are linearly independent in 8™ since Qs is nonsingular for u sufficiently
small.

We now reconsider (4.31). First, we study the nontrivial case, i.e., when Ab is

in the right space. By Assumption 4.2.4, there exists a unique V € 8" such that

We find it easier to express (4.31) in standard matrix-vector form by using sym-
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metrized Kronecker products. We define the linear operator svec, which maps

UeS™to R”E, as follows:
svec(U) := (U1, V2Us1, . ..,V 2Upn1, Usg, V2Usg, . .. ;N 2Ung, ..., Up)T. (4.45)
Note that svec is an isometry between S™ and R" since for every U,V € 8™,

U eV =svec(U) 'svec(V). (4.46)

The symmetric Kronecker product of two matrices U,V € R™" is an n2 x n?

matrix, whose action on a vector svec(Z) € R™ where Z € 8" is defined by
1
(U®sV)svec(Z) :=svec (U V)Z) = 5svec (Uzvt+vzuT). (4.47)

We also define another linear operator, called vec, which maps R**" to R"*.

For P € R**" vec(P) is defined by
vec(P) := (P11, Py, ..., P, Pia, ..., Pra, ..., Pin)”. (4.48)

Note that vec is also an isometry between R**" and R™ with respect to their
standard inner products. The Kronecker product of two matrices U € R™ ™ and
V € R®* is an nk x nk matrix whose (4, j) block is given by U;;V. Its action on a

vector vec(Z) € R™ where Z € R**™ (cf. (4.47)) is given by
(U®V)vec(Z) := vec(VZUT). (4.49)

Although we define the operator svec as in (4.45), any permutation on the right-

hand side would clearly preserve the isometry between &™ and R"". Therefore, we
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introduce yet another linear map sv, which is basically equivalent to the svec

operation applied in a different order. For any U € 8", sv is defined by
sv(U) := (svec(Up)', vV2vec(UL)T, svec(Uy)T)T. (4.50)

Similarly, we denote the symmetric Kronecker product resulting from sv of U and
V e R by U ®4, V, where the definition is similar to (4.47) with svec replaced
by sv.

We can rewrite (4.31) defining the NT bound as

1G> A ||, (4.51)
where w satisfies
AGA*w = Ab. (4.52)
Defining A € Rmxn® ag
SV(Al)T
A= : , (4.53)
sv(A,)T

we can easily verify that (4.52) can be rewritten in standard matrix-vector form as
A(X ®4 X) ATw = Ab. (4.54)

Note that A has full row rank by Assumption 4.2.2 and X ®,, X is positive definite.
Therefore, w is uniquely defined by (4.54). We also partition A in accordance with
(4.50) as

A - [B Nl NQ] y
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where B, Ny and N, have 72, r(n — r) and (n — r)? columns, respectively. By
Assumption 4.2.4, B has full column rank and [B N;| has full row rank. By
(4.44), Ab = Bo, where © = svec(V).

We now apply the NT bound to the transformed problem (IS) We will denote

~

the corresponding matrices with a hat. For (P), (4.54) is given by
A(D ®,, D) ATw = Ab = Bi +u, (4.55)
where
u:= B — Bt = O(1”) (4.56)
by (4.43). Furthermore, A can be partitioned similarly to A as
A-[B & ). (457)
It follows from (4.43) and the argument following it that B has full column rank and
[B Ny] has full row rank for p sufficiently small. Note that D is block diagonal.

The next lemma will show that D ®,, D will also be a block diagonal matrix in this

case.

Lemma 4.4.2 If D is given by

Dpg
D= ,
Dy
where Dg € 8" and Dy € 8", then D ®g, D is given by
Dp ®s Dp
D ®s D = Dy ® Dg : (4.58)

Dy ®s Dy



146

Proof: Due to the partition given by (4.50), it suffices to consider the action of

D ®,, D on the vectors obtained from the matrices of the form

Up
U, =

0

Let us consider each form in turn:

(D ®g, D)sv(Uy)

(D ®gp D) sv(Us)

(D ®sp D) sv(Us)

Ux 0
) U2 = v ) U3 =
Uy Un
svec(DgUpDp) Dp ®s Dp
0 = 0 svec(Up).
0 0
0 0
V2vec(DpUE Dy) Dy @ Dp | V2vec(Uy).
0 0
0 0
0 = 0 svec(Uy).
SVGC(DNUNDN) DN R DN

O

By a property of Kronecker products, Lemma 4.4.2 allows us to obtain bounds

on the eigenvalues of each block in (4.58). Let U and V' be two matrices in §™ with

AU) = [\, ..

S At and M(V) = {p, ...

, ln}. Then, the eigenvalues of U ® V' are

given by {Aip; 1 <i4,5 < n} and those of U @, U by {\A; @ 1 <i<j<n}.

Therefore, if D ®y, D is written as

D®g D=

D,

D, )
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then D; has r? eigenvalues which are ©(1); Dy has 7(n — r) eigenvalues which are
O(p®) and Q(p); and Ds has (n — r)? eigenvalues which are O(p2*) and Q(z2) by

(4.42). Consequently, we get
1D =0Q), |IDafl = O(u®), | Ds|l = O(u™), (4.59)
as well as
[Pl =0a), [[Dy|=00/n), [[Ds']|=00/u?). (4.60)
By (4.55) and (4.57), we aim to find w which satisfies

11| Ds BT .
[ } w = Bi+u, (4.61)

A

Dy | | NT

where N := [Nl ]\72], Dy := D; and Dy is block diagonal with Dy and Ds as the
diagonal blocks. Note that B has full column rank and B = B + O(p?). Therefore,
if we choose R € R™*(m=7%) with columns a basis for the null space of BT so that the
augmented matrix [B  R] is nonsingular, then for all sufficiently small y1, [B  R] is
nonsingular and its inverse, which we denote by 7, is uniformly bounded. Therefore,

premultiplying (4.61) by Z yields

I Ny D I 0 v Uy
o S |a= + , (4.62)
0 Ng Dy Nt NE 0 Us
where & := Z Tw, @i, and Gy are the appropriate partitions of @ := Zu, and Ny and

Ny, those of N := ZN. Since A has full row rank, so does Z 121, therefore N, has full

row rank. However, we can get more information using primal nondegeneracy: Since
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[B Ny has full row rank, so does Z[B Ny|. Consequently, if N, =: [Ny, N,
where Nz, has 7(n — r) columns, then Ny, has full row rank. If we partition

similarly as w; and sy, (4.62) can be decomposed into two equations given by

(Dg+ FF")w, + FGTwy = 0+ 1, (4.63)
GF i, + GGTiy = i, (4.64)
where
7 2 ¥ 1/2
F:=NyD{*, G:=N D/’ (4.65)

Note that G has full row rank since N, does. Moreover, by (4.59), F and G satisfy
IE[l = O(u?), G|l = O(u*"?). (4.66)
We can write W, in terms of w; using (4.64):
Wy = (GGT) iy — (GGT)'GF w,. (4.67)
We can now combine (4.67) with (4.63) to obtain
(Dp+ F(I—Pg)F") iy =0+ — FGT(GGT) i, (4.68)

where P is the orthogonal projection matrix onto the range space of GT. Therefore,
I — P is the orthogonal projection matrix onto the null space of GG. The following

lemma will be useful for the analysis.
Lemma 4.4.3 We have

IGT(GGT) sl = O 1?). (4.69)
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Proof: Note that the left-hand side of (4.69) is precisely the optimal value of the
least squares problem given by min,{||z| : Gz = uy}. Therefore, it suffices to
manufacture a feasible solution which satisfies the given upper bound. However,
N; = [NM NLQ] and Np; has full row rank by the argument following (4.62).
Therefore, there exists ¢ € R"™") with |¢|| = O(4?) such that iy, = Npy ¢. It

follows then that

q q Dy g
ﬂg - |:]\~]L1 NL2i| - NLD;(]/QD];II/Q - G 2
0 0 0

Therefore, a feasible solution for the least squares problem is given by

Dy
7=
0
and [|Z|| = O(u5~Y/2) by (4.60) together with the fact that ||q|| = O(1?). ad

We briefly review the Neumann lemma now [20]. Let U be an invertible ma-
trix and let V satisfy ||[U™'V]|| < 1/2. Then, I + U~V is invertible with |(I +

U~'V)7Y| < 2. Moreover U + V is invertible and given by
U+V)yt=vut-vtvau+utvyTtuh (4.70)

We now apply this result to (4.68) with U := Dy and V := F(I — Pg)FT. Note that
U] = O(1) by (4.60) and ||V|| = O(u®) by (4.66) and the fact that ||I — Pg|| < 1.
It follows from (4.70) that ||[(U + V)7!|| = O(1). The right-hand side of (4.68) is
given by ¥ + O(p?) + O(u®/?*%=-1/2) by (4.56) and Lemma 4.4.3. Therefore, we

obtain w; = O(1) by (4.68) for u sufficiently small if

a+26>1. (4.71)
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We will assume hereafter that a and g satisfy (4.71).
Let us reconsider (4.51). We will apply the sv operation to the matrix whose

operator norm we need to evaluate:
sv(GP A W) = (X2 ®,, X'/?) ATw.

By the scale-invariance of the NT bound, we can alternatively use the transformed

problem to evaluate it. Therefore, we need to compute

1/2 -
(D'? @4, D'V?) ATw = D Y “
DY? NT NT iy
DY
- | B . (4.72)
FTo, + G,

For the top part, we use (4.68):
DYy = D%+ DY? (i — FGT(GGT) iy — F(I — P)FTin) . (4.73)
Using (4.60) together with the arguments following (4.70), we conclude that

D%y = D0 4 0(u) + O(u/**71%) + O(u*) = D0+ 0(w"), - (4.74)

where
7:=min{f,a/2+ [ —-1/2,a} = min{a,a/2+F—1/2} >0 (4.75)

since a < 1. However, if we apply the svec operation to (4.18) defining the sym-

metrized partition bound, we get

svec ((A*)—1/2V<A*)—1/2) = (A2 @, (A7) 5. (4.76)
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Since Dpy = Dp ®; Dp, and D — A* as pu | 0 by (4.41), we conclude that the top
part of (4.72) which is given by (4.74) converges to (4.76) since 7 > 0 by (4.71). To

determine the rate of convergence, let us define
n := min{x, 28} > 0. (4.77)

By (4.41), D = A*+ O(u"), which implies that the eigenvalues of Dp are given by
those of A* perturbed by O(u") terms. Therefore, the eigenvalues of Dy are also
given by those of A* ®4 A* plus error terms given by O(u). Finally, an application

of (4.37) to the eigenvalues of D;/ ? vields

D2 = (A V2 @, (A2 4 O(u), (4.78)

Using (4.74), we then conclude that

Dy = (M) V2@, (M) Y2 5 4+ O(u") + O(u7). (4.79)

B

Under strict complementarity, «, 8 and s can all be set to 1 and hence, 7 =n =1
by (4.75) and (4.77).

Let us now examine the lower part of (4.72). Since w; = O(1) under the con-
dition (4.71) for u sufficiently small, we have ||FT1,|| = O(u®/?) using (4.66). By

(4.67), we can write the second term as
Gty = GT(GGT) iy — PoFl . (4.80)

By Lemma 4.4.3, the first term in (4.80) is O(u”~1/2). The second term is O(u®/?)

since || Pg|| < 1. Consequently, the lower part of (4.72) is O(u®), where

¢ =min{a/2,5 —1/2}. (4.81)
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Once again, we can take ¢ = 1/2 under strict complementarity. Therefore, we

conclude that the lower part tends to 0 as p | 0 if
1
B> 5 (4.82)

Note that the condition (4.82) is sufficient to have 7 > 0 since (4.71) is then au-
tomatically satisfied. Therefore, if the condition (4.82) is satisfied, we conclude
that the interior-point bound evaluated on the central path using the NT direction
converges to the symmetrized partition bound given by the reciprocal of (4.18) for
perturbations Ab in the range space of B.

We now comment on the rate of convergence. Note that the 2-norm of a sym-
metric matrix is given by the maximum of its eigenvalues in absolute value. We
can use the eigenvalue inequality (4.39) in conjunction with the norm inequality
|E|l2 < ||E]||F for any E € R™™. By the preceding discussion, we then conclude

that the rate of convergence can be bounded by u¥, where

Y :=min{n, 7,(} = min{k, a/2,5 —1/2} > 0, (4.83)

where we used (4.75), (4.77), (4.81) and (4.34). Under strict complementarity, v
can be taken to be 1/2.

We next consider the case when Ab is not in the range space of B. In this case,
both the optimal partition and the symmetrized partition bounds are 0. We can
write Ab = B0 + u, where Bv is the orthogonal projection of Ab onto the range
space of B. It follows then that u lies in the range space of R below (4.61) and ||ul|

is bounded away from 0. By (4.56), Ab = Bo+u+ O(u?). Now u = Rd for some d,
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and thus ||d|| is also bounded away from 0. However, iy as in (4.62) then is equal

to d + O(p?). Hence ||tiz|| is bounded away from 0. By (4.64), we have
NpDY? (F iy + GTiby) = . (4.84)

However, the term in parentheses is precisely the lower part of (4.72). Let us denote
that term by p and let ¢ := Djl\A[/Qp. Since 5 is nonzero, ||q|| > v, where v > 0 is the

norm of the least-squares solution of Niz = y. Therefore,

1/2
v < llall < | D2 vl

which implies that

14
Ipll > -

1/2
|23

Consequently, ||p|| — oo as p | 0 since HDZIV/2H = O(u*/?) by (4.59). This argument
reveals that the N'T bound given by the reciprocal of the matrix norm tends to 0
as desired as  tends to 0, indeed with convergence rate O(u®/?).

Therefore, we have proved the following theorem:

Theorem 4.4.4 Let (P) and (D) satisfy Assumptions 4.2.1-4.2.3. Assume that
(X,y,5) == (X (1), y(u), S(u)) is such that X and the primal optimal solution X*
satisfy (4.32) and (4.33) with 3 > 1/2. Let the right-hand side vector b be replaced
by b+ yAb, where v € R and Ab € R™. Then the NT bound evaluated at (X,y,S)
converges to the symmetrized partition bound as p | 0 and, in the nontrivial case

when these bounds are nonzero, the rate of convergence is bounded above by O(u¥),

where 1 is defined by (4.83).
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The NT direction is primal-dual symmetric. By the primal-dual symmetry out-
lined in Section 4.3, we conclude that the NT bound for perturbations of the cost
matrix C' also converges to the symmetrized partition bound if Assumption 4.2.4
holds (i.e., weak primal nondegeneracy and dual nondegeneracy) and the require-
ments on X and X* are replaced by the corresponding ones on S and S*, which we

call the dual requirements.

Corollary 4.4.1 Let (P) and (D) satisfy Assumptions 4.2.1, 4.2.2 and 4.2.4. As-
sume that (X,y,S) = (X (un),y(u), S(1)) is such that S and the dual optimal solu-
tion (y*, S*) satisfy the dual requirements of (4.32) and (4.33) with f > 1/2. Let the
cost matriz C be replaced by C + ~vAC, where v € R and AC € 8". Then the NT
bound evaluated at (X,y,S) converges to the symmetrized partition bound as p | 0

and, in the nontrivial case when these bounds are nonzero, the rate of convergence

is bounded above by O(u¥), where 1 is defined by (4.83).

So far, we have only considered the NT direction. In the next theorem, we
prove that this nice correspondence between the interior-point bounds and the sym-
metrized partition bounds continues to hold for any direction in the Monteiro-Zhang

family for iterates on the central path.

Theorem 4.4.5 Let (P), (D), (X,y,5) = (X(u),y(n), S(p)) and the optimal so-
lution (X*,y*, S*) satisfy the assumptions given in Theorem 4.4.4 for perturbations
of b or those given in Corollary 4.4.1 for perturbations of C. Then the interior-
point bound evaluated at (X,y,S) using any direction in the Monteiro-Zhang family

converges to the symmetrized partition bound as p | 0.
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Proof: The interior-point bounds are given by Propositions 4.2.1 and 4.2.2 respec-
tively for perturbations of b and C, where the operators £ and F are given by (4.9)

with M = 0. We claim that it suffices to show
E'VF=WoWw (4.85)

for iterates on the central path. Indeed, if (4.85) holds, then the matrices whose
minimum and maximum eigenvalues define the interior-point bounds actually co-
incide in both Propositions 4.2.1 and 4.2.2 and both bounds can be expressed as
norm bounds on the corresponding matrices. This is precisely the NT bound.

We now prove (4.85). For any U € 8™, we need to show that
ETVFU = (W oW)U =WUW, (4.86)
or, since £ is invertible, that FU = E(WUW). But WUW = ' XUX, and
E(uIXUX) = %M‘I(SXUXM + MXUXS) = %(UXM + MXU) = FU,

where we used XS = ul. 0

4.5 Central Path Neighborhood

In Section 4.4, we have shown that the interior-point bounds evaluated on the
central path asymptotically coincide with the symmetrized partition bounds. In
this section, we aim to extend the same asymptotic result to iterates lying in a very

narrow neighborhood of the central path using the Nesterov-Todd direction.
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The primal-dual path-following algorithms generate iterates that “closely” follow
the central path. One of the proximity measures that is used in short-step path-

following algorithms is given by
Ne(8) = {(X,y,5) € Fp x Fp - HX%SX% - MIHF <Ouy, (487

where Fp and Fp respectively denote the set of primal and dual strictly feasible
points, 6 € [0,1) is a parameter and p := u(X,S) = (X e .5)/n is the duality
measure. This is called the narrow neighborhood.

We first discuss the possibility of extending the results of the previous section

to iterates lying in a narrow neighborhood.

Example 4.5.1 Consider the following SDP instance with m =1, n =2, b =1

and

10 0 0
Alz s C:

0 0 0 1

The unique optimal solution is given by
X* =diag(1,0), y* =0, S5*=diag(0,1).

The optimal solution is primal and dual nondegenerate and strict complementarity
holds. The points on the central path are given by X(u) = diag(l, u),y(p) =
—p, S(p) = diag(p, 1). Assume that the right-hand side vector is replaced by 14 .
The partition bounds are (—1,400) and the symmetrized partition bounds are

(—1,1). Consider the following feasible point with

1 /3

n/3 p

X =
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and (y,5) = (y(u), S(w)), which satisfies (X o §)/2 = pu. Furthermore, (X,y,5) €
Nr(1/2/3). However, the NT bound evaluated at (X,y,S) does not converge to
the desired symmetrized partition bound (—1,1). Numerical evidence suggests that
the bound converges approximately to the interval (—.9,.9) as u | 0. For such a
point,

HX%SX% - uIHF — O(n).

As Example 4.5.1 illustrates, the interior-point bound does not necessarily con-
verge to the symmetrized partition bound even when the iterates lie in a narrow

neighborhood. However, in the same example, if we let
1 (1/V3)u’
/3 n
with 5 € (1/2,1], and fix (y,S) at (y(u), S(u), then (X,y,S) satisfies

X = X(5) =

e, =00

and the NT bound evaluated at (X(f3),y,S) does converge to the desired sym-
metrized partition bound (—1,1) as p | 0.
This observation suggests the possibility of extending the convergence results of

the previous section to iterates satisfying the condition
HX%SX% - MIH — O(u°) where o> 1. (4.88)
F
Alternatively, condition (4.88) can be stated as

X25X32 = ul + E where E =0(u). (4.89)
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Henceforth, we assume that (X, y, .S) is a primal-dual strictly feasible iterate, with a
sufficiently small duality gap, satisfying (4.89). Note that the corresponding scaling

matrix W is given by

NI

N[
D=
N[
[ SIS

W= X3 (X%SX%>7 X2 = X2(ul + E) 2 X5, (4.90)

Let us define
W= /nW. (4.91)
Note that W = X on the central path. If we denote the eigenvalues of E in (4.90)

by A, i =1,...,n where \; = O(u?) by (4.89), the Taylor approximation given by

4.37) can be applied to the eigenvalues of (ul + E)~1/2 to obtain
( pp g m

W=X3(I+F)X2, (4.92)

where F' = O(u°1).
Assuming the right-hand side vector b is replaced by b+ vAb, the NT bound at

(X,y,S) given by the reciprocal of (4.30) is equivalent to the reciprocal of

| x5 (7 [(aFa) o)) x

, (4.93)

where F =W o W.

Throughout this section, we assume that W defined as (4.91) satisfies the as-
sumptions (4.32) and (4.33) imposed on X in the previous section. Therefore,
W — X* as p | 0. By repeating the analysis, we can extend the results proved
there to iterates satisfying (4.88) if we can show that X ~1/2 is “close” to W~'/2 for

such iterates.
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Using (4.92), it follows that

Wl=X"3(I+F)'X 7 =pu2X"5(ul + E)/?X 2 (4.94)

by definitions of £ and F. Once again, an application of the Taylor approximation
given by

1
Vi+zr=1+ g%+ O(z?) (4.95)

to the eigenvalues of u='/2(ul + E)'/? yields

W= X"2(I+H)X 2, (4.96)

where H = O(p°™1).

If A€ S"is given by A = BBT with B € R™*" nonsingular, then
(B71AY2)(AV2B™Ty = 1. (4.97)

Consequently, B~1AY2? =: @) is an orthogonal matrix and AY/? = BQ. Applying

this to (4.96) with A := W' and B := X~ 2(I + H)"/? yields
W2 =X 2(I+H)?Q or X z=W2Q"(I+ H) 2 (4.98)

A final application of the Taylor approximation (4.37) to the eigenvalues of (I +
H)~Y/2 gives

X7 =W 2QT(I + ), (4.99)

where J = O(u?~'). Substituting this into (4.93), which defines the NT bound, we

obtain

|+ e (Far [(AFa) ™ do] ) W2QT (1 + )| (4.100)
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However, the analysis of the previous section in conjunction with the facts that J =
O(u°~') and that the operator norm is invariant under orthogonal transformations
implies that the NT bound converges to the desired symmetrized partition bound

as i | 0. We have thus proved the following theorem.

Theorem 4.5.1 Let (P) and (D) satisfy Assumptions 4.2.1-4.2.3. Assume that
(X,y,S) is a primal-dual strictly feasible iterate satisfying (4.88) such that the cor-
responding W as in (4.91) satisfies the requirements (4.32) and (4.33) of Theo-
rem 4.4.4 imposed on X(u) with § > 1/2. Let the right-hand side vector b be
replaced by b+ vAb, where v € R and Ab € R™. Then the NT bound evaluated at

(X,y,S) converges to the symmetrized partition bound as p | 0.

Section 4.4 implies that we can formulate perturbations of the cost matrix C
as perturbations of the right-hand side using the primal-dual symmetry. However,
due to the interchange of roles between the primal and dual variables, the scaling

matrix for the alternative formulation (D1) and (P1) is given by
W =W(S,X) = 52(52X57)"25%, (4.101)

so that WXW = S. It follows then that W = W 1. Consequently, the assumptions
on W and X* should be replaced by the corresponding assumptions on T W and
S*, or equivalently by \/u W~ and S*. We then have the following corollary for

perturbations of the cost matrix.

Corollary 4.5.1 Let (P) and (D) satisfy Assumptions 4.2.1, 4.2.2 and 4.2.4. As-

sume that (X,y,S) is a primal-dual strictly feasible iterate satisfying (4.88) such



161

that the corresponding /i W' satisfies the dual requirements of (4.32) and (4.33)
of Corollary 4.4.1 imposed on S(u) with f > 1/2. Let the cost matriz C' be replaced
by C + ~C, where v € R and C € §™. Then, the NT bound evaluated at (X,y,S)

converges to the symmetrized partition bound as p | 0.

4.6 Conclusion

We have studied the asymptotic behavior of the bounds arising from the interior-
point perspective on sensitivity analysis in SDP developed in [71] in comparison
with the optimal partition bounds of [18]. For perturbations of the right-hand side
vector and the cost matrix, we have shown that the interior-point bounds evaluated
at the iterates on the central path using the Monteiro-Zhang family of search direc-
tions converge to the symmetrized version of the optimal partition bounds under
appropriate nondegeneracy assumptions. Furthermore, the two bounds asymptoti-
cally coincide even in the absence of strict complementarity if the distance between
the point on the central path and the analytic center satisfies a certain requirement.
We have then extended the same relationship to a central path neighborhood using
the Nesterov-Todd direction.

The computational cost of evaluating the interior-point bound is the same as
that of a single interior-point iteration. The sufficient conditions for the asymptotic
coincidence of the two bounds outlined in this paper require that the iterates be
in close proximity of the central path. In practical implementations, this can be

achieved by taking a few centering steps to get closer to the central path when
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the duality gap is sufficiently small. Our limited computational tests suggest that
the interior-point bounds tend to approximate the symmetrized optimal partition
bounds fairly well even when the iterates are not too close to the central path —
especially if the Nesterov-Todd direction is used. Although the interior-point bounds
using any member of the Monteiro-Zhang family coincide on the central path, our
test problems indicate a much more rapid deterioration of the interior-point bounds
using the AHO, H..K..M and the dual H..K..M directions than those using the
NT direction. Furthermore, the fact that the interior-point bound using the NT
direction reduces to a convenient norm bound as opposed to two eigenvalue bounds
for most of the other directions in the Monteiro-Zhang family makes the analysis
somewhat simpler. This observation in conjunction with the computational results
is the reason why we considered the NT direction in further detail in this paper.
Finally, we note that the cost of computing the interior-point bound can in
practice be lowered by evaluating it at the penultimate iterate rather than the final
iterate generated during the course of the interior-point algorithm. In this case,
the evaluation and factorization of the Schur complement matrix, which usually
requires the major computational effort in an interior-point iteration, will already
be available. The computation of the interior-point bound then reduces to solving

a couple of triangular systems followed by a few matrix-matrix products.



Chapter 5

Computational Experiments

In this chapter, we present computational results to illustrate the behavior of the
interior-point bounds on randomly generated linear programming (LP) and semidef-
inite programming (SDP) problems. These results are intended to shed some light
on the behavior of our bounds in practice.

The notation used in this chapter will be consistent with the notation of Chap-
ters 2, 3 and 4. The randomly generated LP and SDP instances will be in their

respective standard forms.

5.1 Linear Programming

In Chapter 2, we studied the asymptotic behavior of the interior-point bounds for
perturbations of the right-hand side and the cost vectors in comparison with the
optimal basis (or, equivalently, optimal partition) bounds under nondegeneracy. We

then extended our analysis to degenerate LPs in Chapter 3.
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In this section, complementary to the theoretical foundation developed in Chap-
ters 2 and 3, we present some computational results to illustrate the performance of
the interior-point bounds evaluated at near-optimal solutions of randomly generated

LP instances.

5.1.1 Generating Random LP Instances

We have generated random LPs with m = 200 and n = 400. These values of m
and n are chosen in order to make the primal and dual problems look symmetric.
Here, by symmetry, we refer to the fact that the dual problem formulated in the
primal form as outlined in Section 3.3 has precisely the same dimensions as the
original primal problem. The input parameters are the cardinality of the index set
B (|B]), which can vary from 0 to 400, and the dimension of the primal optimal set
(dim(2p)), which is given by |B| — rank(B) by Proposition 3.2.1, where B is the
submatrix of the coefficient matrix A consisting of those columns corresponding to
the indices in B. These two parameters together determine the dimension of the dual
optimal set dim(€2p) and rank(B). The ability to control all these parameters allows
us to incorporate all scenarios of primal and dual degeneracies into the randomly
generated LPs.

Our goal is to generate random LPs with prespecified degeneracy requirements
so that the resulting problems will help illustrate the behavior of the interior-point
bounds under various degeneracy scenarios. Since our theoretical results pertain
to interior-point bounds evaluated at strictly feasible, near-optimal solutions, we

start with generating a random, strictly complementary optimal solution (z*, y*, s*).
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The positive components of x* and s* are generated independently according to the
absolute value of a standard normal distribution and the entries of y* are chosen
independently from the standard normal distribution.

The next step is to generate a feasible direction (Az, Ay, As) at this opti-
mal solution simultaneously with a suitable coefficient matrix A. We say that
(Az, Ay, As) is a feasible direction at (z*,y*, s*) if there exists @ > 0 such that
(x*,y*, s*) + t(Az, Ay, As) is feasible for the primal and dual problems for all
t € [0,a). Consequently, the near-optimal strictly feasible solutions at which the
interior-point bounds are evaluated are obtained by taking different multiples of
this feasible direction from the optimal solution (z*,y*, s*).

Note that the feasible direction (Az, Ay, As) and the coefficient matrix A =
[B  N] partitioned according to the optimal partition should have the following

three properties:
1. Azy > 0 and Axp satisty

BAQ?B —|—NAJJN =0.

2. Ay, Asg > 0 and Asy satisfy
BY'Ay+4+ Asg =0, and NTAy+ Asy =0.
3. The matrix B satisfies
rank(B) = |B| —dim(Q2p), and rank(B)=m —dim(Qp).

Based on the input parameters, we compute rank(B) and generate a square matrix

By of size rank(B) with independent standard normal entries. Next, we choose the



166

(positive) subvector As} of Asp whose size is determined by B; according to the
absolute value of a standard normal distribution. We compute Ay, := —B; T Ash
and then set Ay” := [Ayf,0]. We then add linearly dependent columns to B to
have a total of |B| columns. In doing so, we generate an appropriate matrix K with

independent standard normal entries such that As% := KT AsL > 0 and then set

1
Asy — Asp
As?,
and By < [B; BjK]. In order to ensure that B has a total of m rows, we finally
add linearly dependent rows to By (if necessary) by first generating a matrix L with
independent standard normal entries and then letting L B; be the additional rows.
We thus obtain B. The next step is the formation of the submatrix N of A. To
do so, we first generate Az and Axy > 0 independently from a standard normal
distribution. We then form a matrix N with independent standard normal entries
and modify it by distributing the residual vector —BAxg — NAxy to its columns
so that BAzg + NAxzy = 0. Consequently, (Az, Ay, As) and A =[B N| possess
the desired properties.

We finally choose b and ¢ to make (z*,y*, s*) feasible and hence optimal. The
MATLAB code used to generate the random LP instances having the properties
above is given in Appendix A.

Having generated a random LP with the prespecified degeneracy, we obtain a
strictly feasible, near-optimal solution by perturbing the known strictly complemen-

tary optimal solution in the direction (Az, Ay, As). Next, random perturbations

Ab of b and Ac of ¢ with unit length are generated in the correct subspaces so that
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the LPs (AUX1) and (AUX2) of Section 3.2 used to determine the optimal parti-
tion bounds have nontrivial optimal solutions. This is simply done by setting Ab
to a random linear combination (chosen independently from the standard normal
distribution) of the columns of B and similarly by setting Acp to a random linear
combination of the columns of BT and finally augmenting it by another vector Acy
with independent standard normal entries in order to obtain Ac. We compute the
interior-point bounds evaluated at those near-optimal solutions. For perturbations
of the right-hand side vector b, we use (3.15) to compute the interior-point bound
at a given iterate. For perturbations of the cost vector ¢, we use the right-hand side
of (3.16). However, we note that the straightforward computation of the right-hand
side of (3.16) leads to numerically unstable results. Consequently, we use a QR
factorization of the matrix DAT first and perform the computations accordingly
without having to form AD?AT explicitly. This strategy produces much more sta-
ble and reliable results. The computation of the interior-point bound (3.15), on the
other hand, does not seem to be sensitive to the way in which the operations are
performed.

Our goal is to compare the interior-point bounds with the optimal solutions
to (AUX1) and (AUX2) as well as the optimal solutions to the symmetrized LPs
(SA1) and (SA2) of Section 3.2, where the initially generated strictly complementary
optimal solution is used to symmetrize the constraints. The resulting LPs are
solved using the MATLAB-CPLEX interface written by Nathan Edwards during
his Ph.D. studies at Cornell University. Some documentation is available in his

Ph.D. thesis [12].
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5.1.2 Results

We present our results for various degeneracy scenarios in Tables 5.1, 5.2 and 5.3.
Eighteen instances with various levels of primal-dual degeneracy are reported. For
each instance, the interior-point bounds are evaluated at two iterates correspond-
ing to each row. DP and DD are the dimensions of the primal and dual optimal
sets, respectively. p is the duality measure of the iterate given by x7s/n, and v
is the parameter of the narrowest wide central-path neighborhood containing the
iterate. More precisely, v := min;(z;s;)/p. (AUX1) and (AUX2) are the minima
of the absolute values of the optimal values of the corresponding minimization and
maximization problems (symmetrizations). (SA1) and (SA2) are the optimal values
of the symmetrized maximization problems, where the optimal solution (z*,y*, s*)
is used to symmetrize the constraints of (AUX1) and (AUX2). Finally, IPB and
IPC are the upper interior-point bounds for changes in b and ¢ evaluated at the
corresponding iterates using (3.15) and (3.16).

We chose to let |B| range from 40 to 360 in increments of 40. For each value of
|B| we generated two random LP instances such that the first instance either has
a unique primal optimal solution or a unique dual optimal solution. The second
instance, on the other hand, has multiple primal and dual optimal solutions such
that their respective dimensions are set at an intermediate value within their ranges
given by Proposition 3.2.1. Note that the difference n — m is an upper bound on
dim(Q2p) in order to satisfy the full row rank assumption on A. Finally, for each
instance, we considered two strictly feasible iterates. The first one is very close to

optimality with a duality measure on the order of 107® or 10=7. The second one
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has a duality gap on the order of 1072 or 1074

The situation considered in Chapter 2 is illustrated by Instance 9, where both
the primal and dual problems have a unique nondegenerate optimal solution. As
expected, the interior-point bounds converge to the symmetrized optimal partition
bounds (SA1) and (SA2) as i | 0.

In the presence of degeneracy, Chapter 3 provides two different results. The
asymptotic coincidence between the interior-point bounds and the symmetrized op-
timal partition bounds continues to hold for perturbations of b if the primal optimal
solution is unique, as illustrated by Instances 1, 3, 5 and 7, and for perturbations
of ¢ if the dual optimal solution is unique, as illustrated by Instances 11, 13, 15 and
17. Observe that the interior-point bounds converge to the symmetrized partition
bounds even though ~ is very small, which is typical in practical implementations
of the interior-point methods. This observation encourages the applicability of our
results in practice.

For the remaining degeneracy scenarios, the interior-point bounds lie within a
factor of the symmetrized partition bounds as given by Theorem 3.5.1 and Corol-
lary 3.5.1. It is worth noting, however, that the actual ratio seems to be much better
than the theoretical worst-case ratios (3.76) and (3.77). In our extensive compu-
tational tests, the ratio was never worse than a hundredth although the predicted
lower bounds (3.76) and (3.77) are on the order of 1075 in most of the instances.
Therefore, the interior-point bounds still provide useful information even for degen-
erate linear programs.

Finally, we note that although the condition number of AD?A7T blew up in all of
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the degenerate instances as expected, the computation of our bounds still yielded

numerically stable results.

5.2 Semidefinite Programming

In Chapter 4, we studied the asymptotic behavior of the interior-point bounds eval-
uated on the central path using the Monteiro-Zhang family of search directions in
comparison with the (symmetrized) optimal partition bounds under appropriate
nondegeneracy assumptions and proved that the two bounds asymptotically coin-
cide. We then extended this result to a very narrow central path neighborhood
using the Nesterov-Todd (NT) direction.

In this section, we illustrate the behavior of the interior-point bounds for pertur-
bations of the right-hand side and cost parameters using the AHO, H..K..M and NT
search directions on randomly generated SDP instances. The computational results
are intended to exhibit the asymptotic coincidence with the symmetrized optimal
partition bounds and the relative performances of the interior-point bounds us-
ing the three search directions evaluated at iterates lying in different central path

neighborhoods.

5.2.1 Generating Random SDP Instances

Our theoretical results of Chapter 4 pertain to iterates lying on the central path or
in a very narrow neighborhood of it. In practice, however, the “exact” computation

of a point on the central path is usually unnecessary and is likely to require extra
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computational effort. With this in mind, we then start with generating a random
iterate lying exactly on the central path with some prespecified duality measure p
and generate the SDP data (the matrices A;, the right-hand side vector b and the
cost matrix C') so as to make the iterate feasible for the resulting SDP instance
given in standard form. This procedure has the advantage of eliminating the extra
computational effort of finding a point on the central path.

We apply the following procedure to generate a random iterate (X,y,S) on
the central path. First, we need to exercise some care in determining the “small”
and “big” eigenvalues of X. In particular, we need some information about the
number of each set of eigenvalues of X and S. We also need to make sure that the
resulting SDP instance possesses the required nondegeneracy assumptions presented
in Chapter 4. Fortunately, Alizadeh, Haeberly and Overton [4] provide necessary
conditions on the ranks of X* and S* in order for an optimal solution (X*,y*, S*)

to be primal and dual nondegenerate.

Theorem 5.2.1 Let (X*,y*,S*) be primal and dual nondegenerate and optimal for

a given SDP instance, with rank(X) = r and rank(S) = s. Then
n—f(n*—m) <r< f(m) (5.1)

and

where

f(k) = |h|, with h the positive real root of h(h + 1) = 2k.
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It is also shown in [4] that the bounds (5.1) and (5.2) are satisfied almost ev-
erywhere in the Lebesgue sense for a random SDP instance. Furthermore, strict
complementarity and primal-dual nondegeneracy also hold for a random SDP in-
stance almost surely.

The central path converges to the analytic center as p | 0. Therefore, the
number of small and big eigenvalues of X (u) and S(p) will be related to the rank
of X* and S*, respectively, for p sufficiently small. In our tests, we set u = 1072
We then choose the number of big eigenvalues of X to be halfway between its limits
given by (5.1). We treat S similarly using (5.2). The big eigenvalues of X and
S are generated uniformly in the interval [1,2]. The fact that the product of the
eigenvalues of X and S is equal to p then determines the small eigenvalues of X
and S as well. If r + s < n, where r = rank(X) and s = rank(S), we also need
to generate the intermediate eigenvalues of X and S. In doing so, we use the log-
normal distribution to make sure that the intermediate eigenvalues of X and S have
the same probability distribution. More precisely, if Z is a random variable with the
log-normal distribution, then Z and 1/Z have the same probability distributions.
Therefore, we generate the remaining n — r — s eigenvalues of X according to this
distribution and multiply each of them by /u. The corresponding eigenvalues of S
are given by the reciprocal of the eigenvalues of X multiplied by ,/p.

We next generate a random orthogonal matrix (by taking the QR factorization of
a matrix with independent standard normal entries) to constitute the eigenvectors
of X and S. We then generate y whose entries are chosen independently from the

standard normal distribution.
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In order to compare the performances of the interior-point bounds resulting from
the three search directions at feasible iterates lying in different central path neigh-
borhoods, we determine a feasible direction (AX, Ay, AS) from (X,y,S). Recall
that a direction (AX, Ay, AS) is called a feasible direction from (X,y,S) if there
exists a > 0 such that (X,y,S) + t(AX, Ay, AS) is feasible for all ¢ € [0, ). We
first generate a random symmetric matrix AX whose eigenvalues are distributed ac-
cording to the standard normal distribution. We then choose the matrices A;, i =
1,...,m so that A; « AX = 0 for each ¢. To do this, we first generate a random
symmetric matrix A; with eigenvalues chosen from a standard normal distribution.
Then we replace A; by A; — [(4; ¢ AX)/(AX ¢ AX)|AX so that A; and AX are
orthogonal. This is equivalent to projecting A; orthogonally onto the space spanned
by AX and subtracting the result from A;. Next, Ay is chosen randomly from the
standard normal distribution and AS «— —>"" Ay, A;.

This choice of (AX, Ay, AS) ensures that (X, y, S)+t(AX, Ay, AS) will satisfy
the linear constraints of the primal and dual problems for any t. The only remaining
constraints are the positive semidefiniteness of X +tAX and S+tAS. We thus set
a to be

a = min{max{t : X +tAX = 0}, max{t : S +tAS = 0}} (5.3)

so that (X,y,5) + t(AX, Ay, AS) will be (strictly) feasible for any ¢t € [0, «).
Finally, the right-hand side b and the cost matrix C'is chosen such that (X, y, S)

is feasible for the resulting SDP instance. That is, b; < A;eX and C' «— ZZI Y A+

S. The MATLAB code used to generate the random SDP instances is given in

Appendix B.
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Next, we solve the SDP instance to “optimality” using SDPT3, a MATLAB-
based path-following interior-point code for SDP developed by Toh, Todd and
Tiitiinct [63]. The code is available at http://www.math.nus.edu. sg/ “mattohkc/.
We initiate the interior-point algorithm from the iterate on the central path, which
is an excellent starting point, and solve the SDP instance to optimality. The code
is terminated as soon as the duality gap falls below 107'2. Typically, the desired
accuracy is achieved only after 6 or 7 iterations.

Let us denote the “optimal” solution given by SDPT3 by (X*, y*, S*). We obtain
an approximate optimal solution (X, ¢, S) by truncating the small eigenvalues of X*
and S* and setting y = y. More specifically, the eigenvalues of X* and S* smaller
than the square root of the final duality measure are set to 0. This procedure allows
us to generate random perturbations Ab and AC' in the correct spaces as outlined
in Sections 1.2.4 and 4.2.1. Basically, we compute the eigenvalue decomposition
of X and S. Let Qp and Qp denote the matrices consisting of the eigenvectors
of X and S, respectively. We then generate a symmetric matrix U by choosing a
matrix with independent standard normal entries and adding to it its transpose.
We set Ab; «— A; @ QpUQEL. Similarly, we generate another random symmetric
matrix V' and a vector w with independent standard normal entries and set AC' «+
S wiAi + QpV Q.

We then compute the optimal partition bounds for perturbations of the right-
hand side and the cost matrix using the approximate optimal solution (X Y, S ) and
the random perturbations Ab and AC.

Finally, we evaluate the interior-point bounds using the three search directions
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on three sets of iterates. The first set is obtained by the central path point and those
obtained by perturbing it in the feasible direction (AX, Ay, AS) using different
multiples of a. This enables us to compare the performances of the three search
directions on iterates lying in different central path neighborhoods. The second set
of iterates is used to observe the quality of the interior-point bounds on iterates with
smaller duality gaps. Basically, an appropriate convex combination of the central
path point and the near-optimal solution (X*,y*,S*) is chosen to ensure that the
duality gap of the resulting iterate is on the order of 1078. We then evaluate the
interior-point bounds on this point as well as on the points obtained from this iterate
using the aforementioned feasible direction. The third set of iterates consists of the
single point (X*, y*,S*), the near-optimal solution returned by SDPT3. Since such
a point is still strictly feasible, we evaluate the interior-point bounds once more at
this point to get an idea about their behavior when the duality gap is on the order

of 10712,

5.2.2 Results

We present our results for only one random SDP instance with m = 100 and n = 20.
The computational results for perturbation of the right-hand side vector are given
in Table 5.4, and those for perturbation of the cost matrix are given in Table 5.5.
We choose to illustrate the results for only one SDP instance since the other SDP in-
stances produced very similar results. The instance satisfies strict complementarity
and primal-dual nondegeneracy.

Each row corresponds to a strictly feasible iterate (X,y,S). In particular, the
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iterates are numbered consistently in Table 5.4 and Table 5.5. The three sets of
iterates described in the previous subsection are presented in three sections in each
table. u denotes the duality measure given by X e S/n, and 7 denotes the “cen-
trality” measure, i.e., v := min \(X/25X"/2)/u, where A(-) denotes the vector of
eigenvalues. Consequently, v ranges from 1 on the central path to 0 as the iterate
approaches the boundary of the feasible region. The remaining columns tabulate
the interior-point bounds using the three search directions AHO, H..K..M, and NT.
For each direction, two upper bounds (given by Proposition 4.2.2 for perturbations
of b and given by Proposition 4.2.2 for perturbations of C) are computed. The
upper interior-point bounds are given by the smaller of these two quantities.

For perturbation of the right-hand side, the optimal partition bound is given by
(—2.029415,1.418419). Therefore, the symmetrized partition bound is (—1.418419,
1.418419). The results presented in Table 5.4 confirm that the quality of the interior-
point bounds improves (in the sense that they better approximate the symmetrized
partition bounds) as the duality measure p decreases towards 0. For the AHO
direction, the interior-point bound at the “optimal solution” is not accurate possibly
due to round-off errors. All three search directions yield the same bounds on the
central path as expected. The computational results also show that the NT bound
is very robust in the sense that it seems very insensitive to the centrality measure.
The H..K..M bound is also relatively robust. However, the AHO direction seems
to be very sensitive to the centrality measure. The quality of the AHO bound
deteriorates as the centrality measure falls below 0.1. Both the H..K..M and the

NT directions produce reliable results for iterates with relatively small duality gaps.
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This holds for the AHO direction if the iterate is relatively well centered and if the
duality gap is not too small.

The interior-point bounds for perturbations of C' were computed by reformu-
lating the dual problem in the primal form using the symmetry argument of Sec-
tion 4.3. We chose this way since the straightforward computation of the interior-
point bound leads to significant numerical errors as in the LP case. However, we
note that there may be other direct and efficient ways of computing the interior-
point bound for perturbations of C' for specific search directions without having
to put the dual problem into the primal form. The optimal partition bound for
perturbation of C' is given by (—3.587128,2.333079), and the symmetrized partition
bound is (—2.333079, 2.333079). Similar observations for the computational results
of Table 5.5 continue to hold for perturbations of C'. In contrast to the case for per-
turbations of b, the H..K..M bound seems to be sensitive to the centrality measure
for relatively large values of the duality measure. Once again, the bounds improve
for all directions as the duality measure decreases to 0. As before, the NT bound
seems very insensitive to the centrality measure. The quality of the interior-point
bounds seems to be less dependent on the centrality measure for smaller values of
the duality measure. Finally, the bounds again coincide on the central path.

The observations above for perturbations of the right-hand side and the cost ma-
trices hold for all the random instances we have considered. Based on our numerical
experiments, we suggest that the N'T direction be used to compute the interior-point
bounds since it is very robust with respect to the centrality measure and since it

appears to be numerically stable even for very small values of the duality measure.
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5.3 Concluding Remarks

In this dissertation, we have developed and analyzed an approach to sensitivity
analysis on the right-hand side and cost parameters in LP and SDP, which relies
entirely on the tools available from interior-point theory.

For the LP case, we have shown in Chapter 2 that the interior-point bounds
resulting from our approach asymptotically coincide with the optimal partition
bounds under a nondegeneracy assumption. Chapter 3 is devoted to degenerate
LPs. For a specific kind of degeneracy, we have extended the same asymptotic coin-
cidence result of the previous chapter. For general degeneracy, we have shown that
our approach still provides provably useful information with a very moderate cost.
Chapter 4 dealt with the SDP case. For SDP instances where strict complementarity
holds, we have shown that our interior-point bounds evaluated on the central path
asymptotically coincide with the optimal partition bounds for all search directions
in the Monteiro-Zhang family. Furthermore, the same result continues to hold for
iterates lying in an appropriate (but very narrow) central path neighborhood if one
uses the Nesterov-Todd direction. We have also proved the same theoretical results
for SDP instances where strict complementarity fails as long as the central path con-
verges to the analytic center in a relatively controlled manner. Finally, we reported
some computational results on randomly generated LP and SDP instances in this
chapter. The results are in agreement with the theoretical findings of the previous
chapters. In addition, numerical results suggest that our approach may provide

accurate information even when some of the assumptions made in Chapters 3 and
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4 are not satisfied.

The proposed interior-point perspective of this dissertation stems from the de-
sire to recover a feasible, near-optimal point for the perturbed problem in a single
interior-point iteration starting from a near-optimal solution for the original prob-
lem. The interior-point bound then is defined to be the range of a perturbation for
which the scheme outlined above can successfully be carried out.

Our interior-point approach, however, does not deal with the case when a per-
turbation is large enough so that a feasible point cannot be recovered in a single
interior-point iteration. A closely related topic is reoptimization, i.e., finding an
optimal solution of the perturbed problem using the information obtained from the
original problem. Reoptimization using the simplex method is used very often in
practice since a basic optimal solution of the original problem usually serves as an
excellent starting point for reoptimization of the perturbed problem. Due to the
combinatorial nature of the simplex method, a complexity analysis for reoptimiza-
tion via the simplex method is not possible. Due to reasons similar to those outlined
in Chapter 1, interior-point methods have been considered not suitable for reopti-
mization after a data perturbation. Yildirim and Wright [72] studied this problem
for LP and proposed warm-start strategies for reoptimization using interior-point
methods. The warm-start strategies are obtained by applying a correction to the
iterates generated during the solution of the original problem in order to obtain a
feasible and relatively well-centered iterate for the perturbed problem. Their study
also includes a complexity analysis of the warm-start schemes.

Yildirim and Wright deal with the case in which the dimension of the problem
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data does not change. This situation arises, for example, when linearization meth-
ods are used to solve nonlinear problems, as in the sequential linear programming
algorithm. Reoptimization is also frequently used when the number of variables or
constraints in the problem is increased, and the dimensions of the problem data
objects are correspondingly expanded. The latter situation arises in solving sub-
problems arising from cutting-plane or column-generation algorithms, for example.
The reader is also referred to Gondzio [21], Mitchell and Borchers [41] and Gondzio
and Vial [22] for consideration of warm-start strategies in a cutting-plane scheme.

The interior-point perspective developed in this dissertation pertains to linear
programming and semidefinite programming. However, this perspective can easily
be extended to general convex conic programming problems. We would like to study
this extension, which might allow us to unify our results in a general framework in
the future.

The warm-start strategies for reoptimization developed by Yildirim and Wright
[72] deal only with feasible interior-point methods for linear programming. The com-
putational tests that will help determine the practical usefulness of these strategies
are underway. We would like to investigate possible extensions to wider classes of

problems, such as convex quadratic programs and linear complementarity problems.



Appendix A

MATLAB Code for Generating a

Random LP Instance

function [A,b,c,x,y,s,dx,dy,ds] = generate(m,n,k,dimp)

% Input parameters:

%» m : number of primal constraints

% n : number of primal variables

% k : number of indices in the basic index set, 0 <= k <= n

% dimp : dimension of the primal optimal set, k-m <= dimp <= n-m
% Output:

% A,b,c : Data of the LP instance satisfying the input parameters
h x,y,s : Strictly complementary optimal solution
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% dx,dy,ds : Feasible direction at (x,y,s)

% The rank of matrix B

rb = k - dimp;

% The dimension of the dual optimal set

dimd = m - rb;

% Generate a random square matrix with rank rb
randn(’state’,0);

B = randn(rb,rb);

% Now generate a positive perturbation corresponding
% to the basic part of s.
dsbl = abs(randn(rb,1));

dy = -B’\dsbi;

% Add dimp columns (linearly dependent).
% Want dsb2 to depend on dsbl and be positive.
if (rb > 0) & (dimp > 0)

K = randn(rb,dimp);

dsb2 = K’*dsbl;
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for j = 1:dimp,

if (dsb2(j) < 0),

dsb2(j) = - dsb2(j);
K(:,3) = - K(:,3);
end;
end;
B = [B, BxKl;

dsb = [dsbl; dsb2];

end;

% Add dimd rows
if (dimd > 0) & (rb > 0)

B = [B; randn(dimd,rb)*B];
end;

dy = [dy; zeros(dimd,1)];

’» Generate A

% Generate N such that there is a positive vector
% in the null space of A

dxb = randn(k,1);

N = randn(m,n-k);

dxn = abs(randn(n-k,1));
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% Want Bxdxb + Nxdxn = O.
dxb = randn(k,1);

last = - N*dxn - Bx*dxb;

% Distribute the ‘‘special’’ column last to the previous ones
sca = (1/(sum(dxn)))*last;

N = N + sca*ones(1,n-k);

% Therefore, dxn > 0 and dxb are in the null space of A

A = [B N];

% Generate strictly complementary optimal x and s
x = [abs(randn(k,1)); zeros(n-k,1)];

xb = x(1:k);

s = [zeros(k,1); abs(randn(n-k,1))];

sn = s(k+1l:n);

% Right-hand side

b = Bx*xb;

% Cost vector

randn(m,1);

<
I

c = Axy + s;
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% Scale dx and ds so that x + dx >= 0 and s + ds >= 0

dx

[dxb; dxn];

dx = dx/norm((dxb./xb),inf);

% Compute dsn

dsn = - N’*dy;

ds = [dsb; dsn];

no = norm((dsn./sn),inf);
ds = ds/no;

% Scale dy

dy = dy/no;



Appendix B

MATLAB Code for Generating a

Random SDP Instance

function [X,y,S,dX,dy,dS,A,b,C,alpha] = sdpgenerate(m,n,rl,rh,sl,sh,mu)

% Input parameters:

%» m : number of primal constraints
%» n : size of primal matrix variable
» rl : lower bound on the rank of optimal X

% rh : upper bound on the rank of optimal X
% sl : 1lower bound on the rank of optimal S
% sh : wupper bound on the rank of optimal S

%» mu : duality measure of the iterate on the central path
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% Output:

h X,y,8

: Point on the central path

% dX,dy,dS : Feasible direction at (X,y,S)

% A,b,C

% alpha :

: Data of the SDP instance

Range of feasibility for (dX,dy,dS)

% Initialize the random generator seed

randn(’state’,0);

rand(’state’,0);

/» Generate a random orthogonal matrix

[q,r] = qr(randn(n));

% Random perturbation dX

dX = q * diag(randn(n,1))*q’;

’» Generate matrices A{i} such that trace(A{i}dX) = 0

dXdX = sum(sum(dX.x*dX));

A =

for

cell(1l,m);

k

G

1:m

randn(n) ;

[Q,R] = qr(G);

d

randn(n,1);
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A{k}
A{k}

end;

Q’*diag(d)*Q;

A{k} - (sum(sum(A{k}.*dX))/dXdX)*dX;

% Generate y

y = randn(m,1);

% Generate X and S
G = randn(n);

[Q,R] = qr(G);

% Determine number of big eigenvalues of X and S

floor(.5%(rl+rh));

-
I

floor(.5%(sl+sh));

n
Il

% Intermediate eigenvalues of X (if necessary)
im = [ 1;
if n-r-s > 0

im = exp(randn(n-r-s,1));

end;

% r eigenvalues of X and s eigenvalues of S

u = [1+rand(r,1)];



1 = [1+rand(s,1)];

% Generate X and S

sm = sqrt(mu);

[u;sm*im;mu./1];

ex
X = Q’*diag(ex)*Q;
es = [mu./u;sm./im;1];

S = Q’*diag(es)*Q;

% Generate dy

dy = randn(m,1);

% Generate b, C and dS

b = zeros(m,1);

C=25;

dS = zeros(n);

for k = 1:m
b(k) = sum(sum(A{k}.*X));
C = C + y(k)*A{k};
dS = ds - dy(k)*A{k};

end;

% Compute X~ (-0.5) and S°(-0.5)
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Xih = Q’*diag(l./sqrt(ex))*Q;

Sih

Q’*diag(l./sqrt(es))*Q;

% Determine alpha

temp = Xih*dX*Xih;

temp2 = Sih*dS*Sih;

mineval = min(eig(temp));
mineval2 = min(eig(temp2));
detr = min(mineval,mineval?2);

if detr >= 0

alpha = inf;

else

alpha = 1/(-detr);

end;
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